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HYPERFINE INTERACTION IN THE DIPHENYLPICRYLHYDRAZYL MOLECULE 


Yu. S. KARIMOV and I. F. SHCHEGOLEV 


Institute for Physics Problems, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor July 22, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 3-9 (January, 1961) 


The structure of the proton resonance line due to the magnetic interaction between the un- 
paired electron and the protons in the diphenylpicrylhydrazyl (DPPH) free radical was meas- 
ured in fields from 500 to 5000 oe, mainly at helium temperatures. When H/T is large 
enough, the resonance line splits into four components. One component is unshifted, one is 
shifted toward the low-frequency side, and the other two are shifted to the high frequency 
side. The twelve protons in DPPH can be assigned to the three shifted components ina 
manner that is consistent with the relative intensities of the lines. The existence of an un- 
shifted line is unexpected and its origin remains unexplained. 


INTRODUCTION 


Re CENTLY there has been a large amount of 
work, both experimental and theoretical, devoted 
to the study of the interaction between nuclei and 
unpaired electrons in free radicals (cf., for exam- 
ple, reference 1). Precise information on the un- 
paired electron probability distribution within the 
molecules has been obtained; in particular, a nega- 
tive spin density has been found at certain nuclear 
positions. Most of these experimental studies have 
used electron paramagnetic resonance; there has 
been only a small amount of work devoted to study- 
ing the same phenomenon with nuclear resonance 
techniques. Yet it is just nuclear resonance that 
can apparently give more precise information about 
this interaction. 

The free radical diphenylpicrylhydrazyl (DPPH), 
the structure of which is indicated schematically 
in Fig. 1, is typical of the materials studied in 
electron paramagnetic spectroscopy. A large 
amount of work has been devoted to the study of 
DPPH. It is known that every DPPH molecule has 
one unpaired electron; its paramagnetic suscepti- 
bility obeys Curie’s law in the range from room 
temperature down to liquid helium temperature; a 


FIG. 1. Structure of the NSN NO. 
DPPH molecule. : 


slight deviation from Curie’s law begins only below 
MET oe 

In solid DPPH the electron resonance line is 
narrow; its width (1.5 —2 oe) is much smaller 
than that which would be produced by a dipole in- 
teraction between electrons in different molecules. 
This phenomenon is explained! by the presence of 
a strong intermolecular exchange interaction which 
narrows the line. In dilute solutions the width of 
the DPPH electron resonance line increases and it 
splits into five hyperfine components, spaced about 
10 oe apart.? In the work of Hutchinson et al.,° 
this hyperfine (h. f.) structure is attributed to the 
presence of an interaction between the nuclear 
spin J and the electron spin § of the form 


Hye. = >, hails, 


with a, © a, for the two central nitrogen atoms, 
and aj K a4, a) for all the other coupling constants. 
On the other hand, Weissman‘ showed that if the 
exchange is strong the dipole-dipole interaction 


2 Ve Wc 


between the electron and nuclear spins averages 

to zero, and the only term contributing to the Ham- 
iltonian is the Fermi contact interaction, propor- 
tional to the electron spin density’ at the position 
of the particular nucleus. 

Behrson,° using a simple molecular orbital 
method, made a rough calculation of the spin den- 
sity in the DPPH molecule and obtained a result in 
agreement with experiment, namely a; = a,. Be- 
sides this, his calculation led to the conclusion 
that there should be an observable interaction be- 
tween the unpaired electron and the protons in 
ortho and para positions in the phenyl rings; this 
interaction will shift the resonance of these pro- 
tons to lower frequency (in a given external field ). 
At the same time, the protons in meta positions in 
the phenyl and picryl groups, according to this cal- 
culation, are not coupled to the unpaired electron 
and should give an unshifted proton line. 

The first experimental indication that the DPPH 
molecule has at least two non-equivalent groups of 
protons was obtained by Berthet and Riemann, ’ 
who studied the proton resonance in DPPH ata 
field of ~6500 oe and a temperature of 77°K. 
Similar measurements were made somewhat more 
carefully later by Gutowsky et al.® The latter 
authors carried out a more exact calculation of the 
coupling constants using the localized-pair method, 
which gives the possibility of a negative spin den- 
sity.° According to this calculation, the proton 
spectrum in DPPH should have four lines: the 
ortho and para protons in the phenyl groups should, 
as before, give two closely spaced lines shifted to 
the low-frequency side (in a given external field), 
while the meta protons in the phenyl and picryl 
groups should give lines shifted to the high-fre- 
quency side. 

The present work is a study of the proton reso- 
nance in DPPH, mostly at liquid helium tempera- 
tures, where the high values of H/T needed to re- 
solve the individual lines can be obtained. The 
proton resonance spectrum of DPPH was found to 
contain, besides the expected lines, an intense un- 
shifted line; the origin of this unshifted line is not 
understood. This shows that our picture of the 
state of the unpaired electron in the molecule is 
apparently incomplete. 


APPARATUS AND SAMPLES 


The proton resonance was detected with a re- 
generative detector of the type used by Pound and 
Knight;® after narrow-band amplification and syn- 
chronous detection, the signal was recorded by an 
EPP-09 recording potentiometer. The coil was 
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wound directly on a thin-walled glass sees 

6 mm in diameter containing about 0.15 cm? of 
sample which was placed in a Dewar; the coil was 
connected to the electronic apparatus by a specially 
constructed coaxial cable. 

The 935-oe magnetic field was obtained with a 
permanent magnet; the other fields were obtained 
with an electromagnet!” fed by a motor generator 
with an electronic current stabilizer. The field 
was measured by a separate proton resonance 
system. The modulating field was supplied by sup- 
plementary windings on the magnet poles. The 
modulation frequency was 30 cps, amplitude 
~1.5 oe. The time constant of the phase detector 
was 10 sec and a sweep through the whole fre- 
quency range took about 30 — 40 min. 

Two polycrystalline DPPH preparates were used 
as samples: one prepared in A. E. Arbuzov’s lab- 
oratory, the other obtained in France.* Both sam- 
ples gave nearly the same results. 

We note that the empty ampoule gave a weak 
proton line, probably due to protons in the insula- 
tion on the windings, in the glue applied to the 
windings, and in the walls of the ampoule; the in- 
tensity of this line did not exceed 1 — 2% of the in- 
tensity of the DPPH line. 


RESULTS 


Figure 2 shows typical traces of the absorption 
line in a 935-o0e field at temperatures of 4.2°, 2.5°, 
and 1.55°K. Figure 3 shows integral curves for the 
935-oe field and various temperatures; similar 
curves for 2000 oe are shown in Fig. 4. Each inte- 
gral curve is the average of 4 or 5 traces taken on 
different days. 

From Figs. 3 and 4 it is clear that the proton 
spectrum of DPPH has four components, one re- 
maining at the position of the unshifted proton line, 
one shifted to lower frequency and two shifted to 
higher frequencies. The width of the central line 
is practically independent of H/T, while the satel- 
lite widths increase with increasing H/T. 

Figure 5 shows the dependence of the shift on 
H/T for each of the satellites. The linear depend- 
ence of the shift on H/T shows that it is caused by 
the paramagnetism of the unpaired electron. 

Table I gives the relative intensities of the satel- 
lite for various fields and temperatures. The rela- 
tive intensity of a line is defined to be the ratio of 
its area to the total area of the whole integral curve. 
The accuracy of these measurements is determined 


*We take this opportunity to thank V. M. Chibrykin, who 
furnished us with these samples. 
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FIG. 2. Trace of the derivative of the proton 
absorption lines in DPPH at 935 oe at tempera- 
tures 4.2°, 2.5°, and 1.55° K. 
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FIG. 3. Proton line in DPPH at 935 oe. 


from the scatter in the different integral curves ob- 
tained in different runs. Besides this scatter, there 
is also an arbitrariness in splitting the full curve 
up into its components; as a result, the probable 
error in the intensities is 15 — 20%. 

It is clear that in a fixed magnetic field, the 
satellite relative intensities are independent of 
temperature in the helium temperature range, but 
they decrease noticeably in going from 935 oe to 
2000 oe. In a further increase in field to 5000 oe 
the satellites continue to become weaker, but not 
so rapidly; in this field it is difficult to measure 
the shifts and intensities with any accuracy. 

In a field of about 5000 oe, measurements were 
also made at 77°K. Here the resonance line is 
asymmetric, like that observed in references 7 and 
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8. Because the shifts are so small, it is hopeless 
to try to split the line into its components. One can 
only conclude that the satellite intensities appar- 
ently increase on going from helium temperatures 
to nitrogen temperature. 


DISCUSSION OF THE RESULTS 


From Table I it is clear that the intensities of 
the lines are in the ratios 1:2:3:11 at 935 oe and 
1:2:3:25 at 2000 oe. Thus, while the satellite in- 
tensities maintain a constant ratio, the relative in- 
tensity of the central line increases with increas- 
ing field. Moreover, the central line is so intense 
that if the weakest line (No. 1) is assumed to be 
produced by one proton, then all 12 protons in the 
DPPH molecule are not sufficient to produce the 
observed intensity of the central line. 

If we neglect for the moment the existence of 
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FIG. 5. Satellite shift, Av versus H/T. 


the unshifted proton line, it is easy to assign the 
12 DPPH protons to the three satellites. Namely, 
in qualitative agreement with calculations,® the 

two protons in the picryl group can be assigned to 
line No. 1, the four meta protons in the phenyl 
groups to No. 2, and the six ortho andpara protons in 
the phenyl groups to No. 3. In Table II are listed the 
values of the coupling constants aj calculated from 
the slopes of the curves in Fig. 5 by the formula 


Av; = a; (¥-/20) (gBH/4RT), 


where Av; is the line shift, y, is the electron 
gyromagnetic ratio, and B is the Bohr magneton. 
In the same table, the corresponding calculated®»® 
coupling constants are listed for comparison. It is 
clear that the calculations using the localized pair 
method are in qualitative agreement with experi- 
ment. 

Let us now return to the central line. What is 
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TABLE II Coupling constants aj 


ee UE EEE EEE EEE 


ane Experi- Theory* | Theory 
Proton position ee Gee) (ref. 8) 
meta (picryl) 1.74 0.0 Page 
meta (phenyl) ‘ 0.92 0.0 1.58 
ortho (phenyl) —1.84 =0),90) == 3,00) 
—1.84 —0.90 US) 


para (phenyl) 


*Calculated according to'’ aj = -22.5p.., 
with pc, taken from reference 6. 


its origin? Obviously, some part of its intensity 
may be due to the presence of nonmagnetic com- 
pounds. However, to ascribe it entirely to such an 
admixture is difficult on the following grounds: a) 
the admixture would have to be too large, since the 
central line constitutes 60 — 80% of the total inten- 
sity; b) two compounds synthesized in different 
places give identical results within the accuracy of 
the measurements; c) it is difficult to imagine how 
the magnetic field could change the relative inten- 
sities of the admixture line and the DPPH lines. 

On the other hand, magnetic susceptibility data’ 
show that DPPH has normal paramagnetic proper- 
ties down to the lowest temperatures, and every 
molecule has one unpaired electron. Therefore it 
is apparently not possible to ascribe the central 
line to the pairing of some of the molecules with 
consequent diamagnetic behavior. 

One might try to explain the central line by as- 
suming that the DPPH molecule has two states, 
one having zero spin density at the positions of the 
hydrogen nuclei. If the energy difference between 
these two states increased with increasing mag- 
netic field, then the observed dependence of relative 
intensity on field strength could be understood. But 
in this case, the relative intensity should also vary 
with temperature. Table I, however, shows that 
this does not happen. 

In conclusion, we express our profound gratitude 
to academician P. L. Kapitza for his constant inter- 
est in this work and to A. S. Borovik-Romanoy for 
discussions. 


'D. J. E. Ingram, Free Radicals as Studied by 
Electron Spin Resonance, Butterworth, London 
1958s 


TABLE I Satellite relative intensities 


H, oe 460 | 935 | 2000 
T, °K eel cay lias heeeee | ae [abies Wei OR cee e/| auc 
Ty = = = 0,06 0,05 0.06 0,03 0.03 OnUs 
Te — — = (0) 14 mae) Om 0.07 0.06 0.06 
Ig On 25 OR ZO MNO mdaznaOee9) 0.18 0.18 0.09 0.08 0.08 
Iy+ Ie+ Ig 0,36 0.35 0.36 0.49 Omar ali? 


Remark: I,, 1, I; are the intensities of lines No. 1, 2, and 3. 
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V. M. LOBASHOV, V. A. NAZARENKO, and L. I. RUSINOV 


Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor June 22, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 10-12 (January, 1961) 


The correlation between the 8 -ray transverse polarization and y-ray circular polarization 
was measured. The degree of correlation is theoretically proportional to an interference 
term of the type Im(VT, SA). The experimental result indicates with statistical accuracy 
~ 30% that the term is absent. This is not inconsistent with the present theory of B decay. 


‘Tae time-reversal invariance of B decay has 
been tested in several experiments. Direct experi- 
ments such as the determination of 8 -v correla- 
tion in polarized-neutron decay and of 8 - y corre- 
lation in oriented-nucleus decay indicate with accu- 
racy of 15 — 30% that the 6 -interaction Hamil- 
tonian does not include an imaginary part. The 
magnitude of the correlation in these experiments 
depends on the imaginary part of V, A interference 
terms. Since S- and T-interaction terms have so 
far not been excluded, it was of interest to perform 
a direct experiment in order to estimate the 

Im (VT, SA) term. 

The verification of time-reversal invariance is 
known to require the measurement of pseudoscalar 
quantities with respect to time. Our experiment 
was devised to measure the pseudoscalar 
Py ky x [pe X Eg], where Py is the circular 
polarization of the y ray, ky is its momentum, 
and pe and £, are the momentum and polarization 
of the 6 electron. The correlation between the 
transverse polarization of the electron and the 
circular polarization of the y ray was measured. 
The experimental geometry is shown in Fig. 1. 

The correlation coefficient in the case of 


allowed transitions is, according to Dolginov,' 


B o% ’ * * , * * 
a= ree < Im (CyCr + CyCr — CsC4 — CsC's) MrMor 


_ 20 
EB 


Ae |Z Im (CaCr + CaCr) | Mer ? 


Re(Gs@r 2 CsCp — Cy, =CyCayMpMer 


Uh me ry 
— = Re (CrCr — CaCa)| Mer ial ; (1) 


where 


[€}=((CaP +) Cal? + [Cr +|Cr|)| Mor? 


+ (\Cs? +] Cs? + | Cy)? + | Cy )| Me, 


Y 


FIG. 1. Experimental geometry 


p = kh NAG +1041) 

1c 5 SST ; 
a+ )VAa+D 

joe Dimaty Uo se 1) 2) 


Ng = : 
rd 2VAG +H 


jo is the spin of the level from which B decay 
proceeds, and j,; and j, are the spins of product- 
nucleus levels. The magnitude of the correlation 
obviously depends on the degree of interference 
between Gamow-Teller and Fermi matrix ele- 
ments. We therefore used as our source the Sc*® 
nucleus, for which experiments on B-y circular 
polarization correlation have indicated large 
interference of the matrix elements. 

The correlation can obviously be determined 
in two ways: 1) by detecting y rays with specified 
circular polarization in order to measure electron 
polarization; 2) by detecting 8B rays with specified 
polarization, to measure the circular polarization 
of y rays. The second method is favored because 
the measurement of y-ray circular polarization 
does not require any change of experimental 
geometry. Errors associated with instrumental 
asymmetry are thus excluded. 


By POLARIZATION CORRELATION IN DHE SDECAY OF uS.ce 7 


| to pump 
| 


FIG. 2. Diagram of apparatus: S—source, 1—electron 
scatterer, 2—plastic scintillator, 3—light pipes, 4— vacuum 
chamber, 5—y-ray exit window, 6 — magnet of y polarimeter, 


The experimental arrangement is shown 
diagramatically in Fig. 2. Collimated electrons 
from the source S strike a 0.5-mg/cm? bismuth 
film, and after scattering at ~ 135° are registered 
by a scintillator combined with a light pipe and 
photomultiplier. Because of azimuthal asymmetry 
associated with Mott scattering, the beam of scat- 
tered electrons will be polarized in the p; x po 
direction, where p,; and py», are the electron mo- 
mentum before and after scattering, respectively. 

Circular geometry was used to increase the 
counting rate. The circular polarization of y 
rays was measured through forward Compton 
scattering on magnetized iron.’ The photomulti- 
plier outputs of the 8 and y detectors were con- 
nected to a fast-slow coincidence scheme with 
27 =1.8x 10% sec. In order to avoid errors 
associated with changing sensitivity of the coin- 
cidence scheme, the magnetization of the y -polar- 
imeter magnet was reversed automatically every 
3.5 minutes. 

The measurements were used to calculate 


A = 2 (1, —I2)/Ui + 2), De = Reoine)| iely; 
the subscripts 1 and 2 here pertain to the magnetic 
field directed away from and toward the source, 
respectively. 

The correlation coefficient K was obtained 
from the formula 


Ke APP a, 


where Py and Pg are the efficiencies of the y 
and 6 polarimeters. 

We obtained A =+ 0.15 + 0.11%, from which the 
correlation coefficient K = 0.08 + 0.06 was calcu- 
lated. The sign corresponds to the notation in 
Dolginov’s paper, and is the opposite of our pre- 
vious convention in reference 3. 


The efficiency Pg of the 8 polarimeter was 
determined from the known scattering geometry, 
extrapolating the azimuthal asymmetry coefficients 
from Sherman’s tables‘ to Z = 83 (bismuth). We 
followed Wegener? in taking account of multiple 
scattering. The polarization efficiency P, of the 
y polarimeter was also calculated from the scat- 
tering geometry. 

The absence of instrumental asymmetry was 
checked by repeating the experiment with a thick 
(~5 mg/cm’) scatterer. Asa result of multiple 
electron scattering spin-associated azimuthal 
asymmetry here disappears, and the investigated 
effect should also disappear. The result A = — 0.03 
+ 0.09% indicates the absence of instrumental asym- 
metry. 

We used the value |Mgr|/|Mpfl = 2.2 given in 
reference 2 for the interference of Gamow-Teller 
and Fermi matrix elements. From Eq. (1) we then 
obtain 

K=+0.04 
(+0.23 
ors 


Im(VT, AS) =0, 


assuming 


assuming maximum Im(VT, AS). 
Our result therefore agrees, with statistical accu- 
racy ~ 30%, with the hypothesis that the 

Im (VT, AS) term is not present. This term can 
fail to appear not only because the interaction 
constants have no imaginary parts, but also be- 
cause VT, AS interference terms are forbidden 
in the existing 6 -decay theory. Our results can 
therefore be regarded as an additional confirma- 
tion of the present theory of B decay. 

As an independent check of our experimental 
procedure we performed experiments on the 8 -y 
circular polarization correlation in the B decay of 
Sc*® and Co”, obtaining results in agreement with 
those of other investigators. 

We are indebted to A. Z. Dolginov for discus- 
sions and for his continued interest, and to O. M. 
Saltykovskil, V. V. Andryukevich, and A. V. Kurakin 
for assistance with the apparatus and measurements 
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The total cross sections for the formation of negative ions have been measured for single 
collisions between H™ and O7 ions and O,, CCl, and SFg molecules in the energy range 
from 10 to 50 kev. The slow negative and positive ions formed when H™ and O ions pass 
through these gases have been analyzed by a mass-spectrometer technique. An analysis has 
also been made of the negative ions formed in collisions between O ions and H,O and CO, 
molecules. The experimental data for ion collisions are compared with the corresponding 


data for electron collisions. 
INTRODUCTION 


Siow negative ions can be formed as a result of 

two processes when fast negative ions move through 

a rarefied gas: 
n= BGs Based a 


A4+B-+C, A-+4BC (1) 


A-+ BC-* “A> + Bt + CH 


NX 
aes eC 


(BC-* is the excited ion). 

Although the analogous reactions that occur when 
electrons move through a gas have been studied, 
very little work has been done on the formation of 
slow negative ions due to the passage of fast nega- 
tive ions through a rarefied gas. We are acquainted 
only with reference 1, in which cross sections have 
been measured for the formation of slow negative 
ions in collisions between O, molecules and Na , 
K’, O', Cl’, OH , and O) with energies of 720 ev. 
No mass analysis was made of the slow negative 
ions in this work. 

In order to obtain further data on the formation 
of slow negative ions in the interaction of fast neg- 
ative ions with gas molecules, we have measured 
the cross sections for the formation of negative 
ions in collisions of H” and O” ions with energies 
from 10 to 15 kev and the molecules O,, CCl,, and 
SF. In addition to measuring the total cross sec- 
tions for the formation of negative ions we have 
carried out a mass-spectrometer analysis of the 
negative and positive ions formed in the gas. 
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APPARATUS AND METHOD OF MEASUREMENT 


The experimental apparatus used to investigate 
the formation of slow negative ions has been de- 
scribed by the authors in detail in earlier papers” 
in which the ionization of gases by negative ions 
was investigated. 

The total cross section for the formation of 
slow negative ions oj is measured by the familiar 
potential technique. In order to distinguish slow 
negative ions from electrons produced by stripping 
a fast negative ion and by ionization of the gas 
molecules, we used a magnetic field parallel to the 
axis of the primary beam. The same field sup- 
pressed the secondary electron emission from the 
electrodes of the measurement capacitor. 

Before measuring Oj» we obtained for each ion- 
molecule pair the characteristic curves ify/1p 
=f(H) and iq/lh =f{(V), where iy is the nega- 
tive current to the measurement electrode with 
the magnetic field on, and I) is the primary beam 
current. Using these characteristic curves we 
determined the magnetic field strength necessary 
for complete separation of the slow negative ions 
from the electrons, and the potential difference V 
between the electrodes of the measurement capaci- 
tor required to obtain saturation current. To find 
the conditions which must be satisfied to obtain 
single collisions, we studied the dependence of 
ij7/To for the investigated gas on the pressure in 
the collision chamber. For all gases studied 
(except SF.) and for all beam energies, the curve 
ig /Iy) =f£(p) is linear up to 1.5 x 1074 mm Hg, 
indicating that we are dealing with single collisions. 
In the single-collisions region the cross section 
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oj Was computed from the formula 
Cie =n) Lane, (2) 


where n is the number of gas molecules per cubic 
centimeter and L is the length of the measurement 
electrode. 

In SFg, the iq /ly =f(p) curve is found to be 
parabolic, starting at low gas pressures. In this 
case oj was determined from the pressure de- 
pendence of the quantity (iq/lj )/p by a method 
which has been described earlier.* The error in 
the measurement of oj, as estimated from the 
spread in the measured results, is +10%. The er- 
ror in the energy measurement is + 3%. 

The slow negative and positive ions were ana- 


lyzed in a magnetic mass spectrometer with a beam 


turning angle of 60° and a mean trajectory radius 
of 16.4 cm. The relative intensity of a mass spec- 
trometer line was computed from the formula 


an = Ay | Sy hi, (3) 


where hy is the height of the line corresponding to 
the n-th ion while ))h; is the sum of the heights 


for all the spectral lines: 

The cross section for the formation of a given 
negative ion og was computed from the intensity 
of the mass-spectrometer line and from the total 
cross section for the formation of slow negative 
ions, by means of the formula 


6 == 0,5). (4) 


Fedorenko and Afrosimov’ have shown that ay, 
gives the true composition of the slow ions in the 
zone of interaction between the primary beam and 
the gas only when it is independent of the mass 
spectrometer exit slit width, the extraction poten- 
tial Ve, the acceleration voltage Vg, and the 
focusing voltage Vr (cf. Fig. 1. in reference 1). 
For each ion-molecule pair and for each primary- 
ion energy we determined the dependence of dy 
on the parameters given above. The operating 
values of Vg, Va, Vz and the slit width were then 
chosen to correspond to points on the plateaus of 
the appropriate curves. 

In order to find the gas pressure in the collision 
chamber necessary to ensure single collisions, we 
obtained the curve I,/Iy =f(p), where In is the 
current at the peak of a given mass-spectrometer 
line. Most of the measurements of Gy were car- 
ried out at a gas pressure of 1—1.5 x 10 “ mm Hg. 
The error in the measurement of oj, is made up of 
the errors in oj and a, and is +10% for high in- 
tensity peaks and +35% for low intensity peaks. 


RESULTS OF THE MEASUREMENTS 


The total cross sections for the formation of 
Slow negative ions in oxygen are shown in Fig. 1 as 
a function of the velocities of the H’, D™ and 
O- ions. The cross section for H — O, is (1—8) 
x 10°! cm?; for O —O, these cross sections are 
an order of magnitude larger. Il’in, Afrosimov, 


6, cm? 


10 *y cm/sec 


FIG. 1. The cross sections for the formation of slow nega- 
tive ions 0; in oxygen as a function of velocity (solid curve); 
the dashed curve is the function o¢(v). 


and Fedorenko® have estimated the cross sections 
for the dissociation of O, molecules into positive 
and negative ions by collisions with protons with 
energies of 10 to 30 kev. These cross sections 
are of the order of 107° cm?. Since it is not very 
likely that the cross sections for the dissociation 
of the O, molecules by impact with H ions are 
much larger than the corresponding cross sections 
for the H* ion, it is reasonable to assume that oj 
for H — O, and O — O, represents the cross 
section for charge exchange of H and O ions in 
oxygen. The following conclusions follow from an 
analysis of the curves in Fig. 1. 

1. The cross section oj is independent of ion 
mass, Since the experimental points for H’ and 
D ions lie on the same curve. 

2. The reduction in oj with increasing ion 
velocity is fairly well described by the formula 
oj = aye KY, The constant k in this formula is 
different for hydrogen and oxygen ions. It should 
be noted that the experimental point for O — O, 
at 720 ev! also lies on the curve oj ~ e KY. 
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The mass spectrum for the slow negative ions 
from H —- O, and O — O, contains the O) ion 
and, in very small quantities, the O ion. This 
result indicates that when H” or O ions pass 
through O, the most important reaction is A’ + O, 
— A+0}; the reactions A + O, ~ O;* — O and 
A” +O, A” +O +0* are characterized by low 
probabilities. 

The formation of negative ions in collisions be- 
tween electrons and molecules exhibits entirely 
different characteristics. In this case the depend- 
ence of the negative ion formation cross section on 
the electron velocity is characterized by a reso- 
nance effect. In Fig. 1 we show this dependence in 
O,, using the data reported by Buchel’nikova.' 
When the electron ‘‘sticks’’ to the O, molecule, 
the reaction O, + e— O;* — O +0 occurs, that 
is to say, the O ion is formed only as a result of 
the dissociation of the excited Oj ion.’ As has 
been noted above, charge exchange of H- and O° 
with O, molecules results primarily in the forma- 
tion of Oj ions. This difference in charge ex- 
change of negative ions and attachment of electrons 
to molecules is completely reasonable. Since the 
radiation process O, +e— O, +hyv is character- 
ized by a small probability, the attachment of the 
electron to the O, molecule leads to the formation 
of the excited O) ion. Because of the low gas 
pressure this ion cannot be stabilized by transfer 
of excitation energy to another particle so that it 
must dissociate. In the case of charge exchange, 
say for O — Os, the resonance defect AE is equal 
to the difference in the electron affinity for O, and 
O, more precisely, to 0.15 — 1.48 = — 1.33 ev, so 
that AE is negative;* therefore, energy is absorbed 
rather than released. A stable O; ion can be 
formed in charge exchange because of this effect. 

In charge exchange of negative ions, as in elec- 
tron capture by singly-charged positive ions and 
neutral atoms, the maximum cross section as a 
function of velocity is determined by the well- 
known Massey adiabatic criterion;!!! assuming 
that the quantity a which appears in the adiabatic 
criterion is the same for this process as for one- 
electron charge exchange in singly-charged posi- 
tive ions, i.e. 8A, we find the peak for O" + O, 

— O+ O, at an energy of 5.5 kev. However, it is 
not very likely that the maximum value of oj (v) 
for this process lies at 5.5 kev; the value of go; in 
the energy range 10 — 50 kev, obtained in the pres- 
ent work, and the value at 0.7 kev, obtained by 
Dukel’skii and Zandberg,'! correspond to a smooth 
curve which increases monotonically between 0.7 


*The electron-affinity values are taken from references 
9 and 10. 


and 50 kev. It is more probable that the maximum 
value of oj (v) for O — O, lies at an energy 
lower than 0.7 kev. If this is the case, then the 
condition for applying the Massey adiabatic criter- 
ion to charge exchange of negative ions means that 
the value of a for O| +O, —~ O + O} is consider- 
ably smaller than 8A. The resonance defect for 
H +0, — H+ 0; is —0.58 ev, which is still 
smaller than for O + O02 O+ 0); therefore the 
maximum cross section for the first process is 
also expected to be at a low energy. 

In Fig. 2 we show the oj(v) curves for H 
— CCl, and O — CCly. The cross section oj for 
H  — CCl, remains essentially constant over the 
velocity range studied; for O- — CCl, this cross 
section diminishes as the velocity increases, in 
accordance with the empirical relationship estab- 
lished for H — Oy, and O — QO). 


G6, em 
8 
6 
4 
Z 
-/6 
10 
8 
6 
4 
®. e 
Z i Fare 
-17 
70 
8 
6 
4 7 
oH CCL, 
é A0-Cll, 
708 me-Ccl,[ ] 
8 
6 
4 
z 
ow 
1 2 3 


=6. 
10 vu cm/sec 


FIG. 2. The cross sections for the formation of slow nega- 
tive ions in CCl, gas as a function of velocity (solid curve). 
The dashed curves show the corresponding curves for the in- 
dividual ions. For the ions C , CCI and Clj, the cross sec- 
tions for bombardment by H_ have been measured only at 30 
kev. 


The relative intensities of the mass-spectro- 
meter lines, for negative and positive ions pro- 
duced when H™ and O ions with energies of 
30 kev bombard CCl,, are shown in the table. For 
purposes of comparison we also show in this table 
the corresponding data for electrons with energies 
of 75 ev.'® The data in the table indicate that in 
the negative-ion spectra characteristic of collisions 
of negative ions and electrons with the CCl, mole- 
cule, the greatest relative intensity is to be as- 
signed to the Cl” ion so that oj © oq). This result 
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Note: For O the velocity is 6 x 10’ cm/sec; for H v= 2.4 x 10° cm/sec; 


for the electrons v = 5.18 x 10° cm/sec. 


has been verified by other authors.!4 On the 
other hand, the CCl; ion has not been observed in 
any of this work. Thus, charge exchange (nega- 
tive ions) and electron attachment in CCl, lead to 
dissociation of the CCl, ion which is formed. In- 
asmuch as a stable negative molecular ion can be 
formed in charge exchange (cf. above), the absence 
of such ions in the present case can be explained 
by the fact that the electron affinity of the CCl, 
molecule is negative. Judging from the relative 
intensity of the mass lines in the negative-ion 
spectrum, at least for O -— CCl,, we can say that 
this ion decays chiefly via the reaction CCl; * 
—72Cl -+ CCL. In the case of-H —ions and elec= 
trons with higher velocities than the O ion, a 
contribution to the formation of the Cl ion arises 
from the well-known dissociation process CCl, 

— Cl +CClz;. To some extent this interpretation 
is verified by the presence of a large number of 
CCl ions in the positive-ion spectrum. It should 
be kept in mind, however, that these ions can be 
formed as a result of ionization and subsequent 
dissociation of the excited CCl, ion. It is inter- 
esting to note that the number of CCl4 ions is very 
small. It is found that in CCl, both attachment 
and detachment of an electron lead to the forma- 
tion of unstable molecular ions. The absence of 
the CCl3 ion in the negative ion spectrum* indi- 
cates the small probability of the decay of the CCl, 
ion via the reaction CCl,* — CCl; + Cl as com- 


*The CCl, ion has been observed in work reported by 
Dibeler and Mohler, but the relative content was very 
small (approximately 0.1%).*° 


pared with the decay reaction CCl,* — Cl” + CCl. 
The situation which has been pointed out is under- 
standable because in the decay of the CCl, ion the 
excess electron will be attached to the shell with 
the higher electron affinity, that is to say, to the 
Cl atom rather than the CCl, radical. On the 
other hand, the absence of the CCI ion indicates 
the small probability for the dissociation process 
CCl, > CCl3 + Cl* whereas in electron impact the 
process CCl,— Cl-+ Cor, has a rather high 
probability.'4 

Thus, in their general features, the spectra of 
the negative and positive ions are the same for H™ 
and O and for electrons. However, there is a 
big difference in the cross section for the forma- 
tion of negative ions as a function of velocity of 
the primary particles, as is apparent from Fig. 2; 
in this figure, we show the oj (v) curves obtained 
in the present work and the a(v) curve for the 
electron attachment process in CCl, taken from 
the work of Buchel’nikova.' 

The cross sections for the formation of negative 
ions in SFg bombarded by H and O ions are 
weak functions of ion velocity in the velocity region 
which has been studied (Fig. 3). oj for SF, is 
considerably smaller than for O, and CCl, as is 
apparent from Fig. 4, in which we compare the 
oj (v) curves for these three gases. Just as in O, 
and CCl,, the oj(v) curve for electron attachment 
in SF, is very different from the curve for charge 
exchange between O ions and the SF, molecule 
(cf. Fig. 3).! 

In the table we give the results of a mass-spec- 
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10 vy, cm/sec 
FIG. 3. The cross sections for the formation of slow nega- 
tive ions in the gas SF, as a function of velocity (solid curve). 
The dashes indicate the corresponding curves for the individ- 
ual ions. For the ion SF, the cross section for bombardment 
by H_ has been measured at only 30 kev. 


trometer analysis of the negative and positive ions 
formed by passing 30-kev O ions through SF¢. 
For purposes of comparison, in this same table we 
give data on the composition of the positive ions 
formed in SF¢ by electrons with energies of 50 ev.! 
The data on negative ions given in the table refer 
to electron energies close to zero, since it is at 
this energy that there is a maximum cross section 
for the formation of the ions SF,, SFs, and F-1 
It is apparent that there is a considerable differ- 
ence in the relative intensities for the SF, and F- 
ions when they are formed by O” ions and by elec- 
trons. In electron collisions, excited SF%* ions 
are formed in the overwhelming majority of cases; 
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these excited ions have lifetimes which exceed the 
time-of-flight in the mass spectrometer. In charge 
exchange of O” ions with SFg molecules, however, 
a large portion of the SFg ions which are formed 
decay with the formation of F- ions (SFg* — SF; 
+ F”) while a considerably smaller part of these 
ions decay via the process SFg* — SF;+F. In 
this case, just as in decay of CCl, ion, the more 
probable decay process is the one in which the 
electron becomes attached to the shell with the 
higher electron affinity. Attention is merited by 
the fact that the positive ion spectrum does not 
contain the SF{ ion whereas SF¢ exhibits the high- 
est intensity in the negative ion spectrum. This 
means that the detachment of the electron from the 
SF, molecule always results in dissociation of the 
SF{ ion formed. Attachment of the electron to the 
SF, molecule is much more likely, especially the 
attachment of a free low-energy electron, which 
results in the formation of an excited SFg* ion 
with an appreciable lifetime. 

The investigation of the spectrum of the nega- 
tive ions formed in collisions of H’ and O with 
the freon molecule CCl,F, shows, that in addition 
to the ions F', Cl” and C’, this spectrum con- 
tains a large number of H™ ions ( approximately 
50%). Inasmuch as the water vapor is carefully 
removed from the freon in the collision chamber, 
we may assume that the H™ ion appears as a con- 
sequence of impurities (in the freon) containing 
molecules in which one or more halogen atoms 
are replaced by hydrogen atoms. It is well known 
that it is difficult to remove these impurities from 
freon. For this reason, a systematic investigation 
of oj(v) was not carried out for CCl,F,. However, 
we have estimated oj(v) for H — CCl,F, for H” 
energies of 30 kev. This estimate yields a value 
of 2.5 x 10°'8 em’, which is 25 times smaller than 


" FIG. 4. The solid curves show the function 
o;(v) for H while the dashed curves apply for O. 


aL oom 
6 
Go 
| ~Sek 
P incu 
a os 4 CCh, ° )-0, 
e = 
| ss e 0, Qa 0 - O14) 
ipo a SFe 
8 
: $$$ 4+. 
4 
Leni 
Z nto k 
-/7 
es 
tr 
a ree ge Se 
Al A 


3 


=U 
10 U cm/sec 


FORMATION OF SLOW NEGATIVE IONS IN SINGLE COLLISIONS 13 


for H’ — CCl, at the same ion energy. From this 
result we may conclude that replacement of Cl 
atoms by F atoms in CCl, causes a marked re- 
duction in oj. 

The relative numbers of different negative and 
positive ions which appear in collisions of H” and 
O” ions with CCl,F, molecules is given in the 
table together with the data on electron impact. 
It is apparent from these data that in charge ex- 
change with H’ and O and in electron attachment, 
the CCl,F, molecule does not form the ion CCl,F3; 
on the other hand, in ionization by these particles 
only a very small number of CC1,F} ions are 
formed. In this respect, CCl,F, is similar to CCl, 
(cf. above). We may note that electron impact re- 
sults in the formation of more Cl ions than F. 
On the other hand, inion impact, more F is 
formed than Cl. 

In addition to the investigation of O,, CCly, SF, 
and CCl,F,, attempts were made to measure oj 
in bombardment of CO, CO,, H,O, NO and NH; 
by H’ and O. In all these molecules oj was 
found to be much smaller than in O,, CCl,, and 
SF,g. Furthermore, the characteristic curves for 
iq /lh =f(V) obtained in the bombardment of these 
gases by O show that iq/Ij) increases contin- 
uously with increasing potential difference V; this 
effect is apparently caused by scattered ions from 
the primary beam, which strike the measurement 
electrode, or by the high initial velocities of the 
negative ions formed. In any case, because the 
izzy /T) = £(V) characteristic does not have a plat- 
eau, it is impossible to obtain reliable values for 
oj in CO, CO,, H,O, CH,, NO and NH3. When 
H” ions pass through these gases, the ig,/Ip 
= f{(V) characteristic does exhibit a plateau, but 
the value of iy,/Iy at the plateau cannot be meas- 
ured reliably because of the low sensitivity of the 
device used to measure the current iy In any 
case oj in these gases is smaller than 2—3 
<10,°°-em”. 

For the same reason (small current at the 
mass-spectrometer collector) negative ion spec- 
tra could be analyzed only for the molecules H,O 
and CO,. In O° — H,O the spectrum exhibits H™ 
ions (58%) and O” ions (42%). Judging from the 
relative intensity of the H” and O peaks, the de- 
cay processes H,O —> H + OH and H,O ~ O 
+ H, have approximately the same probability. 
Similar results have been obtained in investiga- 
tions of the negative ion spectra for collisions of 
electrons with the H,O molecule.'®? Im the nega- 
tive ion spectrum for O  — CO, we observe OF 
(85%) and O; ions (15%). Thus, the probability for 
the decay process CO; — CO+O_ is appreciably 


greater than for the process CO; ~ C +03. In 
the negative ion spectrum characteristic of elec- 
ton attachment to the CO, molecule, only the O- 
ions are observed.” The maximum electron at- 
tachment cross section is 5 x 1078 em’. 

The experimental data reported in the present 
paper indicate that there is an important difference 
in the cross sections oj and the shapes of the 
oj(v) curves for the attachment of free electrons 
in molecules and for charge exchange of negative 
ions with the same molecules. This difference 
arises because in the first case the negative ion is 
formed as a consequence of attachment of a free 
electron to the molecule. In this case the transi- 
tion from molecule into a negative ion proceeds in 
accordance with the Franck-Condon principle and 
the oj(v) curve must exhibit a resonance.”! In 
the second case the negative ion is formed by elec- 
tron transitions between discrete states of the fast 
negative ion and the gas molecule, so that the gen- 
eral features of the oj(v) curve are similar to 
these curves in other charge exchange processes. 

The data presented on the formation of negative 
ions in atomic collisions, point to the desirability 
of further investigations at low velocities, where 
the maxima of the oj(v) curves are located. The 
locations of these maxima (Vmax) and the behav- 
ior of the oj(v) curves for v < Vj»jax will allow us 
to examine the applicability of the adiabatic hypoth- 
esis to charge exchange of negative ions. 

We wish to thank A. F. Khodyachikh, who helped 
in these measurements. 

In conclusion the authors also wish to take this 
opportunity to express their gratitude to Professor 
A. K. Val’ter for his continued interest in this work. 
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The europium and gadolinium fractions separated from Ta irradiated by 680-Mev protons 


were investigated by means of a magnetic spectrometer and a luminescent y spectrometer. 
New y transitions have been detected. The relative intensities of hard y rays from Eu"® 
have been determined. More precise values have been determined for the energies as well 
as intensities of the conversion lines due to previously observed y transitions in the decay 
of Eu”? (Ty. = 5.6 + 0.3 days), Eul4é (Ti = 4.6 + 0.3 days), and Eu’" (T,p = 25 days). 
The conversion electron spectrum of the europium fraction was measured between ~ 20 and 


~ 2600 kev, and the hard y ray spectrum was investigated up to 3500 kev. The level 
schemes of Eu!®, Eu!4® and Eu'4” are discussed. 


W: investigated the radiations from the europium 
and gadolinium fractions, separated from tantalum 
bombarded with 680-Mey protons, using a Ketron- 
type! magnetic spectrometer (AHp/Hp ~ 0.5%) and 
a scintillation y spectrometer (resolving power 
7.5% at the 662-kev y line of Cs"). The new 
lines were identified by the time variation of their 
intensity in both the europium and in the gadolinium 
fractions. 


RADIATION FROM THE Eu "> NUCLEUS 


In addition to observing in the conversion- 
electron spectrum of the europium fraction the 
conversion lines belonging to Eu'® (4.0 
days), Eu!’ (Ty. =25 days) and Eu"? (Ty 
~ 100 days), which we reported earlier,’ we ob- 
served also the conversion lines due to an 
europium isotope with a half-life 5.6 + 0.3 days.°»4 
The energy of the corresponding nuclear transitions 
and the relative intensities of the conversion lines 
are listed in Table I. 

The lines belonging to the europium with the 
5.6-day half life could be distinguished reliably 
from the Eu‘ lines (Ty. = 4.6 days). In the 
gadolinium fraction, the Eu'*® lines grew stronger; 
whereas the lines indicated in the table were ab- 
sent. The gadolinium fraction, containing Ga 
CTyjz 45 days ), was separated twelve hours after 
the end of irradiation of the target, and did not con- 
tain Gd'*? (T12 = 24 min). In addition, we observed 
that Sm!4° accumulated in the europium fraction.‘ 
For these reasons, we ascribed the y lines listed 
in Table I to the decay of Eu!*®, This interpreta- 


*Deceased. 
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Table I. Energy of Transitions 
and Relative Intensities I of the 
Conversion Lines of Eu‘*® 


Observed 
i 100 -Ie/l 
E,,kev ehhh as (994 las TK/IL 
A410), 3220),0 Ke ea 750:£50 6+1 
494221 K 20+5 —_ 
n43t2 K 153 — 
656423 IK IE 13s?) — 
766-E4 K 6+4 — 
894+4 IX dbo ue 100 Og ==ORe) 
166345 IK th Zz 0D) 5, 622050) 
183048 K 0.440.1 — 
2001-46 ING, JE PrrsilzislO) se — 


tion agrees with the data of Rasmussen et alee 
who assigned a half-life T,). = 5 days to ue 

In a recently published paper,° only one y transi- 
tion of 180 kev energy was observed for ape 
Grover’ ascribes the ~ 0.53-, 0.645-, and 0.890- 
Mev y transitions to the decay of Eu'“>, and 
leaves doubtful the weak 1.30- and 1.65-Mev y 
transitions. 

We have also made preliminary measurements 
of the coefficient of internal conversion of the 
894-kev y transition by the method described in 
reference 8. The coefficient of internal conversion 
ay is determined by measuring with a magnetic 
spectrometer the number of conversion electrons 
and (by the photoelectrons) the number of y 
quanta emitted from one and the same source. 


The value obtained for aK is 
Op (2,2 5 0A) LO 


This value of @,, as well as the ratio of the 
intensities of the K and L lines, make it possible 
to classify the 894-kev transition as E2. 
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FIG. 1. Proposed scheme of the transitions in Sm’***. 


Figure 1 shows the proposed scheme of the 
transitions in Sm‘. It is based essentially on 
energy data. The scheme includes all the transi- 
tions which we have observed, except for the tran- 
sition with energy E, = 191 kev. The 766-kev 
transition is energetically feasible also between 
the 1663 and 2425 kev levels (shown dotted in the 
figure ). 

The nucleus Sm"™° has only one neutron on top 
of the filled shell, and apparently fits the Mayer 
scheme. According to this model, the spin and 
parity of the ground state should be ‘4 or %. 

We assume that the spin and parity of the ground 
state of Sm!*° is "4. The first excited level has 
an energy 894 kev. The direct transition from 

this level is of the E2 type (from the measurement 
of the coefficient of internal conversion). On can 


therefore assign spin and parity 34- to the first 
excited level. It is apparently necessary to ascribe 
to the second excited 1004-kev level a spin and 
parity 4%. This follows from the multipolarity of 
the transition with E., = 110 kev, found to be M1 

+ E2 by the Ik/Ij, ratio (Table I), and also from 
the absence of a direct 1004-kev transition to the 
ground state. 


RADIATION OF THE Eu'4® NUCLEUS 


We have observed several new y lines of 
Eu'*®, both by conversion electrons and by y rays. 
The lines attributed to Eu'®, observed in the 
gadolinium fraction, first built with a period of 
approximately 5 days, and then decayed with the 
half-life of the parent Gd‘ (Ty. =45 days). In 
the europium fractions, the lines constantly de- 
cayed with a half life 4.6 + 0.3 days. 

Table II lists the energies of the nuclear tran- 
sitions, the relative intensities of the conversion 
lines, and the ratios Ix/Ib, for the most intense 
lines, as well as the relative intensities of the y 
rays. 

We also measured the relative intensities of the 
635- and 748-kev y rays (by the photoelectrons ) 


I (635 kev)/1(748 kev) = 0.7 +0.1. 


Gold foil (o ~ 7 mg/cm’) and uranium (oc ~ 7 
mg/cm?) foils were used as emitters. 


Table II. Transition Energies and Relative Intensities of 


Conversion Electrons and y Rays from Eu 
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a 


’ Observed 
Ey » kev conversion 100 IK/TK (748 kev) TK/TL Ty / Ty (748 kev) 
lines 

188-1 K 50-420 = ~ 
399-41 KL 6+4 x = 
A34 ek 4+ Ki E: 
430-41 * Roe 1941 5.0:+0,5 = 
635-43 KL TES 5505 75 
7054 - 1 = 2 
(iste , K,L ,M 100. 5.8404 > 400 
toeits K icon * 0 
115445 K 0°7-£0.2 = 

4180-45 K 0.5+0.4 = y 
1298-45 Ken 1.10.2 T+ 3 
4384-45 K 0.5-+0.2 ais 2 
4442+7 K 0.340.1 - 2 
{45147 ee ~0,3 i 2 
1539+7 Kea 0,640.2 64 6 
176548 K <0,3 a 3 
2480 ? = = = : 
2300 a in Es t 
2400 ~ - = ‘ 
2540 7 i = 
2670 = = ui, ae 
2860 = = Z0: 
3100 ia =5 

= cs, ge <0.2 


*The 423-kev transition was first observed by Zh. Zheley.'° 


RADIATIONS FROM Eu!45, Bult? AND Fy!4? 


FIG. 2. Proposed scheme of the transitions in Sm“. 


Our results do not agree with the data of 
French workers,°® who ascribed to Eu!*é y rays 
with energies 125 and 570 kev, but are in agree- 
ment with the work Funk et al.'! 

Figure 2 shows the proposed scheme of transi- 
tions in Sm!*°. This scheme includes all the 
nuclear transitions which we have observed, 
except the transition with Ey = 2180 kev. The 
decay scheme is based essentially on energy con- 
siderations. For most transitions the energy 
balance holds within 1 — 3 kev. In the construc- 
tion of the scheme we used the cascade y transi- 
tions, determined by Alexandrov et al. and by 
Berlovich et al.,'? namely: 745 — 635 — 667, 745° 
— 635 — 900, 745 — 635 — 1060, 748 — 635 — 
1300, 745 — 635 — 1800, 745 — 1550, 745 — 635 
— 2100, and 745 — 2400 kev; the 635-kev y tran- 
sition does not agree in time with the 1550- and 
2400-kev transitions. 

Smijé is an even-even nucleus and is apparently 
spherically symmetrical (there are only two neu- 
trons on top of the filled shell). The characteristic 
of the ground state is 0° and the energy of the first 
excited state of the nucleus is 748 kev. The latter 
is derived from the following considerations: first, 
from the intensities of the y transitions (this is 
the most intense transition), second from the 
presence of a coincidence cascade, and third from 
the systematics of the first excited levels of the 
even-even nuclei in the region of atomic numbers 
close to 82. 

The characteristic of the first excited state is 
2*. This follows both from the systematics of the 
even-even nuclei, and from the experimentally 
determined multipolarity of the 748-kev transition 
(the ratio Ix/Iz, = 5.8 + 0.4 and the coefficient aK 
= (4.1 + 0.6) x 10° unequivocally point to an E2 
transition ). 

The second excited level of Sm"4°, with energy 
1180 kev, is introduced only on the basis of energy 


3700[9] 


considerations. This level is ‘‘de-excited’’ by two 
transitions: E,, = 432 and Ey = 1180 kev. 

The 1383-kev level must apparently be assigned 
spin and parity 2°. This follows from the presence 
of a direct transition to the ground state, the multi- 
polarity of which is determined by our data to be 
E2 or E2 + M1, and also from experiments on 
correlation, '!! by which the 1384-kev level cannot 
be assigned a spin 4". 


RADIATION OF THE Eu!4? NUCLEUS 


We have investigated the radiation of Eu!” 


previously.’ In the present investigation we ob- 
served two additional new y transitions, with 
energies 957 and 1080 kev. These transitions 
were observed both in the europium and in the 
gadolinium fractions. In the latter fraction, the 
observed lines first built up with a period ~ 1.5 
days, and then decayed with a period of 25 days. 
Table III lists the transition energies and the 
relative intensities of the new conversion lines 
referred to the 187.6-kev line. 


Energies of new y transitions and rel- 
ative intensities I of the conversion 
electrons of Eu’? 


Observed 
E, , kev conversion ee oe ux IK/ IL 
lines (STS vkew) 
AGH tell). K,L,M 100 4,040,5 
95744 K 0.42054 — 
{080 +4 ge 0.60.2 3.20.6 


The scheme of the Eu? —~ Sm‘” decay was 
studies by us earlier. We are now able to supple- 
ment this scheme with new transitions, with ener- 
gies 957 and 1080 kev (see Fig. 3). 

The spin of the ground state of Sm'" was de- 
termined experimentally as ", while the Mayer 
model predicts for the ground state of Sm'4" spin 
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FIG. 3. Decay scheme of Eu 


and parity values of ‘4° or °4. 

The spin and parity of the first excited 121-kev 
level is 4, since the E,, = 121 kev transition is of 
the M1+ E2 type. The spin and parity of the 
second excited level is °4; this agrees with the 
multipolarity of the 77- and 198-kev transitions. 
The 800- and 1080-kev levels can apparently be 
assigned, with certain reservations, spins and 
parities of °47 and "4 or °4°, respectively. 

An analogous placement of the levels is ob- 
served in the case of Nd‘*! (reference 15), which 
differs from Sm‘! by two protons and two neu- 
trons. The 900-kev transition observed in refer- 
ence 14 was not observed by us distinctly, and are 
therefore shown dotted on our scheme. 

We have also observed weak conversion lines 
corresponding to y transitions with energies 1139, 
1167, 1527, and 2050 kev. These lines, present in 
the gadolinium and europium fractions, have not 
been identified in view of their low intensity. 

The authors are deeply grateful to L. K. Peker 
for interest in the work and for a discussion of 
the decay schemes. 
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X-ray diffraction investigations of Ne?’ and Ne” were performed at 4.2°K. Both isotopes 
have face-centered cubic lattices, with the constants a = 4.471 + 0.004A and 4.455 

+ 0.004A, respectively. The relative difference in the molar volumes, AV/V = 1.1 + 0.5%, 
agrees Satisfactorily with calculations taking into account the difference in zero-point 
vibration energy. The difference in the molar volumes of the neon isotopes is much greater 
than that for lithium isotopes, which, according to the literature, is negligible despite the 
larger relative mass difference of the latter. This is apparently associated with a differ- 
ence in the nature of the binding forces in neon and lithium lattices. 


Ws have found only report! of an attempt to de- 
tect differences in the lattice constants of isotopes 
of elements heavier than helium. For the differ- 
ence between the lattice constants of Li® and Li’ 
Covington and Montgomery obtained 0.0015 kxu, 
which was close to the limit of their experimental 
accuracy. They considered the principal result of 
their work to be the direct confirmation of zero- 
point vibrations of lattice atoms, varying in energy 
for different isotope masses. This effect should 
evidently be more pronounced in inert gases, where 
different isotopes of the same element are not 
characterized by identical forces which result 
from free electrons, and which are the principal 
determinant of structure in metallic crystals. The 
different lattice constants of inert-gas isotopes or, 
equivalently, their different molar volumes in the 
solid phase, have been considered in several theo- 
retical papers.*-* AV/V = 0.6% has been obtained 
for neon at absolute zero. 

We used x rays to study the structure of Ne” 
(99% pure) and Ne” (98% pure). Air impurities 
were removed by passing the neon through a coil 
cooled by liquid hydrogen, while helium contamina- 
tion was eliminated by pumping from a vessel in 
which solid neon had been produced by liquid- 
helium cooling. Neon isotope samples were ob- 
tained in the form of polycrystalline layers depos- 
ited from the gaseous phase on a copper capillary 
tube that was cooled internally by liquid helium. 
The x-ray diffraction apparatus was described in 
reference 5. The figure shows typical x-ray 
diffraction patterns, including both neon lines and 
lines of the copper backing serving as standards. 


*Assisted by the graduate student A. S. Bulatov. 


19 


Copper lines 


Neon lines 


We used CuKa and FeKa radiation from a Pines 
fine-focus x-ray tube, and a casette 40 mm in 
diameter. In the photometric study the separa- 
tions of interference maxima were determined 
within + 0.03—0.05 mm. The effective diameter 
of the cassette was determined within + 0.05 mm 
by means of the standard lines. Corrections for 
sample thickness were introduced by the Kurdy- 
umov procedure, taking account of characteristics 
associated with the use of a fine-focus tube.° 
Results obtained from the x-ray patterns are 
given in the table; the lattice constants are accu- 
rate to within + 0.004 kxu. 

The table shows that both neon isotopes have 
face-centered cubic lattices with constants differ- 
ing by 0.016 kxu, which is one order of magnitude 
greater than in the case of lithium isotopes, despite 
a smaller relative mass difference. AV/V = 1.1 
+ 0.5% for the relative difference in molar volumes 
was calculated from the lattice constants of the 
neon isotopes. The theoretical value AV/V = 0.6% 
is within the range of experimental accuracy, but 
is considerably smaller than the mean value of 
AV/V obtained from the x-ray data. 

The value a = 4.471 kxu obtained for the lattice 
constant of the lighter neon isotope, which consti- 
tutes ~ 91% of natural neon, improves the values 


KOGAN, 


LAZAREV 


and BULATOVA 


> . 99 ee 
Computations for Ne” and Ne** based on x-ray 
(CuKa) diffraction patterns 


ES 


Intensity for Ne” 


6 (Ne® @ (Ne*) (Ne), kxu (Ne), kxu 
computed exper. 
(114) 10K Af 
(200) 48 S 7 
(220) 27 21 29°06 29°13,5 +.470 4.4959 
: le ake Se as as 
(314) 25 20.0 94°45 2 er (Ps +.400 
(222) 6.4 
(400) 4.2 
(331) 7.0 meen : 
(420) 6.4 10.5 50°26 .4 38,3 4.470 406 
(422 4.9 8 57°29 57°53 a5 Fe 
(333)(511) 6.0 10.5 63°00.0 t.402 
Mean: 4.471 4.455 


for the lattice constant of the natural mixture that 
are given in the literature: a = 4.52 kxu from 
x-ray diffraction’ and 4.429 kxu from neutron dif- 
fraction.® 

The neon line intensities in the x-ray patterns 
differ considerably from the calculated values. 
For CuKe@ and FeKa rays the (200) line intensi- 
ties, compared with the (111) intensities, are 
much lower than the calculated values. With 
FeKa the (222) intensity was enhanced. This 
redistribution of the intensities is evidently asso- 
ciated with the fact that the neon layer deposited 
from the gaseous phase on the copper capillary 
tube has its [111] axis along capillary radii. It 
is interesting that the intensity ratio of identical 
x-ray interferences from the heavier and lighter 
isotopes [Ipk7(Ne™*)/Inky(Ne™)] is greater, and 
increases more rapidly with the scattering angle, 
than could have been expected from the calculation 
of a thermal factor. The last lines that are dis- 


tinctly visible in the x-ray patterns for the heavier 
isotope merge with the background in the case of 
the lighter isotope. 
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The relative increase in the polarization of the protons in a free radical as the electron para- 
magnetic resonance is saturated has been measured by observing the increase in the nuclear 
pene te resonance signal. It is shown that at large saturating power an electron paramag- 
netic resonance “‘secondary signal’’ is observed simultaneously with the nuclear magnetic 
resonance signal, corresponding to the emission or absorption of an additional quantum by 


the electron spin system. 


W: have observed dynamic nuclear polarization 
(d.n.p.) in solid diphenylpicrylhydrazyl at room 
temperature in fields of approximately 3300 oe. 
The apparatus described in reference 1 has 
enabled us to measure the d.n.p. of the protons 

by means of the relative amplitude of the nuclear 
magnetic resonance (n.m.r.) signal on an oscillo- 
graph screen. 

The coil with the sample containing 30 mm? of 
diphenylpicrylhydrazyl placed into a teflon con- 
tainer was situated within a rectangular three 
centimeter resonant cavity excited in the Hy, 
mode. The sample was cooled by a stream of air. 
The amplitude of the high frequency magnetic field 
H; was determined from the power dissipated in 
the resonator. The position of the coil in the 
resonant cavity and its dimensions are such that 
there should be no significant variations in the 
magnitude of the high frequency magnetic field 
over the volume of the sample where Hy, is per- 
pendicular to the axis of the coil, and this is con- 
firmed by the observation of the electron paramag- 
netic resonance (e.p.r.) signal with the coil 
present in the cavity. 

The dependence on H, of the increase in the 
n.m.r. signal is shown in Fig. 1. The accuracy of 
determining H, and the relative increase in the 
signal amounts to approximately 10%. As an 
example, we show in Fig. 2 an oscillogram of the 
n.m.r. signal in the absence of the high frequency 
field. In order to obtain reliable results at higher 
values of the high frequency power and field in the 
resonator we shall need more intensive cooling, 
since starting with H; > 2 oe appreciable heating 
begins to be observed, while for H; > 3 oe partial 


Tihs 

0 

FIG. 1. Dependence of the | | 
relative increase in the nu- 


clear magnetic resonance sig- 
nal due to protons in diphenyl- 
picrylhydrazyl on the ampli- 


tude of the high frequency 
magnetic field saturating the 


electron paramagnetic reso- 
nance. 


melting of the sample is observed, as can be in- 
ferred from the n.m.r. line. 

We have also observed at H; > 1.5 oe the 
‘‘double quantum emission’’ effect (9300 and 14 
Mc/sec) in e.p.r. described by Winter.’ This 
effect occurs when the electron spin system, 
situated in a constant magnetic field Hp, is simul- 
taneously acted upon by electromagnetic radiation 
of frequency w, and another radiation of frequency 
w,). The condition for the appearance of a ‘‘second- 
ary signal’’ at the frequency Ww, is wy + W2 = YeH). 
Fig. 3 shows an oscillogram of the signal which 


FIG. 2. Oscillogram of the nuclear magnetic resonance 
signal due to protons in solid diphenylpicrylhydrazyl. Ampli- 
fication K = 30. 


21 


22 Je 


FIG. 3. a—Signal representing the superposition of the 
nuclear magnetic resonance signal (middle peak) and of the 


““secondary signal’’ (outer 


electron paramagnetic resonance 
peaks). Amplification K = 1 (the signal is applied to the os- 
cillograph plates), H, = 2.5 oe; b—Electron paramagnetic 


resonance ‘‘secondary signal,’’ H, = 2.2 oe, amplification K = 3. 


represents the superposition of an n.m.r. signal 
with a maximum in the field Hy) and of an e.p.r. 
‘“secondary signal’’ at the same frequency vy 
which consists of the absorption and emission 
signals displaced respectively by + wn/Ve =50e 


V. KESSENIKG 


from the field H). The detuning of the autodyne 
n.m.r. detector by several tens of kilocycles does 
not change the shape and the position of the e.p.r. 
‘‘secondary signal’’, but sharply affects the ampli- 
tude (and, of course, the position) of the n.m.r. 
signal. 

In our opinion, the signals described in reference 
3 represent a superposition of an n.m.r. signal and 
ane.p.r. ‘‘secondary signal’’, with the n.m.r. sig- 
nal displaced from the maximum value corre- 
sponding to the Overhauser effect. 

I wish to express my gratitude to Professor 
E. I. Kondorskil and E. S. Goryunov for active 
participation in this work. 


‘A. V. Kessenikh, IIpu6opbl uv TeXHUKa 9KCHeEpMMeHTAa 
(Instruments and Exptl. Techn.) in press. 

21. M. Winter, J. phys. radium 19, 843 (1958). 
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me cross sections for the dissociation of molecular hydrogen ions (H}) in single collisions 
with H, and N, molecules and with He, Ar, and Kr atoms are measured at energies from 


200 to 1200 kev. 
1. INTRODUCTION 


Recenr measurements of the cross sections 
for the dissociation of molecular hydrogen ions 
have been connected mainly with the problem of 
injecting hydrogen ions into thermonuclear 
devices and accelerators. Measurements have 
been performed by Damodaran,! Fedorenko et al.,” 
and Barnett? at energies up to 200 kev in hydrogen, 
nitrogen, helium, and argon. Barnett? has also 
investigated Hj dissociation at 500 — 2200 kev in 
the same gases. Sweetman‘ very recently reported 
cross sections for H; dissociation in hydrogen at 
100 — 800 kev. The cross sections for proton 
production given in the first three of the afore- 
mentioned papers do not agree; it is indicated in 
reference 2 that different geometries can account 
for the discrepancies. 

There have been no measurements of the cross 
section for Hj dissociation within the 200 — 500 
kev range in any gas besides hydrogen. Because 
of the scientific and practical importance of such 
cross sections, we have investigated molecular 
hydrogen ion dissociation in different target gases 
from 200 to 1200 kev. 


2. APPARATUS AND EXPERIMENTAL 
TECHNIQUE 


We produced molecular hydrogen ions by 
means of an electrostatic accelerator, using an 
ion source with a cold cathode. We have described 
the accelerator in reference 5. 

Figure 1 is a diagram of our apparatus. The 
hydrogen ion beam from the electrostatic 
accelerator passed through a collimating aperture 
1 of diameter 4 mm into a magnetic mass mono- 
chromator (analyzer) 2, in which the ion beam 
was deflected 17°. The H} beam passed from the 
monochromator through a 2-mm diaphragm 4 and 
channel of diameter 6.5 mm and length 100 mm 
into the collision chamber 3, from which the ions 
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FIG. 1. Diagram of apparatus. 


emerged through a channel of the same dimen- 
sions. The collision chamber, of effective length 
310 mm, was fastened to two supports 5 which 
were regulated by means of vacuum-sealed screw 
rods for accurate positioning of the chamber with 
respect to the ion beam. After traversing the col- 
lision chamber the beam entered an electrostatic 
analyzer 6, which consisted of a copper tube 200 
mm in diameter and 1000 mm long containing the 
plates of a flat condenser. 

The electric field of the condenser separated 
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the beam into a neutral component and H"* and Hy 
components. The currents of positive components 
were measured by vacuum-tube electrometers 
connected to Faraday cups 7. The intensity of 

the neutral beam formed from Hj was measured 
by a thermocouple detector 8 similar to that de- 
scribed by Damodaran.! The thermocouple emf 
was measured by an M-2 1/4 mirror galvanometer. 
All currents were measured simultaneously in 
order to reduce the error resulting from fluctua- 
tions of the primary beam intensity. For the pur- 
pose of reducing the background and contaminations, 
the collision chamber was sealed by means of lead 
gaskets, and a liquid-nitrogen trap 9 was intro- 
duced to freeze condensing fractions. An auxiliary 
vacuum duct and valve accelerated the exhaustion 
of residual gas and gas liberated from the chamber 
walls as they were heated to 100 — 120°C. 

The residual gas pressure in the collision 
chamber did not exceed (4 — 5) x 10% mm Hg. 
Gas was exhausted at the entrance and outlet of 
the collision chamber by an MM-1000 pump and 
liquid-nitrogen trap. The pressure in the space 
surrounding the collision chamber and in the 
analyzer did not exceed 3 x 10° mm. The accel- 
erating tube and chamber of the mass monochro- 
mator were exhausted by a TsVL-100 pump and 
liquid-nitrogen trap. During the experiment the 
pressure at the accelerating-tube exit and in the 
mass monochromator varied from 7 x 10~ to 1.2 
x 10° mm. Gas pressure in the collision chamber 
was measured by a Knudsen manometer calibrated 
against a McLeod manometer. 

Total cross sections for proton production 
(oyt+) and for the production of fast hydrogen 
atoms (oy?) were measured mass-spectrometric- 
ally. The following formulas were used in the cal- 
culations: 
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Gyo = { 


[2Nuw / (Nu+ + Nuv) + 2N,,+]} 
2 /nL->0 
Here Nyt, Nyo, and Ny} are the numbers of 
protons, hydrogen atoms, and molecular hydrogen 
ions, respectively, traversing the collision cham- 
ber after subtraction of the particles produced in 
the residual gas and at the edges of apertures; n 
is the concentration of target gas molecules, and 
L is the effective length of the collision chamber 
with adjacent segments of the beam path taken into 
account. 

For the purpose of checking on the occurrence 
of single collisions we recorded the ratios of 
secondary to primary particles as functions of 


the gas pressure in the collision chamber. With 
these ratios extrapolated to zero pressure, Oy* 
and oy) were determined from (1) and (2). 

Since the cross sections were measured using 
thin targets, oy+ could be determined neglecting 
the effect of the Hz; — H3 process even at low 
energies. The result obtained for oy? can be too 
high because H3 molecules resulting from charge 
exchange of H} reach the detector along with H? 
atoms. However, the cross section for electron 
capture by molecular hydrogen ions is very small 
at 200 kev and falls off very rapidly with increas- 
ing primary ion energy. Sweetman’s data’ for 
energies above 250 — 300 kev show that the sys- 
tematic error resulting from this process is 
small. For these reasons, and assuming also that 
the cross sections for processes leading to the 
production of negative hydrogen ions are negligibly 
small at the given energies, we find that the total 
dissociation cross section is determined practi- 
cally by the following three processes: 
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I. H, > H+ H°. 
The total dissociation cross section og is there- 
fore given by 


(3) 


og = (S,4+ + 6,0) / 2. 


The foregoing considerations regarding the 
smallness of the cross section for H} — H$ can 
also be applied to process III at energies begin- 
ning with 400 — 500 kev. In the range 500 — 1200 
kev we can therefore assume without large error 
that the total dissociation cross section is the sum 
of the cross sections for processes I and II; the 
corresponding partial cross sections oj and oy 
can be evaluated accordingly. The partial cross 
section oj is then given directly by o 0, while oq] 
is determined from 


a 


(4) 


11 = (5,44 — Gy0) / 2. 

Diaphragm openings of different diameters at 
the collision-chamber exit were used to check for 
unequal scattering of primary and secondary parti- 
cles. With openings of diameters greater than 
4 mm the ratio of secondary to primary particles 
remained constant within the limits of error. 

Since the exit channel of the collision chamber 
had a 6.5-mm diameter, only a small systematic 
error resulting from unequal scattering is thus 
indicated. We estimated random errors of + 12% 
for oyt and + 15% for oy. The energy of 
molecular hydrogen ions was determined from 
the accelerating voltage of the electrostatic 
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generator, measured by a rotary voltmeter that 


had been calibrated by means of Y -ray resonances. 


The error of primary ion energies does not exceed 
+ 2%. 


3. RESULTS AND DISCUSSION 


The target gases were hydrogen passed 
through a palladium filter, 99.97% pure nitrogen, 
and helium, argon, and krypton with at most 0.1% 
impurities. 

The curves in Figs. 2, 3, and 4 represent the 
cross sections oy* for proton production, and og 
for hydrogen dissociation as functions of H} 
energy. Values of oy+ and Oq given by other in- 
vestigators are also shown. Figs. 2 — 4 show that 
over the entire investigated energy range oyt and 
Oq decrease steadily with increasing energy; od 
decreases more rapidly than Oy+- The cross 
sections are enhanced with increased atomic 
number of the target gas, in agreement with the 
observations of other investigators. Besides the 
higher absolute values of oy+ and og, in heavy 
gases the cross sections fall off less rapidly with 
increasing Hj energy. 

It is interesting to compare our results with 
those obtained by other workers. For hydrogen 
our data agrees satisfactorily with those of 
Sweetman,‘ are close to those of Barnett at rela- 
tively low energies,’ and join only poorly at 200 
kev with those of Damodaran! and Fedorenko et al.’ 

Our values for oy+ and og in the cases of 
nitrogen and argon differ by 15 — 60% from the 
cross sections measured by Damodaran and by 
Barnett. Also, our curves for og in the range 
500 — 1200 kev fall off more rapidly with in- 
creasing energy than those of Barnett. 

Considerably greater discrepancies between 
our data and those of other investigators were ob- 
served in the case of helium, for which our values 
of oy+ and og were about 1.5 — 2 times smaller 
than the results given in references 1 — 3. The 
cause for the disagreement could lie in different 
degrees of purity of the helium in the collision 


FIG. 2. Cross sections for Hi dissociation and 
proton production in hydrogen: 1—present work, 
2—reference 3, 3—reference 4, 4—reference De 
A, s—reference 1. 
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curves — present work; 
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curve -- reference 2; 
dast.ed curve — refer- 
ence 3. 
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FIG. 4. Cross sections for H} dissociation and proton 
production in helium, argon, and krypton. Solid curves — 
present work; A, 4—reference 1; dot-dash curves — reference 
2; dashed curves — reference 3. 


chamber, since small admixtures of heavier gases 
can obviously result in highly exaggerated meas- 
urements of Hj dissociation cross sections in 
helium. 

The partial cross sections for processes I and 
II in the range 500 — 1200 kev were evaluated 
(see the table) from our data on the basis of the 
foregoing considerations regarding the smallness 
of the Hj — 2H° cross section at high energies. 
In all of the investigated gases oy decreases 
slowly and monotonically as the Hj energy is 
increased. oy decreases considerably more 
rapidly in the same energy range. 

Our calculated partial cross sections oy and 
oyy can be compared with Sweetman’s direct 
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*Cross sections are given in units of 107!” cm?/molecule 


measurements‘ only in the case of hydrogen. Our 
values are consistently lower than Sweetman’s 
results by 15 — 20%, which is approximately the 
same discrepancy that occurred for the total 
cross sections oy* and od. 

Salpeter® has performed the only theoretical 
calculation of the dissociation cross sections of 
fast molecular hydrogen ions in collisions with 
gas molecules, employing the Born approximation 
for high Hy energies. Our cross sections for Hj 
dissociation in hydrogen at 300 — 400 kev agree 
satisfactorily with Salpeter’s calculations. We 
used energies that are too low to permit a com- 
parison between the theoretical and experimental 
cross sections for Hj dissociation in Ny and Ar. 

In conclusion we wish to thank Academician 
A. K. Val’ter of the Academy of Sciences, Ukrain- 


ian S.S.R., for his interest in this work, and Ya. M. 


Fogel’ for a discussion of the results. 
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The anomalously rapid loss of plasma from a magnetic-mirror system described earlier! 
has been investigated. Measurements of the ionic component of the current to the walls of 
the system show that the loss is due to the motion of plasma across the magnetic field lines 
and that most of the charged particles are lost at the side walls of the system. 


INTRODUCTION 


ly experiments described by us in an earlier 
communication! we have studied the containment 
of a hydrogen plasma with a density of the order 
of 10? em” consisting of fast ions (Ej = 1— 2 
kev) and slow electrons (Ee ~ 10 ev). The con- 
tainment time of the plasma in the system was de- 
termined by measuring the time rate of decay of 
the fast-ion density after the plasma-production 
process was terminated. In addition to charge 
exchange, which should be the principal mechanism 
by which fast ions are lost under the present ex- 
perimental conditions, it has been found that there 
is another mechanism which causes loss of ions 
from the system. 

To determine the direction in which ions escape 
by virtue of this other mechanism (i.e., along the 
magnetic field, through the mirrors, across the 
field, to the side walls), we have carried out 
direct measurements of the number of fast ions 
which leave the plasma at the ends (mirrors) and 
at the side walls of the system. 


MEASUREMENT OF THE NUMBER OF FAST 
IONS ESCAPING AT THE ENDS (ALONG THE 
MAGNETIC FIELD) 


The number of ions escaping along the magnetic 
field of the system is measured by means of a 
metal electrode in the form of a sector of a disc, 
which is fastened to one of the diaphragms. The 
area of the sector is '% of the total end surface 
(cf. Fig. 1); a bias of — 20 v is applied to the 
electrode and is sufficient to suppress plasma 
electrons. The signal from the sector is inte- 
grated in an RC circuit which has a time constant 
of 5 millisec. Thus, the total ion charge carried 
to the sector is measured. A correction is made 
for secondary electron emission; the secondary 
electron coefficient is approximately unity (ct. 


reference 2). To measure the charge after the 
accelerating-voltage pulse we use a blanking sys- 
tem in which the amplifier is switched on at the 
end of the pulse. 

It is apparent that this method of measuring 
charge does not allow us to separate the fast ions 
from the slow ions. The slow ions are formed in 
this system by charge exchange of fast ions on the 
neutral gas. The decay of the plasma is charac- 
terized by two simultaneous processes: charge 
exchange, in a time* Tce = 1/npVidge, and the 
other escape mechanism, characterized by a time 
Tg; thus, the number of ions which experience 
charge exchange during the plasma decay time is 

C oi ne, Ts 
( Fe exp| (= } ga} ttt Narre ce 


ce ce 
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where Ny, is the initial number of fast ions in the 
system. Then the number of ions which escape 
the system because of the supplementary loss 
mechanism is Ny Tee/(Tg + Tce). It is apparent 
that if plasma decay is due primarily to the sup- 
plementary loss mechanism, then the fraction of 
the ions which experience charge exchange (form- 
ing slow ions) will be small. According to refer- 
ence 1, if Hy = 5000 oe, p= 1 10° mm Hg and 
Uy) = 30 kv, Tg = 200 usec and Tee = 700 usec so 
that the total number of slow ions which is formed 
is 20% of Ny. On the basis of these results, it is 
reasonable to expect that the ion current which 
reaches the measurement electrode consists pri- 
marily of fast ions. In the results of the measure- 
ments given below it is assumed that all of the 
measured current is due to fast ions. (The experi- 
mental basis for the validity of this assumption 
will be given at the end of this section. ) 

The charge carried by the fast ions which 
escape at the ends is measured with H) = 5000 oe, 
p = 1x 10° mm Hg, Uy = 30 kv and @ = Hmax/Hy 


*The notation is the same as in reference 1. 
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Table I. Number of fast ions 
escaping at the ends for 
various values of the 
mirror ratio 


10.8 
200 


. [= 
u 0.4 


107 Q,, Coul. 
107 Q, Coul. 
Gena, percent 


F0 


= 1.33, 1.55, 2.0, and 2.35. The quantity which is 
obtained is compared with the charge due to the 
total number of fast ions which escape the system 
because of the supplementary loss mechanism. 
The quantity Ny is determined from the mean 
density of fast ions at the central cross section 
under the assumption that the fast-ion concentra- 
tion is uniform over the entire volume of the 
system. 

The magnitude of the charge-exchange current, 
which must be known to find the density, is meas- 
ured together with the fast-ion charge. The values 
of the measured charges, converted for the entire 
surface of both ends Qe are given in Table I. The 
table also gives the charge of the fast ions which 
escape the system because of the supplementary 
loss mechanism, Q, as well as the ratio of these 
charges qe for each value of the mirror ratio @ 
= Hmax/H). It is apparent from the table that 
only a small portion of the fast ions which escape 
the system leave via the ends. 

Since there is a measurement electrode at only 
one mirror, it is necessary to check that the re- 
sults which have been obtained are not caused by 
some small asymmetry in the mirrors. If the 
mirror ratio is somewhat larger in the mirror in 
which the electrode is located (as compared with 
the opposite mirror), the particle loss can be 
stronger at the end with the smaller value of a. 
For this reason control experiments were per- 
formed with asymmetric mirrors; the mirror- 
ratio at the mirror containing the electrode was 
several percent smaller than the mirror ratio at 
the opposite end. Under these conditions the 
charge measured by the sector was approximately 
doubled. This result would seem to indicate that 
the results which have been obtained are not due 
to a mirror asymmetry. 

It has been noted earlier, that during the plasma 
decay time slow ions amounting to 20% of the total 
number of fast ions in the system are formed. 
According to the results given in Table I, not more 
than 10% of the ions which escape from the system 
by virtue of the additional loss mechanism escape 
through the ends (the fraction of this charge com- 
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FIG. 1. Electrodes for measuring the ion current at the 
ends of the system. I) Measurement electrodes (comb), II) cap, 
III) diaphragm, IV) sector electrode, V) shield, VI) insulator. 


pared with the total number of fast ions in the sys- 
tem is still smaller). A comparison of these data 
shows that the charge measured at the ends is un- 
doubtedly not due to the fast ions, which have veloc- 
ities which are predominantly in the transverse 
direction, but rather to the slow ions, which are 
not well contained by the mirrors. To investigate 
this problem we have compared the ion currents 

at the ends as measured with the sector electrode 
and with a special electrode system in which only 
the fast ions are detected. This system consists 
of eight metal plates 0.8 mm thick which form a 
curved comb. The height of the plates is 20 mm 
and the distance between them is 18 mm. In Fig. 1 
we show schematically the shape and arrangement 
of the plates in the comb and the location of the 
comb with respect to the sector electrode. 

The current measured by a given electrode in 
the comb is due essentially to the flow of fast ions 
from a portion of a cylindrical layer with a mean 
radius equal to the radius of the electrode. The 
thickness of this layer is equal to the Larmor 
diameter of the fast ions. The slow ions can be 
neglected because their Larmor orbits are small 
compared with those of the fast ions. This situa- 
tion holds even more strongly for the electrons in 
the plasma. The secondary electron emission 
from the plates in the comb is small because the 
plates are parallel to the magnetic field. 
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Table II, Number of slow 
ions in the ion flux 
which escapes at 
the ends 


a 1.33 1.55 


10° Qs, Coul. 
10° Qe; Coul. ; 
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Q slow/ Qfast » percent a5 


ING! St 


5c) || AEC) 
‘ 7.6 


~15 


In measuring the charge collected by the comb, 
we must take account of the fact that the comb 
measures only a fraction of the total flux of fast 
ions at the region of the diaphragm occupied by 
the comb electrodes if the Larmor diameter of the 
ions Dy, in the mirrors is smaller than the sepa- 
ration between the plates of the comb §. To take 
account of the ‘‘transparency”’ of the comb we 
multiply the charge Qe by the quantity 6/Dy. 

The charge measured by the sector Qg is 
equal to the sum of the charges carried by the 
fast ions Qfast, the slow ions Qg]ow, and the sec- 
ondary electrons produced by the fast ions. By 
comparing the charges measured by the sector 
and by the comb under the same conditions we can 
determine the ratio of the number of slow ions to 
fast ions at the ends 


Qstow / Qtast = (Qs/ Qc) (Dy,/5) — (1 + R) 


(k is the secondary emission coefficient). 

The results of the measurements are shown in 
Table II (for k=1). In calculating D]I, we 
assume an ion energy of 1.5 kv.' 

From the expression given for Qslow/@fast it 
is apparent that the final result is sensitive to the 
magnitude of the secondary emission coefficient. 
However, even if we take k = 0, which is not very 
probable, the particle flux at the ends contains at 
least 50% slow ions. These relative measurements 
show that the charge measured by the sector is due 
primarily to fast ions. We may note that because 
the slow ions have been neglected the true charge 
carried to the ends by the fast ions is actually 
smaller than the measured charge. 

Thus, the end-current measurements show that 
fast ions do escape through the mirrors, but that 
this loss is only an insignificant part of the total 
supplementary loss. 


MEASUREMENT OF THE NUMBER OF FAST 
IONS LOST AT THE SIDE WALLS 


In order to measure the number of fast ions 
lost at the side walls we use a system which con- 
sists of six insulated electrodes arranged along the 
length of the system at one side of the central 
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FIG. 2. Electrodes for measuring the ion current at the 
side walls of the system. 


cross section, as shown in Fig. 2. The electrodes 
are 2 x 8 cm’ in size and are at a distance of 10 
mm from the walls of the chamber. In order to 
keep the electrodes from protruding beyond the 
walls of the chamber, they are inserted in windows 
in a wide guard plate (150 mm) which is bent to 
follow the shape of the chamber and which is 10 
mm from the walls. A bias of — 20 v is applied 
to the electrodes; this bias is sufficient to prevent 
plasma electrons from reaching the electrodes. 

The particle flux at the side walls consists of 
fast ions and fast neutral particles (the slow ions 
can be neglected for reasons which have been 
indicated earlier). Secondary electrons can be 
emitted at any or all of the electrodes, depending 
on the orientation of a given electrode with respect 
to the magnetic field. Thus, in determining the 
number of fast ions which escape from the system 
at the side walls, we must subtract off the part 
due to secondary electrons from the total charge 
measured by the electrodes. 

To estimate the number of secondary electrons 
roughly we assume that secondary emission due to 
fast ions and fast neutral particles occurs only at 
electrodes 4 and 5 (Fig. 2) since these are at 
large angles with respect to the lines of force of 
the magnetic field (for @ = 1.55); we assume 
that the charge at electrodes 1, 2 and 3 is due to 
fast ions only, while the charge at electrodes 4 and 
5 is due to fast ions and secondary electrons. (In 
all cases no charge is measured at electrode 6.) 
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Table II]. Number of fast ions 
escaping at the side walls 
for different values of the 

mirror ratio 


1.33 1.55 


0.83 | 1,8 
xe) 5,3 
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10° Ofast, Coul. 
10° Q, Coul. 


Aside percent 


Thus, by measuring the charges qj,9,3 at elec- 
trodes 1, 2, and 3, and qy,5 at electrodes 4 and 5, 
and finding the total number of fast neutral parti- 
cles formed during the plasma decay time Que 
(from the amount of charge exchange ), we deter- 
mine the number of fast ions Gfast at the electrodes: 


Tfast = Fite ae We nO On ey) I + R), (1) 


where k is the secondary emission coefficient and 
the factor 1.6 x 10° is introduced to take account 
of the fast neutral particles which strike electrodes 
4 and 5. (It is assumed that the fast neutral parti- 
cle flux at the side walls is distributed uniformly 
over the length of the system. ) 

The charge at the side-wall electrodes is meas- 
ured in the same way as the charge at the end 
electrodes. The quantity g7,,, is found from 
Eq. (1) under the assumption, as before, that the 
secondary emission coefficient is unity. The num- 
ber of fast ions striking the side wall of the sys- 
tem Q¢, 4 is obtained by multiplying fast by the 
ratio of lateral surface of the system to the total 
area of the measurement electrodes. 

In Table III we show the values of Qhast ob- 
tained for the same values of magnetic field, 
accelerating voltage, pressure, and mirror ratio 
as for the measurements of ion loss at the ends. 
We also show the charge due to fast ions Q which 
escape from the system by virtue of the supple- 
mentary loss mechanism, as well as the ratio of 
these quantities qgide. It is apparent from the 
table that up to 40% (depending on a@) of the fast 
ions which escape from the system (because of 
the supplementary loss mechanism) do so at the 
side walls. 

A comparison of the charges measured sepa- 
rately at each of the five electrodes shows that the 
ion losses at the side walls are not uniform over 
the length and that the loss distribution depends on 
the mirror ratio. As expected, the majority of ions 
escape at those portions of the loss surface which 
intersect the lines of force which are close to the 
axis of the system. For mirror ratios of 1.33 and 
1.55 these regions are the points at which the 
chamber is constricted, where electrodes 4 and 5 
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are located. At higher mirror ratios (@ = 2.0 and 
2.35) the lines of force touch the walls at the 
central cross section of the system and accordingly 
the largest part of the loss occurs in the region in 
which electrodes 1 and 2 are located. 

The values of qeng and dside obtained by com- 
parison of the fast-ion charge measured at the 
ends and at the side walls, and the fast ions lost to 
the system because of the supplementary loss 
mechanism, are not very accurate. The principal 
error is the uncertainty in the number of fast ions 
in the system at the end of the acceleration-voltage 
pulse. This quantity is determined from the mean 
density of the fast ions at the central cross section 
(the cross section at which the neutral particle 
detector is located) and it is tacitly assumed that 
the density is the same over the entire length of 
the system. The total number of ions in the sys- 
tem is actually smaller than the number obtained 
in this way because of the lower density of charged 
particles in the high-field regions (mirrors). The 
fact that the exact value of the secondary emission 
coefficient is not known introduces an additional 
error. Because of these errors, the measurements 
carried out at the ends and at the side walls under 
identical conditions give values of qend and qside 
whose sum is less than 100%.* 

It should be kept in mind, however, that the un- 
certainties in qend and qside due to these errors 
are the same for both quantities. Hence, we can 
compare the ratios qend/(dend + dside) and 
dside/(dend + dside), which characterize the rela- 
tive ion losses at the ends and at the side walls. 

A comparison of this kind, made on the basis of 
the data in Tables I and III, shows that for Hy 

= 5000 oe, p=1x 107° mm Hg and Up = 30 kv, not 
less than 80% of the ions lost at the walls of the 
system escape across the magnetic field and are 
lost at the side walls; correspondingly, no more 
than 20% of the ions escape along the magnetic 
field to the ends. This ratio between the ion losses 
transverse to the field and along the field is found 
at all mirror ratios. 

Similar measurements of the ion losses at the 
ends and at the side walls have been carried out 
for Hy = 8000 oe, Uy = 30 kv, p = 1x 10° mm Hg, 
and @ = 1.33 and 1.55. The analysis of the results 
of these measurements is more complicated; when 
Hy = 8000 oe the measured charge may contain a 


*The sum dend + Aside decreases with increasing mirror 
ratio & (cf. Tables I and III), because in finding the total num- 
ber of ions in the system we do not take account of the con- 
traction of the region occupied by the plasma when the mirror 
ratio is increased. 
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FIG. 3. Oscillograms of the current. a) at the comb elec- 
trode in the mirror and b) at the side walls. 


considerable slow-ion component because charge- 
exchange becomes the predominant source of loss. 
Nonetheless, at this field we also find qualitatively 
that most of the fast ions move across the magnetic 
field in escaping from the system. 


TIME VARIATION OF THE ION CURRENT AT 
THE WALLS 


Oscillograms of the ion current at the wall 
electrodes show that this current is highly modu- 
lated by irregular fluctuations; the phase and am- 
plitude of the fluctuations are both irregular. 
Typical oscillograms of the current at individual 
electrodes in the mirrors and in the side walls 
are shown in Fig. 3. These oscillograms would 
seem to indicate that the mechanism responsible 
for the escape of ions from the system is non- 
stationary. In this connection it is important to 
note that the depth of modulation depends on the 
area of the electrode at which the ion current is 
measured. 


FIG. 4. Oscillogram of the current at the sector electrode. 
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FIG. 5. Oscillograms of the current at electrodes 1 and Sy 
located at the side walls of the chamber. 


In Fig. 4 we show an oscillogram of the current 
to the isolated sector located at the same diaphragm 
as the comb electrodes. It is apparent that the cur- 
rent modulation at the sector is much weaker than 
that at an individual comb electrode. This means 
that the plasma perturbations responsible for the 
observed fluctuations do not arise over the entire 
volume of the plasma simultaneously, but are lo- 
calized in separate regions; moreover, the trans- 
verse dimensions of these regions (perpendicular 
to the magnetic field) are appreciably smaller 
than the transverse dimensions of the system. 

The longitudinal dimensions of these regions 
can be investigated by making simultaneous oscillo- 
grams of the current at different electrodes located 
along one of the lines of force. In Fig. 5 we show 
an oscillogram of the current at electrodes 1 and 5 
located at the side walls of the chamber; electrode 
1 is located at the central cross section of the sys- 
tem while electrode 5 is at a distance of 400 mm; 
this distance represents °4 of the distance from 
the central cross section to the region of maximum 
mirror field (cf. Fig. 2). At the cross section at 
which electrode 5 is located the mirror ratio is 
1.33; the maximum mirror ratio is 1.55. 

It is apparent from the oscillogram that the 
current fluctuations at these electrodes are syn- 
chronous; we may also note a distinct correlation 
in the amplitudes of the individual maxima. On the 
basis of these results we can conclude that the 
plasma perturbations extend along the magnetic 
field over the entire length of the system. 


CONC LUSION 


The anomalously rapid loss of plasma from a 
mirror system, which has been observed earlier! 
in measurements of the fast ion lifetime, has been 
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verified in the present work through a study of ion 
losses at the walls of the system. Direct measure- 
ments of the ion current at the walls have shown 
that the greatest part of these losses (at least 80% ) 
is due to the escape of ions at the side walls of the 
system (perpendicular to the magnetic field); no 
more than 20% of all the ions lost from the system 
escape through the mirrors (along the magnetic 
field). The process in which the charged particles 
escape from the system is a nonstationary one. 
Fluctuations in the current at electrodes located 

at the ends of the system and at the side walls 

show that the charged particles are ‘‘expelled”’ 
from separate regions which are not connected; 
these regions are small in the direction perpen- 
dicular to the magnetic field as compared with the 
transverse dimensions of the system, and extend 
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over the entire length of the system in the direc- 
tion of the field. 

The way in which the charged particles escape 
would seem to indicate that in the experiments de- 
scribed here the plasma containment time is 
limited by a flute type instability, inherent to the 
convex magnetic-field configuration. 


‘Ioffe, Sobolev, Tel’kovskii, and Yushmanov, 
JETP 39, 1602 (1960), Soviet Phys. JETP 12, 1117 
(1961). 

2vV. G. Tel’kovskii, Dissertation, Moscow State 
University, 1959. 


Translated by H. Lashinsky 
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The spin-lattice relaxation time T, for Fe%+ and Cr* ions in K3( Fe, Cr) (CN)g was meas- 
ured by the methods of pulsed and continuous saturation. For Fe**+ concentrations of 0.1 and 
0.21% the relaxation time T, was found to be independent of concentration in the temperature 
range from 2.1 to 40°K and equal to 0.64 T~® sec. The experiment shows in a qualitative way 


that there is a strong cross relaxation between 


the lines from the two non-equivalent ions. 


The measurements of T; for Cr** also indicate the existence of cross relaxation. 


INTRODUCTION 


‘Tue study of spin-lattice relaxation has received 
a new impetus in connection with the development 
of quantum paramagnetic amplifiers. Several se- 
ries of experiments ~“ on spin-lattice relaxation 
point to an anomaly which cannot be explained by 
the existing theory. Some effects observed in the 
work of Giordmaine et al.* were explained by the 
existence of cross relaxation.® We wished to study 
spin-lattice relaxation in the simplest system 
having two levels without hyperfine structure. 

For this purpose we chose Fe*+ ions in the com- 
pound K3Fe(CN)¢. with strong dilution by Co** ions. 
Because of the considerable convalent bonding the 
Fe** ion has an effective spin S = ee 

We studied crystals with ditferent relative con- 
centrations of Fe and Co, namely 1:1000 and 
2.1:1000. Baker et al.® have studied the spectrum 
of K3Fe(CN)g at T =20°K. They showed that 
there are two magnetically non-equivalent Bee 
ions and gave the values of the g factors. In our 
experiments we aimed to have the lines from the 
two non-equivalent ions coinciding. 

We used both the continuous saturation and the 
pulse methods to investigate spin-lattice relaxa- 
tion. 

Figure 1 shows the block diagram of the spec- 
troscope used. The klystron K; operated under 
pulsed conditions, giving 25 psec pulses with a rise 
time of < lusec at a repetition rate of 100 to 0.1 
cps. The power of 1.5 w in the pulse was quite suf- 
ficient to achieve appreciable saturation during the 
period of the pulse. The rest of the apparatus con- 
sists of a superheterodyne spectroscope working on 
the low power level of the signal klystron K, ata 
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FIG. 1. Block diagram of spectroscope for measuring the 
spin-lattice relaxation time by the pulse method. K,, K,, K; — 
klystrons. A—attenuator. LPM — lower power meter. ML — 
matched load. C—circulator. HR—hybrid ring. R— resonator. 
IFA — intermediate frequency amplifier. ENO-1— oscillograph. 


frequency of 9400 Mc/sec. For measurements by 
the continuous saturation method, klystron K; op- 
erates under CW conditions and the power at which 
saturation is reached is fed to the power measurer 
LPM through the waveguide directive feed. A relax- 
ation curve for Fe** is shown in Fig. 2. 


EXPERIMENTAL RESULTS 


The spin-lattice relaxation time T, at 4.2°K, 
measured for both Fe** concentrations by the pulse 
method, was found to be (4.9 + 0.4) x 1074 sec. 
The corresponding spin-spin relaxation times T, 
are 1.4 x 1078 and 0.66 x 1078 sec. The continuous 
saturation method, the accuracy of which is lower, 
gave good agreement with these data. At PaaS 
T, for both concentrations is (1.6 + 0.2) x 1074 
sec. Examination of the relaxation curve showed it 
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FIG. 2. Oscillogram of relaxation curve of the Fe** ion. 


to be exponential with a single characteristic time, 
as expected for a two-level system. 

It follows that at helium temperatures the spin- 
lattice relaxation time is independent of concentra- 
tion for the Fe** ion concentrations studied, and is 
inversely proportional to the fifth power of the tem- 
perature. Such a strong temperature dependence of 
T, indicates that second-order processes are dom- 
inant at liquid helium temperatures. We measured 
the line width for the 0.21% specimen between 4.2 
and 40°K to check the temperature dependence of 
T; at higher temperatures. Between 2.1 and 19°K 
the line width does not change, showing the small 
contribution of spin-lattice interaction to the line 
width. The width rapidly increases above 20°K, 
owing to the decrease in T, and the corresponding 
contribution of spin-lattice interaction to the over- 
all line width. The relaxation time T, calculated 
from the line width also follows a T~ law up to 
40°, where the line is very strongly broadened and 
becomes difficult to observe. 

Thus from 2.1 to 40°K, T, is independent of 
concentration and is given by 
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A preliminary study by the pulse method of the in- 
fluence of cross relaxation between the two lines 
from non-equivalent ions did not yield results. This 
is probably due to the short cross-relaxation time. 
We therefore carried out another experiment to de- 
termine qualitatively whether there is cross relax- 
ation in the present case. For this, a specimen 
with a Fe** ion concentration of 0.46% and 24 oe 
line width was placed in the resonator in which two 
types of wave were excited, differing in frequency 
by 300 Mc/sec (reference 2). The specimen was 
oriented in such a way that the distance between the 
lines from the two non-equivalent ions was also 
300 Mc/sec, so that both lines were observed si- 
multaneously on two spectroscopes on modulating 
the frequency. One of the lines was saturated and 
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the behavior of the other studied. At the orienta- 
tion mentioned, when the distance between the 
lines was approximately four line widths, the lines 
are saturated together. 

It requires a much larger power to achieve an 
analogous saturation of the line using a klystron at 
the same frequency difference. This indicates the 
existence of cross relaxation. 

We also carried out a preliminary study of the 
relaxation processes in K,Cr(CN)g with a 0.24% 
Cr*+ concentration. The constant magnetic field 
was directed along the z axis in the crystallogra- 
phic ac plane and the 2 =~ 3 transition was stud- 
ied by the pulse method. It appeared that the re- 
laxation curve at 4.2 and 2.1°K can be represented 
quite accurately by the sum of two exponentials 
with very different relaxation times. One expo- 
nential time is independent of temperature and is 
4.5 x 107* sec, while the other is inversely pro- 
portional to temperature and is 1.9 x 107% sec at 
4.2°K. We are certainly concerned here with cross 
relaxation, the existence of which was indicated in 
earlier work.2?4%8 Such a rapid cross relaxation 
is evidently connected, on the one hand with the 
fairly large concentrations and on the other with the 
fact that for the given orientation the frequency of 
the 3 =~ 4 transition is almost exactly half the fre- 
quency of the 2++3 transition. The pulse method, 
using short saturating pulses, can certainly give 
much more information about rapid cross relaxation 
processes than a method using long pulses. 

In conclusion, the authors express their thanks 
to R. P. Bashuk and A. S. Bebchuk for providing the 
crystals used in this work. 


‘a. A. Manenkov and A. M. Prokhorov, JETP 38, 
729 (1960), Soviet Phys. JETP 11, 527 (1960). 

2G. M. Zverev and A. M. Prokhorov, JETP 389, 
545 (1960), Soviet Phys. JETP 12, 382 (1961). 

2 Giordmaine, Alsop, Nash, and Townes, Phys. 
Rev. 109, 302 (1958). 

4van der Marel, van den Broek, and Gorter, 
Physica 23, 361 (1957). 

> Bloembergen, Shapiro, Pershan, and Artman, 
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The conditions under which there is no normal phase in a finite size superconducting film 
placed at a small angle to a uniform magnetic field are determined. The torques acting on 
such a film are measured. The dependence of the transverse component of the magnetic mo- 
ment M on temperature and thickness is determined for tin and indium films 4 x 107° to 

2x 10°° em thick. The critical field values derived from these measurements are analyzed. 


INTRODUCTION 


Araouan the magnetic properties of thin 
Superconducting layers are of considerable interest 
in the theory of superconductivity (see, for example, 
references 1 — 3), they have not been investigated 
experimentally to any extent. There is only one 
paper’ reporting the measurements of the magnetic 
moments of a stack of superconducting films, the 
thinnest of which were 3.7 x 107° cm thick. We 
know of no study of the magnetic moments of thin- 
ner films. 

One of the main difficulties in setting up such 
experiments lies in the following. The magnetic 
moment investigated in the theory is that of an in- 
finite layer in a parallel field. In the experiment, 
however, the measurements must be carried out on 
films of finite dimensions, which are only approxi- 
mately parallel. A case close to that considered 
theoretically can be realized by measuring the 
longitudinal component M, of the magnetic moment 
in a field parallel to the surface of the film. It is 
practically impossible, however, to align the film 
perfectly parallel to the field, and therefore the 
magnetic moment M, normal to the surface of the 
layer will be different from zero and consequently, 
there will always exist the probability that the 
presence of M, affects the measurement results. 
Nor is it possible to calculate Mj, since its de- 
pendence on the temperature and on the thickness 
of the layer has been determined neither theoret- 
ically nor experimentally. A determination of this 
dependence is of interest in itself, since it will 
permit a considerable simplification in the exper- 
imental determination of the magnetic moments of 
superconducting films, for the difficult measure- 
ment of M, is replaced by a measurement of M,. 

To determine M, we measured the torque act- 
ing on a layer placed at a small angle, gy * 10 a 
—10~‘ rad with the direction of the uniform mag- 


netic field. The torque K is given by 


K = + (%y—% 1) oH? sin 29, (1) 


where x; and x, are the magnetic susceptibilities 
of the film in a parallel and a perpendicular field, 
respectively; the susceptibility is defined as x 

= M/H, H is the external field, and v is the volume 
of the layer. For a “‘bulky’’ (d > 6) superconduct- 
ing layer of thickness d(6 is the depth of penetra- 
tion of the magnetic field in the superconductor ) 
the inequality x, > Xx, holds true. In this case the 
torque is determined only by the transverse com- 
ponent of the magnetic moment M, = x, vH sing. 
Consequently, apart from the sign, we have 


Mi = 2K | fi-cos (2) 


We can expect the dependence of M, on the 
temperature and on the thickness to be substantially 
different for bulky layers and thin (d = 6) films. 

If a bulky layer is in the form of a round disc of 
diameter D, the vanishing of the field in the layer 
causes the expression for M, to be independent of 
d, namely® 


M, = (1/12m) HD® sin. (3) 


On the other hand, the field in a sufficiently thin 
film should be different from zero (see, for exam- 
ple, reference 6). Its intensity is determined by 
the ratio 6/d, and M, can be expected to depend 
on the thickness and on the film temperature. Al- 
though the truth of the inequality x, > x; 18 not as 
evident for thin films as it is for bulky supercon- 
ductors, this inequality apparently remains valid in 
a certain thickness range. We therefore deter- 
mined the value of M, for films, as for bulky 
layers, from formula (2). 

In the investigation of the magnetic properties 
of superconducting films, there is always the danger 
that the film contains domains of the normal phase. 
If it is assumed that the film can be approximated 
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FIG. 1. Diagram of the apparatus: 1— mirror, 2—aluminum 
ting, 3—glass rod, 4—sample, 5— magnet, Amp — amplifier, 
G-—generator, D—detector, P —type KL-48 potentiometer with 
type M25/3 galvanometer. 


by a flat ellipsoid of revolution, one of the axes of 
which is small, we can, in analogy with a bulky 
superconductor, write the condition for the absence 
of a normal phase in the following form:° 


Hs /(1—N)< Hee, (4) 


where Hey is the critical field and H, is the mag- 
netic field component perpendicular to the surface 
of the film, equal to H sin gy. Taking into account 
the value of the demagnetizing factor N for a layer 
in the form of a round disc,° we obtain the following 
condition for the absence of normal phase in the 
layer 


Po < FH (d/D) (Her /H). (5) 


If the angle between the film and the field is less 
than gp, it can be assumed that the film is wholly 
in the superconducting state. 


EXPERIMENTAL PROCEDURE AND SAMPLES 


The torque K was measured with a magnetic 
torsion balance! with feedback, described in de- 
tail elsewhere.® A block diagram of the apparatus 
is shown in Fig. 1. A glass rod 3 (diameter 
~ 1mm) carries the sample 4 and a light alumi- 
num ring 2. The latter is located in an alternating 
magnetic field (10 kc/sec) produced by two pairs 
of coils L; — Ly, fed in phase with alternating cur- 
rent. The coils are so arranged that the field vec- 
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tor of one pair is perpendicular to that of the OLNer: 
The plane of the ring is parallel to the direction of 
the resultant field. When the amplitude of the field 
of one of the coil pairs is changed, the vector of 
the resultant field rotates and causes the ring to 
turn. The amplitude of the field in each pair of 
coils is determined by the illumination of photocells 
Ph, and Ph,, and depends on the position of mirror 
1. If no torque acts on the suspension system, the 
illumination from the diaphragm of the light-source 
is equally distributed between the photocells; the 
amplitudes of the magnetic fields are equal and no 
torque acts on the ring. Once a force couple is ap- 
plied to the sample, the photocell illumination 
changes, and the resultant torque on the ring is 
used to cancel out the torque of the sample. If the 
system parameters are suitably chosen, the angle 
between the field and the film remains practically 
constant during the measurements. The accuracy 
of the position of the film in the field is 

5 x 107° rad. What is measured is the feedback 
current, which depends in such a system linearly 
on the torsion force acting on the suspension. Such 
a magnetic balance can measure torques ranging 
from 5 x 107° to 4 dyne-cm. * 

The homogeneous magnetic field was produced 
by air-core coils. The earth’s magnetic field was 
canceled out accurate to approximately 1%. The 
temperature was determined from the vapor ten- 
sion of helium. 

The samples were films of tin and indium (the 
purity of the original metal was 99.995 and 99.992%, 
respectively ) obtained by evaporation in vacuo 
(~ 107’ mm Hg). A special evaporator was used. 
The films were condensed on a substrate cooled 
with liquid nitrogen. The substrates were flat op- 
tically polished quartz plates measuring 15 x 10 
x 1.5 mm. The substrate was covered with a shield 
to produce a film in the form of a circular disc. 
The disc diameters were chosen, in accordance with 
the film thickness, to satisfy condition (5) and 
ranged from 0.5 to 0.05 cm. 

The magnetic moments of films ~ 107° em thick 
were measured with discs of diameter D = 0.2 
—0.3 cm. Smaller values of D were used for 
thinner films. Since the torque K decreases with 
decreasing disc diameter, several discs were con- 
densed on the substrate whenever d was less than 
0.2 cm, to obtain measurable torques. The thin- 
nest films measured (d =3 x 10° cm, D= 0.05 cm ) 
were condensed through a screen with round holes 
Spaced more than 2D apart. 

*This procedure is a further development of the method 


used by Alekseevskii’ to measure the critical fields of super- 
conducting films. 
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FIG. 2. Dependence of the torque K on the angle @ for a 


tin film: d= 1x 10-° cm, D = 0.06 cm, T = 3.65° K, H, = 30 oe. 


The values of K are given in units proportional to the galvano- 
meter deflection. 


The films were evaporated at a rate ~ 107° 
cm’/min. The layers had a mirror surface down 
to thicknesses of ~ ly, and disclosed no sur- 
face defects when viewed under a microscope with 
magnification x 1500. It should be noted that in 
individual cases the evaporation rate was 107° 
— 10° cm*/min, in order to study the effect of 
film structure on the magnetic properties. The 
surfaces of such films were granular. The con- 
densed film was heated to room temperature and 
transferred to the measuring instrument. Its stay 
in air did not exceed 10 or 15 minutes. The bulky 
layers used were foils 5 —40,y thick, produced by 
rolling. 


MEASUREMENT RESULTS 


Before starting the measurements of the mag- 
netic moment, the films were oriented in the field. 
For this purpose the nature of the dependence 
K(g) was determined (Fig. 2). Its linearity in the 
range of small angles made it possible to establish 
a film position parallel to the field with great ac- 
curacy, and to maintain an angle ~ 107? —10* rad 
during the measurements. It is seen from the 
figure that no hysteresis is observed in the linear 
portion of the K(g) curve. This proves that there 
are no domains of the normal phase in the film 
when 9 < g* (Fig. 2). The value of o* for all the 
investigated films was of the same order of magni- 
tude as the values of yy given by formula (5). 

The value of M, for bulky superconducting 
layers* increases linearly with increasing field, 


*The measurements of the magnetization curves at a given 


up to values close to Hoy (see Fig. 3*). The value 
of M, is determined by the cube of the disc diam- 
eter, in accordance with formula (3).7 The loss of 
Superconductivity of bulky layers occurs abruptly, 
so that the curve representing this loss occupies a 
field interval amounting to a fraction of an oersted. 
As the field is decreased from H > Hoy, the mag- 
netic-moment curve is duplicated, that is, the field 
is crowded out from the layer (Meissner effect). + 

It was noted earlier that in sufficiently thin 
films one can expect M, to depend on the film 
temperature and on the thickness. However, as 
can be seen from Figs. 4—6, no dependence of My, 
on these parameters is observed, although the 
thickness of the films in Figs. 4 and 5 is compar- 
able with 6, and in the case corresponding to Fig. 
6 itis less than 6. The value of M, for thin films 
in weak fields is found to be the same as that for 
bulky layers (Fig. 3), and is determined by formula 
(3). 

The dependence of M, on the temperature has 
been observed only in films only several times 
107° cm thick. Here, apparently, the size of the 
disc diameter D becomes important. Thus, at 
D = 0.05 cm, a temperature dependence is ob- 
served in the initial slope of the magnetization 
curves only for films with d= 3x10 %cm. For 
smaller values of D, a temperature dependence of 
M1 is observed also in thicker films. The initial 
slope of the magnetic moment curves increases 
with decreasing temperature, in the case of films 
with d= 3x 10° and D= 0.05 cm, in the temper- 
ature interval AT = Tey — T ® 1°K, after which 
M,| reaches the same value as for a bulky layer. 
Figure 7 shows the experimental points obtained 
in some experiments for a tin film. 

The appearance of domains of normal phase in 
films can be readily noted by controlling the oc- 
currence of hysteresis in the magnetic field. A 
typical hysteresis picture is shown in Fig. 8. The 
hysteresis always takes place when the M, (H) 
curve deviates from linear. As can be seen from 
Figs. 4—7, such a deviation takes place in fields 


*Since the magnetization curves of tin and indium films of 
equal thickness are similar, M,(H) is plotted for indium films 
in Fig. 5 only. In all other cases the curves pertaining to in- 
dium films have been omitted to save space. 

tTo facilitate comparison of the magnetic moments of films 
with different values of D and measured at different angles 9, 
the quantity Mf = M,/D* sin @ is shown in Fig. 3, and in Figs. 
4-10 later on, in a certain arbitrary scale, which is, however, 
the same for all plots. 


temperature were made only after the sample was heated (by 
light from a special illuminator) to a temperature above critical 
and was made superconducting in the absence of the field. 


tThe supercooling that takes place on the layers is not 
considered in the present work. 
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FIG. 3. Magnetization curves of tin foil: 
d=4x 10-? cm, D=0.5 cm, 9=1 x 107° rad, 
To, = 3.73° K. Here and elsewhere 
M¢ = M,/D* sin 9. 


considerably below Hey, even when the ratio D/d 
does not exceed 10° and the film makes an angle 
less than 107° rad with the field. It is found here 
that the external field in which the normal phase 
is produced in the film is of the same order of 
magnitude as given by (5). 

If the geometrical dimensions of the film and 
the angle y are such that double connectivity takes 
place even in weak fields, the magnetic-moment 
curves are as shown in Fig. 9. Their initial slope 
has in this case a temperature dependence. How- 
ever, unlike the films of Figs. 4— 7, hysteresis 
takes place even on the linear portions of the 
curves. This shows that the temperature depend- 
ence of the initial slope of the magnetic-moment 
curve is due in this case only to the temperature 


FIG. 4. Magnetization curves of tin film: 
d=3 x 107 cm, D=0.1 cm, T,, = 3.81° K, 
@=1x 107 rad. 


Hoe 


variation of the geometric parameters of the super- 
conducting loop produced in the film, and is not 
connected with the depth of penetration 6. Thus, 
the presence of domains of normal phase in the 
film is always accompanied by hysteresis. The 
absence of hysteresis on the initial portion of the 
curves of the magnetic moment M, was therefore 
watched with particular care in all the measure- 
ments. 

The magnetic properties of films depend ap- 
preciably on the structure of their surface. Thus, 
the absence of temperature dependence in the ini- 
tial slope of the M,(H) curves for layers with 
d>3x 10-8 em occurs only for films with mirror 
surface, in which no defects are seen under a mi- 
croscope with magnification ~ 1500. On the other 
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FIG. 5. Magnetization curves of indium films: 
d=3x 10° cm, D=9.1 cm, Ty, = 3.10° Ks 
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FIG. 6. Magnetization curves of tin films: 
d = 1.2 x 107° cm, D = 0.06 cm, T,, = 3.77°K, 


@=4x 10~ rad. 10 


hand, films with granular surfaces display a tem- 
perature dependence of the initial slope of the mag- 
netization curves (Fig. 10) even when d > 107° cm. 
In this case there is no hysteresis in the linear 
portions of the curves. The increase in the mo- 
ment M, with decreasing temperature takes place 
in an interval AT = 0.1°K. The value of M, at the 
lowest temperature is somewhat lower than would 
follow from (8). 

The form of the magnetic-moment curves (Figs. 
3—7) depends on the ratio d/dey, where dey is 
the ‘‘critical thickness,’’ defined in the Ginzburg- 
Landau theory as der = V5 6 (Fig. 11). In the case 
when d > dgy and the superconducting transition is 
a first-order phase transition, the loss of super- 
conductivity occurs abruptly. The magnetic-mo- 


4 
a | 


Hoe 
ment curve has in this case a sharp discontinuity 
at fields close to Hey. On the other hand, when 
d< dey, there are no sharp breaks in the curve to 
evidence any supercooling. One can therefore con- 
clude that in films with d < dg, the superconducting 
transition is apparently a phase transition of second 
order. It is interesting to note in this connection 
that the temperature dependence of the slope of the 
superconductivity-loss curves is observed only in 
films with thickness d ® dey (Figs. 4, 5). 

The curves obtained for the magnetic moment 
enable us to determine the critical fields Hey of 
the films.’ The value of Hg; was determined by 
extrapolating the most steeply drooping portion of 
the superconductivity-loss curve to the field axis. 
This excludes the possibility of obtaining exaggerated 
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FIG. 7. Magnetization curves of a tin film with temperature 
dependent susceptibility; d = 2 x 10-° cm, D = 0.05 cm, 
@ = 2.5 x 10~ rad, T., = 3.78° K. 


values of Hg, as a result of stresses in the film. 
The value of dHerp/dT, determined in this manner 
for a bulky layer of tin (d = 4 x 107? cm) amounts 
to 151 oe/deg, which is in good agreement with the 
data given in the literature. The temperature de- 
pendence of Hey is well described by the Ginzburg- 
Landau formulas:? 


A er/Herb= 2 V6 (3/d) for d <6, (7) 


es |Hob= l + 8/d for d>6, (8) 


where 6 = ¥, 6) VTer/AT. As can be seen from 
Fig. 11, the experimental points fit the theoretical 


FIG. 8. Typical picture 
of hysteresis phenomena in 
thin superconducting films. 


curves quite well. The value of 6) for tin films, 
determined from their critical fields by means of 
formulas (7) and (8), is found to be (8.5 + 0.5) 

x 107-8 cm. For indium films, 6) = (10 + 0.5) 

~ 10° em: 

As is well known, !° at temperatures near Toy 
tin is a ‘‘London”’ type metal, and the following 
relation should therefore be satisfied for tin 
films!!? 
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FIG. 9. Magnetiza- 
tion curves of films 
that do not satisfy con- 
dition (5); d= 1.3 x 10° 
cm, D=0.7 cm, 9=1.5 ° 
x 107? rad. 
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FIG. 10. Magnetization curves of 
a tin film with granular surface. The 
initial slope of the curves has a tem- 
perature dependence. d = 2.5 x 10> 
em, D=0.1 cm, 9 =1 x 107° rad, 


To. = 3.86°K. 
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FIG. 11. Dependence of Hei on the ratio 6/d for tin 
films: curves 1 and 2 are based on formulas (8) and (7), re- 
spectively. 


Her= V6 (5/4) VTct| dH ep/AT | VAT. 


The dependence of Hg; on 1/d and on VAT 
was found to be linear (Fig. 12) for tin films. The 
indium films also display a linear dependence of 
Hoy on these parameters. The value of 6) deter- 
mined for tin and indium films from (9) coincides 
with the values determined from formulas (7) and 


(8). 


(9) 


DISCUSSION OF THE RESULTS 


Proceeding to analyze the results, we note that 
in our measurements yg amounted to 1054 
— 107‘ rad. Such an angle can readily arise in 
measurements of the magnetic moment My, ina 
parallel field. For example, one can assume that 
in the experiments by Lock! and Schawlow™ the 
film was parallel to the field not closer than to 
within 107° rad, since neither the orientation of 
the films in the field nor the quality of the sub- 
strate surface were specially controlled. Conse- 
quently the data on the domains of normal phase in 
the films and on the character of the superconduc- 
tivity-loss curves, obtained in the present investi- 
gation, can be said to pertain to films measured 
practically in a parallel field. 

The results obtained show that normal-phase 
domains occur in films in fields considerably 
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lower than Hey, even when the linear dimensions 
of the film amount to a fraction of a millimeter, 
and g © 107‘ rad. Therefore, in investigations of 
6(T) and in particular of 6(H) near H it is es- 
sential to ensure the absence of no normal-phase 
domains in the film. We note that in Lock’s ex- 
periments the films were probably doubly-con- 
nected in fields close to Hey, for the magnetiza- 
tion curves displayed hysteresis as the field was 
decreased from H > Hey. However, the instants 
when the normal-phase domains were produced in 
the films was not checked in Lock’s experiments. 

In spite of the fact that the film thickness be- 
comes comparable with the depth of penetration 6 
even when d= (5—6) x 10m. cm, a temperature 
dependence of M, is observed in weak fields only 
for the thinnest films, of thickness on the order of 
10~° cm (Fig. 7). Unfortunately, it is still impos- 
sible to make a detailed evaluation of these re- 
sults, since there is no theoretical expression for 
Liss 

In the discussion of the results, notice must be 
taken of the fact that the region of the supercon- 
ductivity-loss curve (BC in Fig. 8) increased as 
the thickness d was decreased and T approached 
Ter, (Figs. 3—7), although it might have been ex- 
pected (see, for example, references 6 and 14) 
that, in view of the decrease in the absolute value 
of the magnetic susceptibility of a thin film, the 


*G. F. Zharkov was kind enough to advise us that he de- 
rived formulas for the dependence of M, on the temperature 
and on the thickness of the layer. 
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distortion which the susceptibility produces in the 
configuration of the magnetic field would become 

smaller, and the region of superconductivity loss 

should also decrease. 

Notice should be taken of the convenience of 
determining the value of Her of films with the aid 
of a magnetic torsion balance with feedback, since 
it dispenses with the need of using current leads 
for the film. By keeping the position of the sample 
fixed during the experiments the difficuities® which 
have arisen in the work of Alekseevskii’ are elimi- 
nated, and it becomes possible to perform the 
measurements starting with values AT = 0.02°K. 

The depth of penetration 6), determined from 
the critical fields, was found to be greater in films 
than in bulk superconductors. Although the films 
did disclose previously!” an increased value of 
6), nevertheless, in the determination of Hey from 
the electric resistance, this might have been due 
to the shunting action of the stressed portions of 
film, which have higher values of Her. On the 
other hand, if Hey is determined by magnetic 
measurements, the influence of the stressed por- 
tions is eliminated. Nevertheless, the value of 6) 
obtained for tin and indium films in the present 
investigation exceeds considerably the values of 
6) of bulk single-crystal samples. This result is 
apparently explained by the fact’ that the para- 
meter & of the Bardeen-Schrieffer-Cooper theory 
is smaller for films than for bulk single-crystal 
superconductors. 

In conclusion, the author is deeply grateful to 
Professor N. E. Alekseevskil for many valuable 
hints and for a discussion of the results, to G. F. 
Zharkov for discussing many theoretical problems, 
and to Yu. V. Sharvin for useful remarks when the 
article was prepared for press. The author is 
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grateful to Professor A. I. Shal’nikov for his inter- 
est. Great help in the performance of the experi- 
ments was rendered by V. A. Sokolin and E. G. 
Kharakhash’yan, for which the author expresses 
his thanks. 
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The technique for measurement of the intensity of cascade y quanta was employed to investi- 
gate the low-lying levels of the odd-odd nuclei Mn and Ho!*®, The multipolarity of the 25- 


and 85-kev paviative transitions in Mn*® was determined. The level scheme of the strongly 
deformed Ho nucleus, which exhibits a rotational band, is discussed. 


INTRODUCTION 
n. 
Sone low-lying excited states of the odd-odd i 
nuclei Mn and Ho!®* have been studied in this 
research; these states arise in the radiative cap- n 
ture of thermal neutrons. The technique of meas- 4 
urement of the coincidences of cascade y quanta 
by means of a luminescence spectrometer was 
employed.'? The general measuring arrangements So 
were described previously.! The further develop- 
ment of the coincidence technique used in the N coin! Ncont= (9/Ncont) €, (1) 
present research is given below. where q is the intensity of the cascade, neont is 
2. NOTE ON THE TECHNIQUE OF MEASURE- the intensity of the y quanta which control the 
MENT OF CASCADE y -QUANTUM coincidences, € and w are the efficiency and the 
COINCIDENCES solid angle of the main channel. The quantity q, 
; having the same dimension as Nneont, is determined 
The technique of the measurement of poutuple by the intensity of the y quanta of the upper transi- 
coincidences of y quanta is usually applied to the tion ny) and by the total coefficient of internal 
detection of cascade transitions, with the aim of conversion a of the lower transition on the elec- 
making clear the decay scheme. In a number of trons of the atom: 
cases, this technique makes it possible to deter- 
7g (Wee (2) 


mine certain characteristics of the radiative tran- 
sitions entering into the cascades. The value of q/neont entering into (1) will be 
We assume that there is a cascade of y quanta _— different in the equations for the upper (3a) or 
with intensity of radiations ny, and ny, (Fig. 1). lower (3b) y quanta: 
In the general case, ny, ~ Ny, because of the addi- 
tional transitions to the lower excited level, or be- G/Neon= 1/(l + a),, (3a) 
cause of the internal conversion of the y quanta q/Ncont= Ny, [Ny, (1 + &)y, (3b) 
entering into the cascades. In the measurement 
of the coincidences by a luminescence spectrom- 
eter, one of the y rays is isolated in the control 
channel and the spectrum of pulses coinciding with 
the pulses in the control channel is measured in 
the other (main) channel. The ratio of the num- 
ber of pluses in the main channel Neojn, deter- 


In a number of experiments in coincidence 
spectra, a spike appears from the characteristic 
x-radiation of the atom, which is connected with 
the internal conversion of the radiated y quanta 
by the electrons of the K shell of the atom. For 
this spike we obtain 


mined from the area of the light spikes, ue the Bi Ste fe at ACT Ve (4a) 
number of pulses from the separated Y line in 
the control channel Neont will be equal to q/Ncont= (Ny &K)y, Wx/[ny 1 + ly» (4b) 
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FIG. 2. Spectra from y ray pulses of the reaction 
Mn**(n, y)Mn°°; a—in one channel; b—in coincidence with 
the line of 25 kev. 


respectively, in place of (3a) and (3b). Here Wk 
is the yield of the K fluorescence. 

Experimentally, the ratio Neoin/Ncont is de- 
termined; then q/ngop¢ is found from (1) and the 
result is compared with the theoretical values for 
the cases a) and b) in the case of different multi- 
polarity radiative transitions. By the suitable 
analysis, it is possible in certain cases to find 
the succession of the radiative transitions, to find 
the intensity of the y transitions, and to determine 
the coefficients of internal conversion and the mul- 
tipolarity of the radiative transitions under consid- 
eration. Examples of the use of these techniques 
are contained in the succeeding sections of this 
paper, in which we report the results of experi- 
ments with Mn” and Ho!®, 

For an exact determination of the ratio q/neont, 
it is necessary to make use of the correct values 
of Neont, €, and w. The number of pulses Neont 
includes only a part of the pulses incident on the 
“*slit’’ of the amplitude analyzer of the control 
channel and produced by the controlling y lines. 
To determine Neont, the pulse spectrum is 
divided into components by filtering the radiation.' 
The procedure used to determine the efficiency of 
the spectrometer according to the light spike € 


was described by us earlier.’ To find the solid 
angle w, experiments were made with a compound 
Olle cao (E, = 159 kev), which was identical in 
form with the target, with the compound located at 
the place of the target with a distance of 30 cm be- 
tween the source and the collimator of the y rays; 
in the second case, the solid angle was computed. 
For the determination of the multipolarity of the y 
transition, use was made of the theoretical values! 
of the coefficients of internal conversion of y 
quanta on atomic electrons. 

The measurement of the coincidence spectrum 
was combined with measurements of the spectrum 
in one of the channels with the aim of determining 
the absolute intensities expressed in y quanta per 
captured neutron.° 


2. EXPERIMENTS WITH Mn™ 


The spectrum of the y rays with energies up 
to several hundred kev, emitted in the radiative 
capture of thermal neutrons in Mn’°?, was meas- 
ured by a number of authors."!° However, the 
maximum in the spectrum which appears in the 
region of energies 80 — 110 kev was attributed 
in these works to one y line with energy of either 
85 kev'® or 105 kev,"’® while the y line with energy 
of 105 kev was assumed to be connected with the 
transition from the second excited level to the 
ground state of Mn®. The y quanta with energy 
25 kev, which correspond to a transition from the 
first excited level, were recorded only in the work 
of D’Angelo.'? 

Measurements were carried out in the research 
reported here on the energy and absolute intensi- 
ties of soft y quanta of the reaction 
Mn??(n, y) Mn’*®, and the coincidences between 
them. The very soft region of the spectrum is 
shown in Fig. 2. The measurements were made 
with the aid of a single-crystal luminescence 
spectrometer. Light spikes from y quanta with 
energies of 25 + 2 kev are seen in this spectrum, 
and the complicated character of the maximum in 


FIG. 3. Scheme of the low-lying 
levels of Mn*°°. The intensities of 
transitions (radiative and total) are 
indicated in percent per captured 
neutron. 
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Table I. Gamma lines of the 
reaction Mn®?(n, y) Mn® 


Intensity 
of the 
Energy of| gamma 
gamma | line, per- Concurrent 
No. of | line, kev | cent per lines, kev 
line captured 
neutron— 
2022, Doatko 85, 108, ) 
2 8542 182 25, 108 
3 10843 sey PAS). ESD), : 
4 | 19044 | 2.540.5|  '#* ’ f 6200 
5 217+4 HEED: | 
6 | 28045 | s8+3* | 85, 108 | 


*The intensity of the y line with en- 
ergy 280 kev was determined from yy co- 
incidences. 

**The spectrum of the y quanta that 
coincide with the y lines of 25 kev was 
measured in the energy region up to 140 
kev. 


the region 85 — 110 kev is apparent. As measure- 
ments of the absorption of gamma rays in different 
filters have shown, this maximum consists of light 
spikes from y quanta with energies of 85 + 2 and 
108 + 3 kev. In addition to those previously known, 
a low-intensity y line with energy 190 + 4 kev was 
also found. Data on the energies and intensities of 
y lines are given in Table I. 

Gamma quantum spectra coinciding with the 
gamma lines of 25 and 85 kev and with the sum of 
the lines of 85 and 108 kev were measured. In the 
measurement of coincidences with y quanta with 
energies of 85 kev, the y line of 108 kev was fil- 
tered by lead, in which the first of the y quanta 
mentioned were weakly absorbed. In addition to 
coincidences between soft y lines, the spectrum 
of soft y quanta coinciding with hard y rays 
whose energies were close to the binding energy 
of the neutron was measured. This experiment 
confirmed that the y lines discovered corre- 
sponded to transitions between the lower excited 
states. 

Data on yy coincidences for Mn*® are also 
given in Table I. The spectrum of y quanta coin- 
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ciding with the y lines of 25 kev was studied in 

the region of energies below 140 kev. In the analy- 
sis of the results, it was noted that the ratio of the 
areas of the light spikes from y quanta with ener- 
gies of 108 and 85 kev, which appear in coinci- 
dences with y lines of 25 kev (Fig. 2b), is equal, 
within the limits of error of the experiment, to the 
ratio of the areas of the spikes from these same y 
lines in the spectrum measured on a single-crystal 
spectrometer with the same crystal (respectively, 
0.60 + 0.01 and 0.63 + 0.04). This means that the 
y line with energy 108 kev is practically com- 
pletely caused by a transition from the third 
excited level to the second (Fig. 3). The equality 
of the areas of the S light spikes from y quanta of 
85 and 108 kev in the coincidence spectrum with 

the sum of these y lines (Sg5/Sio3 = 1.02 + 0.05) 
also bears witness to this fact. The upper limit 

of the intensity of the y quanta, which is associated 
with the possible transition from the second excited 
level (109 kev) to the ground state, does not exceed 
1.3 per cent for one captured neutron. 

The method of analysis of the results of yy 
coincidences, described in the previous section, 
was used for the determination of the total conver- 
sion coefficients of y transitions with energies of 
25 and 85 kev. The experimental values obtained 
from Eqs. (3), and the theoretical total conversion 
coefficients for the K, L and M shells are given 
in Table I1.4° The experimental data for the radia- 
tive transition with 85 kev energy can be made to 
agree with theoretical values under the assump- 
tion either of a transition of the M2 type, or ofa 
mixture of the multipoles M1+ E2. We can elim- 
inate the first possibility because of the too long 
lifetime of the excited state in this case, a result 
which contradicts experiment.'? Thus the transi- 
tion with energy of 85 kev is a mixture of the 
multipoles M1 + E2 (admixture of radiation of the 
type E2 is 45 per cent) and consequently does not 
change the parity of the states. To the level with 


Table II. Multipolarity of transitions for Mn 


Transition energy, kev 25 85 
| | 
i Je M1 JB ea Mt E2 M2 
Seerrerece Theory 3,36 PAcsoxil ion Os) |) UAUBy |) Slee) |] User 
ae psa Hiller Bill ia(0) 72 deeiste) ye 
I= d 4 js 
Multipolarity of transition 99M1+1E2 55M1+45E2 
B(M1)-105, ie 
Reduced ee 0.83 
ProbaPiliyele ts (epic hy” 1.4 4 
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energy 109 kev there is a direct transition of the 
type El from the initial state of Mn°° with charac- 
teristics 2” or 3 (the first is more probable ), 
which is realized in the capture of a thermal. 
neutron.!! Thus the states of 109 and 25 kev 

have positive parity. 

The presence in the spectrum of an intense y 
line with energy 25 kev gives evidence that the 
corresponding transition can only be dipole, since 
in the case of higher multipolarities it would have 
been practically completely converted. The meas- 
ured value of the total internal conversion coeffi- 
cient (Table II) is close to the theoretical value 
for the transition of type El. However, the parities 
of the ground and first excited states are identical, 
and there cannot be such a transition between them. 
The experimental value of (1+ @) for 25 kev ex- 
ceeds the theoretical value for the transition M1, 
which compels us to regard this transition as a 
mixture of the multipoles M1 + E2. The strong 
difference in the conversion coefficients for tran- 
sitions of such multipolarities makes it possible 
to determine a small admixture of radiation of the 
type E2, amounting to (0.8 + 0.3 per cent). 

The results of the study of yy coincidences 
confirm the scheme of y transitions between the 
lower levels of Mn” given in reference 8. The 
values of the multipolarities of y transitions with 
energies of 25 and 85 kev do not contradict the 
results of D’Angelo,!° who measured the lifetimes 
of the first three excited levels of Mn’*, nor of the 
research of reference 12 on the study of the radia- 
tion of Cr®. In using the results of reference 10 
in conjunction with our data on the conversion co- 
efficients and mixtures of multipolarities (Table 
II), the experimental values of the reduced proba- 
bilities of transitions M1 and E2 with energies of 
25 and 85 kev were computed (see Table IL). 

The reduced probability of the transition M1 with 
energy 25 kev was computed with an accuracy of 

+ 25 per cent, and the others with + 50 per cent. 
Transitions of the type M1 were retarded by a 
factor of 10 — 40 relative to single-particle 
transitions, while those of type E2 were accelera- 
ted by two or three orders of magnitude. 
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3. EXPERIMENTS WITH Ho!® 

Soft y quanta produced in the reaction 
Ho!® (n, 7) Ho! with energies of 120 and 140 
kev were discovered by Sklyarevskii et al.'3 and 
by Draper.'4 In the present work, the connection 
between these y quanta and the levels of Ho!®, 
which are populated in the B decay of Dy. was 
studied.!®»* One could expect the appearance of a 
band of rotational levels, since the odd-odd 
nucleus Ho!®® is located in a region of strongly 
deformed nuclei. 

In the investigation of the radiative capture of 
thermal neutrons, a target of Ho,O; was used 
with a weight of 70 mg and in the shape of a disc 
20 mm in diameter. Possible impurities of other 
rare-earth elements required additional checks of 
the purity of the target material. As a criterion, 
we had the y radiation, and also the energy and 
peak form of the K-shell x -radiation which 
arises in the exposure of the specimen to the neu- 
trons. The Dy impurity amounted to (2 + 0.5) 
per cent. A small peak with energy 180 kev, 
which appears in the spectrum of a single channel, 
was connected with the Dy impurity, which was 
observed by its induced activity with a period of 
1.25 min. About one quarter of the neutrons cap- 
tured in the target were in the Dy fraction, a fact 
which complicated the identification of the low- 
intensity y lines. 

In Table III we give the energy and intensity of 
the y quanta involved in the reaction 
Ho!® (n, Y) Ho!®, In previously published re- 
searches, the y lines 1 and 2 were not shown. 
The intensity of the y lines 3 and 4 found in the 
present work differs somewhat from the result of 
Sklyarevskil et al.'® and, in particular, of Draper, !4 
whose data on the y line with energy 121 kev are 
inaccurate. The peak with energy 47 + 2 kev is 
demonstrated by the K -shell x -radiation of the 
Ho atom. The intensity of this radiation, which is 
shown in the table, has been adjusted for the 
x -radiation of Dy (a correction of the order of 7 
per cent is obtained by recalculation of the data of 
references 13 and 14). 


Table III. Lines of the reaction Ho!®(n, vy) Ho! 


No. of Energy of oor ek ae Coincident y lines oe ba 
line y line, kev pace eae eg ay y transition 
xX Wifae) 58412 Xe 2d 1750) 
i 56—66 ies), Aen M1 
2 O2e=2 Do) Me SSAlTeNe M1 
3 1213 1642 Mo SAO 13, 2 
4 140+3 Pa? pes) — EA+M2 


*Strong conversion, the total intensity of the transition is shown. 
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Four different series of measurements of coin- 
cidences were carried out with x -radiation by y 
lines of 121 and 140 kev, and also with hard Y 
quanta with energy of 1.75 Mev, which are gen- 
erated in the target under the action of the neu- 
trons. In these experiments, no coincidences 
were found with y quanta of energy 140 kev, 
which indicates the long lifetime of the level with 
which the transition under consideration is real- 
ized, in accord with the work of Alexander and 
Bredel.!’ The gamma transition with energy 140 
kev can lead either to the ground state of Ho!® 
or to the first excited state with energy 54.2 kev,!® 
since it was not possible to find coincidences with 
these y quanta, because of their appreciable con- 
version on the atomic electrons. Alexander and 
Bredel’’ determined the coefficient of internal 
conversion of the y quanta with energy of 140 kev 
on the K shell of the atom, the value of which (aK 
* 0.4) indicates two possible variants of multi- 
polarity: E2 or El, with 5 per cent addition of M2. 
Such a strongly retarded E2 transition (tT = 2.14 
<x 10> sec!") is scarcely probable, but El transi- 
tions with a retardation factor as large as 10° 
— 10° are known. The intensity of the transition 
also supports a multipolarity of the E1 type. 
Therefore, it is more probable to regard the y 
transition with energy of 140 kev as a mixture 
transition, which contradicts the assumption that 
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FIG. 4. Level scheme of Ho'®. On the left are the levels 
which appear in the decay of Dy’®*. ** On the right are those 
of the reaction Ho(n, y). The total intensity of transitions is 
shown in per cent per captured neutron. 
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FIG. 5. Spectrum of pulses, which coincides with the 
gamma lines of 121 kev in the reaction Ho(n, y). 


it leads to the ground state. Apparently, there 
exists a level in the Ho! nucleus with excitation 
energy 194 kev with the characteristic 3” (see 
Fig. 4). In this case, the absence of y transitions 
to the second excited level and to the ground state 
is satisfactorily explained. 

In the measurement of coincidences with y 
quanta of energy 121 kev there is a peak of energy 
47 + 2 kev, within the limits of error of experi- 
ment, which corresponds to K radiation of Ho, 
and no other y lines are observed. The results 
of one of many similar experiments are shown in 
Fig. 5. In picking out the coincidences with the x 
radiation, coincidences are also observed with y 
quanta of energy 121 kev. Thus the y quanta with 
energy of 121 kev are found in a cascade with 
strongly converted y lines (we denote them by y), 
whose conversion coefficient on the electrons of 
the K shell of the atom is ax 2 10. A similar 
estimate eliminates the possibility of transitions 
El and E2, but permits a multipolarity of the type 
M1 with energy of 56 — 65 kev, or of type M2 
with energy 56 — 120 kev. If the energy of the 
transition under consideration, Ey =47 + 2 kev, is 
identical with the energy of the K radiation, then 
this multipolarity can only be E1. 

The intensity of the cascade from the lines y 
and 121 kev is determined from Eq. (1): 


(G/tiza1) exp = 0594 =: 0:06: (5) 


This value was compared with the theoretical, 
obtained from (4), for various assumptions on the 
multipolarity of the radiative transitions under 
consideration. If the y transition with energy 121 
kev is considered as the upper transition [case 
(4a) ], then the estimate of the multipolarity of the 
transition y, which corresponds to the value (5), 
contradicts the estimate of the multipolarity 
according to @x. Therefore, case (4a) is rejected. 
Similar analysis for y quanta with energy of 47 
kev leads to the same conclusion. The given 
analysis did not consider the possibility of the 
transition 0 —0. However, introduction of an 
excited level with spin 0 makes it necessary to 
forbid also a series of transitions between the 
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lower excited levels of Ho!®*, which are realized 
in the reaction (n, y), and in the decay of Dyas 
More justifiable is the conclusion that the lower 
transition has the energy 121 kev [case (4b) ]. 
Making use of the experimental value of (5) from 
an expression similar to (4b), we determine the 
total intensity of the transition y: ny = 19 per 
cent for a single captured neutron with a multi- 
polarity of the y quanta with energy 121 kev of 
the type M1 or E2. The multipolarity of the y 
quanta with energy 121 kev is found from the 
intensity of the x radiation (Table II) with 
account of the internal conversion of these y 
transitions on the K shell of the atom, where the 
choice of the multipolarity E2 is preferable. 

The intense cascade of lines y and 121 kev can 
lead to the ground state or to the lowest excited 
level. We assume that the cascade leads to the 
second excited level (Fig. 4). In this case, the 
absence of coincidences between the lines 121 and 
82 kev (Fig. 5) should have sufficed to account 
for the low intensity of the direct transition (of 
the order of 5 per cent) in comparison with the 
intensity of the cascade transition from the level 
with energy 82.4 kev. But the low intensity of the 
direct transition contradicts the results of the 
study!*?!® of the radiation of Dy'®*. In the transi- 
tion of the cascade to the ground state, it is ad- 
vantageous to introduce new levels of Ho!® with 
the quantum characteristics 1” or 2” which could 
also be populated in the 8 decay of Dy: We 
would expect transitions here from the 121-kev 
level not only to the ground state, but also to the 
first two levels. The scheme of y transitions 
shown in Fig. 4 is free of the foregoing contra- 
dictions. In this scheme, the transition with energy 
121 kev is accomplished from the level with energy 
174 kev. For the level with energy 230 — 240 kev, 
the characteristic 5 is chosen, which guarantees 
the transition to the level 174 kev with the sup- 
pression of the other transitions. 

In the suggested scheme of levels of Ho!® 
(Fig. 4) there is seen a rotational band 0 (state 
0°), 54.2 kev (2°) and 174 kev (4-) for K=0. The 
moment of inertia of this rotational band is char- 
acterized by the value A =h?/2J = 9.20 + 0.07 kev 
(for B = 0.05 + 0.011 kev) and is identical with 
the calculations of Peker’ for odd-odd nuclei for 
the case K=0 and I) = 0. The level of energy 
82.4 kev, through which pass about 17 per cent of 
all transitions, can serve as the beginning of a new 
rotational band with odd spins. In the measure- 
ment of coincidences with x-radiation and hard y 
quanta (Ey > 1.75 Mev) y quanta are observed 


with energy of 82.4 kev, and x-radiation not con- 
nected with the cascade of the lines y and 121 kev 
is observed. Evidently there is a soft y radiation 
which leads to the level with energy 82.4 kev; 
however, we did not observe the corresponding y 
quanta. The nucleus Ho!® has a long-lived 
isomeric level with spin and parity 7 (references 
19 and 20), which has an excitation energy ~ 900 
kev. This state can have K =7 and the transition 
from it to the observed level will be connected with 
the strong K forbidenness. 
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CIRCULAR POLARIZATION OF THE y RAYS ACCOMPANYING THE 8 DECAY OF Nd?4? 
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The asymmetry coefficient for By correlation was determined by measuring the degree of 
circular polarization of 530-kev y rays accompanying the 8 decay of Nd!" and found to be 

A = —0.093 + 0.15. This value is consistent with a spin of We for the state of Pm!" in ques- 
tion and for a mixed E2 + M1 transition, with an amplitude ratio E2/M1 equal to +1.75 + 0.15. 


INTRODUCTION 


One of the consequences of parity nonconserva- 
tion in B decay is that the y rays emitted by ex- 
cited nuclei after 8 decay are circularly polarized. 
The first measurements of y-ray circular polari- 
zation were done to check the nonconservation of 
parity.'? At the present time, the fundamental 
principles involved in the nonconservation of parity 
in B decay have been established.? Measurements 
of the degree of circular polarization of y rays 
can be used to establish quantum numbers for nu- 
clear levels, the multipolarity of radiative transi- 
tions, and nuclear matrix elements for f transi- 
tions. The theory is sufficiently detailed*® that 
experimental results can be interpreted from this 
point of view. There have been only a few papers 
published®” on measurements of circular polariza- 
tion for spectroscopic purposes. 

In this paper we report on measurements of By 
correlation and circular polarization of the 530-kev 
y rays accompanying the 8 decay of Nai4?, nat 
has been also studied by Bishop et al.® using a low 
temperature technique, but the results obtained did 
not allow firm conclusions to be drawn. 


MEASUREMENT PROCEDURE 


In general, the measurements were made using 
conventional techniques. The y-ray circular pola- 
rization was detected by using the cross section of 
forward Compton scattering from polarized elec- 
trons. The scattering cylinder was made of a mag- 
netic material with induction B = 2.2 x 104 gauss 
in a field H = 15 oersted. The mean scattering angle 
for the y rays was ~55°. To minimize the magnetic 
field at the photomultiplier ( FEU-13) we used a 
15 cm light pipe. The electrons were detected by 
an anthracene crystal 2 mm thick; a threshold could 


be set to discriminate against electrons having 
small values of v/c. The y rays reflected from 
the scatterer were detected by a Nal( Tl) crystal 
having dimensions 40 x 40 mm?. The y-ray pulses 
were passed through a single channel analyzer with 
variable window. This selected the pulses due to 

y rays of the desired energy. fy coincidences 
were selected with a resolving time of T =3 x 10a. 
sec, the total (i.e., sum of true and accidental co- 
incidences ) and accidental coincidence rates being 
recorded simultaneously.® We measured the quantity 


€ = 2[Noy( t) — Nov (1)1/[Ner(t) + Ner( 1 D1, 
where Ngy(|) is the By coincidence rate when the 
magnetic field in the scatterer was directed away 
from the source, and Ng (t) was the coincidence 
rate with the magnetic field directed to the source. 
The direction of the magnetic field was changed 
every 10 minutes. The effect on the mean counting 
rate in the various channels was not greater than 
0.05%. From the value of € we calculated the 
asymmetry coefficient A for By correlation with 
circularly polarized y rays. To test the apparatus, 
measurements were made on Co® and Na2*. The 
results are shown in the table. The experimental 
values of A agree both with theory and also with 
the results of other authors. From the measure- 
ments on Co” and Na®* we concluded that there 
were no instrumental asymmetries. 


MEASUREMENTS ON Na#4? 


In the measurements on Nd!" coincidences 
were recorded between 530-kev y rays and elec- 


A 
&, % 
experiment theory 
Co® §=|+14.44+0,27 | —0.34+0,06 | —0.33 
Na?2, |—1,45+0,32 +0.30+0.07} +0.33 
Nd?4? |+-0,21+0.34 |—0.093+0.15] —0.21 
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100 J40 kev 
FIG. 1. Spectrum of scat- 

p tered y rays from Nd‘*’ (the 
arrows show the window of 
the discriminator). 

Q 
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trons of the @ spectrum having an upper limit of 
375 kev. The threshold in the 8 channel was set 

at 140 kev, which corresponds to a mean value 

V/c = 0.71. Figure 1 shows the spectrum of pulses 
from the Nal(Tl) crystal. These pulses are due 

to scattered y rays. The diffuse photopeak corre- 
sponds to an energy of 340 kev and is due to y rays 
with initial energy 530 kev. The arrows on Fig. 1 
indicate the part of the spectrum selected by the 
single-channel analyzer. About one coincidence 
was counted per second, true and accidental coin- 
cidences being approximately equally probable. 
The result of the measurement is given in the table, 
together with its mean square error. One possible 
source of systematic error is that the part of the 
y-ray spectrum measured may have contained y 
quanta due to other transitions. The correction for 
this is not greater than one fifth the mean square 
error. 

The £ transition in Nd'*" is a first-forbidden 
one. For Na!47, Z = 60. According to Gaponov, the 
B transition should be of the Coulomb type, i.e., 
the £ spectrum should have the allowed shape and 
the angular distribution of the y rays about the di- 
rection in which the electron is emitted should be 
isotropic. As a test, we made some measurements 
of By correlation without looking at the circular 
polarization of the y rays. The angular distribu- 
tion obtained was isotropic to 0.5%, which confirms 
that the 6 decay is of the Coulomb type. Hence the 
formulae in reference 5 may be used to interpret 
our results. 


DISCUSSION 


According to Gaponov,” the asymmetry coeffi- 
cient A for Coulomb type f£ transitions depends on 
the angular momenta of the initial nucleus (j,) and 
of the final nucleus both in its excited state (jz) and 
in its ground state (jz). The value of A depends 
also on the multipolarity of the radiative transition. 
For j; = j, the matrix elements for the £ decay 
must also be known. 

Using a paramagnetic resonance technique, Kad- 
zic et al. have measured the spin of the ground 
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state of Nd!’ to be j, = 5/,.!° From optical spec- 
troscopy, Klinkenburg and Tomkins have found the 
spin of the ground state of Pm! to be j; = Y..'! 

Bishop et al.® have established that the 530-kev 
radiative transition in Pm!“ has a mixed multipo- 
larity E2 + M1 (see Fig. 2). However, in analy- 
zing their data, they used spins j; = ye and j3 = vie 
in contradiction with the results of references 10 
and 11. We reviewed the analysis given by Bishop 
et al.,® and found that if the spin jo were assumed 
to be °/,, it would be very difficult to fit the experi- 
mental data, no matter what ratio 6 were assumed 
for the amplitudes of the electric quadrupole and 
magnetic dipole radiations ( E2/M1). On the other 
hand, the assumption j, = Us gave good agreement 
with the data for two values of 6:6, =+1.75 4+ 0.15 
and 6) = —1.02 + 0.13. The spin assignment j, = we 
is not excluded by this data, but does imply a unique 
8 transition and an anisotropy in the fy correla- 
tion (summed over circular polarizations ) and so 
is ruled out by our results. 


FIG. 3. The asymmetry coefficient A in By correlation with 
circularly-polarized y rays as a function of 6, the amplitude 
ratio E2/M1. 


Figure 3 shows the asymmetry coefficient A as 
a function of the amplitude ratio 6 for j, = ig 
Our experimental result for A agrees with jp = 7/5 
if 6 is taken with a plus sign. We conclude that the 
excited state in Pm! at 530 kev must have spin 
jp = Y, and the amplitude ratio E2/M1 for the ra- 
diative transition to the ground state must be 
Oy tb Il (fs) 2e (105) 
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It is shown that the ordinary Hall effect in MnAu, is supplemented by an additional effect in 
the antiferromagnetic temperature range. It is suggested that this additional effect is caused 
by the presence of a high magnetic susceptibility. 


Mowe Substances are known to exhibit more than 


one form of spin ordering. The magnetic proper- 
ties of these substances have been investigated 
thoroughly, but their electrical properties have 


been studied fully only in the case of ferromagnets. 


It therefore appeared interesting to investigate the 
galvomagnetic properties of antiferromagnets in 
order to determine those parts of the observed 
effects that are directly associated with antiferro- 
magnetism. 

We have investigated the Hall effect in the in- 
termetallic compound MnAuy, which is antiferro- 
magnetic but becomes ferromagnetic in magnetic 
fields above a certain threshold (H > Hty).'? Our 
specimen exhibited the Néel temperature Ty 
= 92°C and Hth = 8000 oersteds. In earlier work? 
we showed that the Hall emf for MnAu, in the 
region 0 < H < Hth depends linearly on the mag- 
netic field strength H. In the present work we in- 
vestigated the temperature dependence of the Hall 
emf in the same specimen, using magnetic fields 
in which MnAu, remains antiferromagnetic. An 
abrasive disk was used to saw the specimen from 
an ingot, thus excluding large residual deforma- 
tions. The emf and magnetic susceptibility were 
measured as in reference 3. 

The figure shows the temperature dependence 
of the Hall emf for an internal magnetic field 
H = 5000 oe. Curve 1 exhibits a peak located near 
the Néel temperature Ty, which was determined 
from the temperature dependence of the magnetic 
susceptibility. In this respect MnAu, can be con- 
trasted with manganese telluride, where the Hall 
emf falls off rapidly around the Néel temperature. 

Let us consider the portion of the curve that 
lies in the paramagnetic region. It has been shown 
by Kikoin and others® ‘ that in strongly paramag- 
netic substances and in ferromagnetics above the 
Curie point the Hall emf can be represented by 


4 


E,=[R,H + RiyH)|1/d = Roh + 4nay] HI /d, (1) 
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Temperature dependence of the Hall emf for MnAu, with an 
internal magnetic field H = 5000 oe. 1—experimental curve; 
2—curve calculated from Eq. (1). 


where H is the magnetic field, I is the current 
flowing through the specimen, d is the thickness 
of the specimen, Ry is the magnetic susceptibility, 
R is the Hall constant for the ordinary effect, and 
R, is the Hall constant for the part of the effect 
that is associated with magnetization. Since it 
was shown in the same investigation that R, is 
independent of temperature, we have assumed 
that (1) is also valid in antiferromagnetics above 
the Néel temperature. The figure shows that the 
experimental curve 1 can be closely approximated 
by (1) when the following numerical constants are 
used: 


Ry = — 2.19 x 1071? v-em/amp-oe 
R, = — 2.42 x 107! v-em/amp-gauss 


These values were determined by the method of 
least squares from the experimental results in 
the paramagnetic temperature region. It should 
be noted that a = 8.8 is small compared with the 
value for ferromagnetics; e.g. for very pure nickel 
near the Curie point we have a ~ 10-2 

It therefore follows from the high magnetic 
susceptibility of MnAu,(x * 5 x 107-2 cm™?) that a 
considerable fraction of the Hall effect depends on 
magnetization. Since it can hardly be supposed 
that at temperatures below Ty the parameter a 
is immediately reduced to the order of unity, a 
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Hall effect resulting from a paramagnetic process 
must evidently exist in the antiferromagnetic 
region. 

Curve 2, which represents Eq. (1) with the 
values of Ry and R, given in Kq. (2), is seen to 
agree well with the experimental curve 1 above 
the Néel temperature, but to differ considerably 
below that temperature. The temperature depend- 
ence of the Hall emf can therefore not be repre- 
sented by (1) in the antiferromagnetic region if Ry 
and R, are assumed to be temperature-independ- 
ent. Since MnAu, has the electrical properties of 
a metal, its conduction-electron concentration is 
temperature-independent, and this must also apply 
to Ro. We can therefore assume that either R, or 
a is temperature-dependent below the Néel tem- 
perature. 

It should be noted that when a is of the order 
of a few tens the magnetization-induced part of 
the Hall effect can be appreciable only in sub- 
stances where the susceptibility exceeds 1074 cm 
In antiferromagnets with low susceptibility, such 
as MnTe, the additional magnetization-induced 
Hall emf can therefore be imperceptible. 


=] 


However, the anomalous Hall effect in manga- 
nese telluride around the Néel temperature is 
evidence that antiferromagnetism results in an 
additional Hall emf, which is apparently produced 
by a different mechanism than in MnAu). 
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The decay scheme of Sm!* 


(Ti 72 = 47 hours) obtained in the (n, y) reaction was investi- 


gated. The y transition types were determined for transitions with energies of 69.7 kev 
(96.4 percent M1+ 3.6 percent E2); 84.4 kev (60 percent M1 + 40 percent E2); 103.2 kev 
(98.5 percent M1 + 1.5 percent E2) and 98 kev (M1). The 98-kev transition has been ob- 
served for the first time. The experimental results are compared with theory. Some new 
details of the level scheme of Eu!” are presented. 


INTRODUCTION 


{es nucleus Eu!* is formed both in B decay of 
Sm'!* with a half-life T1/2 = 47 hours and also 
from Gd! in the capture of orbital electrons with 
a half-life T4). = 230 days. The scheme of the 
excited levels of Eu'® was investigated in great 
detail in a large number of researches, and the 
spins and parities of the excited levels were estab- 
lished up to energies of 200 kev. However, there 
are a number of peculiarities which require fur- 
ther determination. 

1. The excited level with energy of 97.5 kev is 
observed only in the formation of Eu'® from 
Gq13. 

2. The intensity of transitions with energies 
89.5 and 172.9 kev is small in comparison with the 
intensity of transition with energy of 69.7 kev. 

3. The transition with energy 83.4 kev between 
the rotational levels with K = 4 has a larger ad- 
mixture of the E2 type than the transition with 
energy 69.7 kev between the rotational levels with 
K = Os In connection with the foregoing, an inves- 
tigation of the level scheme of the Eu! nucleus, 
formed in B decay of Sm!" was again undertaken 
in the present research. 


EXPERIMENTAL RESULTS 


The spectrum of internal conversion electrons 
was measured on a 6 spectrometer with focusing 
of the electrons at an angle of t¥2 with a resolv- 
ing power AHp/Hp = 0.25 per cent and with an 
aperture of 0.25 percent of 47. As a source, we 
used samarium oxide enriched by the isotope 
Sm!” to 98.5 percent, which was coated on 
aluminum foil of 4, thickness in the form of a 


*Deceased. 
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layer of thickness 0.03 — 0.05 mg/cm’. The pre- 
pared source was exposed for 4 — 5 days in the 
flux of thermal neutrons of the reactor. The K, 

L, M and N lines of the y transitions were ob- 
served in the spectrum of internal conversion 
electrons, with energies of 69.7, 83.4 and 103.2 
kev, as well as the L and M lines of the y tran- 
sition with energy of 89.5 kev and the K line of the 
y transition with energy of 172.9 kev. The transi- 
tion with energy 89.5 kev was observed for the 
first time in the decay of Sm! 

The types of transitions with energies of 69.7, 
83.4 and 103.2 kev were determined from a com- 
parison of the experimental and theoretical! rela- 
tions of the coefficients of internal conversion on 
the L sub-shells (Table I). The results obtained 
for y transitions of 83.4 and 103.2 kev are iden- 
tical with the data of Graham et al.’ For the 
transition with energy of 69.7 kev, there is an 
important difference: in reference 2, the admix- 
ture of the transition of type E2 is shown to be 
equal to 1.5 percent. 

It should be noted that the values of the ratio 
at,/amM obtained by us differ sharply from the 
theoretical.° 

In addition to the conversion lines mentioned, 
an electron line was discovered in the spectrum 
with an energy of 49.5 kev (Fig. 1). It was inter- 
preted by us as a K line of the y transition with 
energy of 98 kev in Eu!®, The ratio of the inten- 
sities of the K internal conversion electrons of the 
y transition of 98 kev and the L electrons of the y 
transition of 69.7 kev was shown to be equal to 
0.06 per cent. 

For clarifying the location of the y transition 
of 98 kev in the level scheme of Eu'®, investiga- 
tions were carried out on the yy coincidences 
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Table I 
; : 
. pleted a; /a 
aia! ok Pune Intensity 
id of the 
a eM Theoretical values 5 Type of transition Theoretical values P transition 
Experimental Experimental 
M1 E2 values M1 F2 values 
69.7 GHxSromolel 0.09:0.89:1 DRA peu 96 .440,5% M1 0,44 0,47 0.20+0,01 100 
aed une ee 2| 0,44 0.47 0.18 3 
83.4 66.8:5.57:4 OM:05 93a OnatmO2e4 60+2% M1+40#F2% E : a P 
10322 68 stro ,o54 0.26:0.995:4 2422, los. 98 .5+0.1% M1 0,44 0,47 0.184+0.005 220,5 
+1,540.1% E2 
89.5 >85% M11+<15% E2* 1,49 
172.9 60% M1+40% E2* 0,24 
CAS 
Theoretical values 
Experimental 
EA | E2 | Mi | M2 yeluce 
98 
0,24 | 4.18 162 14 1, 05-050 M1 (+ £2) {23 


*Taken from reference 2. 


(Fig. 2). The measurements were made ona 
coincidence circuit with a resolving time of T 
=2x 10% sec. In one of the channels of the coin- 
cidence circuit, there was a differential amplitude 
analyzer which made it possible to select any por- 
tion of the gamma spectrum. The coincidence 
spectrum was recorded by a 100 channel amplitude 
analyzer. 

In tuning of the amplitude analyzer to the line 
of 103.2 kev in the spectrum for a single channel 
(the portion a in the upper curve of Fig. 2), a y 
line with energy 98 + 5 kev was observed in the 
coincidence spectrum (lower curves). The spec- 
trum of yy coincidences is shown in the figure; 
here random coincidences have been deducted. 
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In order to eliminate the effect of coincidences 
of y rays with energies of 103.2 and 69.7 kev, the 
analogous spectrum of coincidences with the por- 
tion b (upper curve) was also studied. The rela- 
tion of the intensities of the y lines with energies 
of 98 and 69.7 kev remained the same in both 
series of measurements (coincidence with the 
portion a and coincidence with the portion b) and 
was equal to 0.03 + 0.01. 

For the y transition with energy of 69.7 kev, 
the internal conversion coefficient on the L shell 
was calculated for the value of the mixture 96.4 
percent M1 + 3.6 per cent E2. From the relation 
of the intensities of the conversion electrons for 
the y transition of 98 kev on the L shell and for 


FIG. 1. A portion of the spectrum of inter- 
nal conversion electrons of Eu!®?, 
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FIG. 2. Spectrum for a single channel (upper curve) and 
the spectrum of yy coincidences. The curves a and b 
have been partially expanded in scale by a factor of 10, 
XEu is the characteristic x-radiation of europium. 


the y transition of 69.7 kev on the L shell, and 
also from the relation of the intensities of y rays 
for the same transitions, we can compute the 
coefficient of internal conversion on the K shell 
for the transition of 98 kev. It turned out to be 
equal to 1.5 + 0.5, which corresponds to an M1 
transition or to a mixture of M1 and E2. 


DISCUSSION OF RESULTS 


The value of the internal conversion coefficient 
for the y transition of 98 kev, and the presence of 
coincidences of y quanta of this transition with y 
quanta of 103.2 kev indicate that the observed 
transition does not take place from the level of 
97.5 kev. 

There are two rotational structures in the level 
scheme of Eu!™. One of these is connected with 
the ground state of the nucleus. The first excited 
level of this structure (E = 83.4 kev and I = ES 
is formed both in the decay of Sm‘, and also in 
the decay of Gd!8, The second excited level (E 
= 190 kev and I = %) is not discovered in the 
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FIG. 3. Level scheme of Eu!, 


decay of Sm'* and Gd!® because of the large 
value of the spin, and is observed only in the ex- 
periments on Coulomb excitation. 

The second rotational structure has its ground 
state level with excitation energy 103.2 kev (I 
=%/). The transition from the first excited level 
of this structure (E = 172.9 kev) to its ground 
state takes place with energy of 69.7 kev. The 
excitation energy of the next level is computed by 
a well-known formula (see reference 10) and is 
equal to 271 kev (relative to the ground state of 
Eu!*), The transition from the second excited 
level to the first should take place with energy of 
97.6 kev. This value is identical with the value of 
the energy of the observed transition. 

Thus one can draw the conclusion that the y 
transition with energy of 98 kev is a transition of 
type M1 with a possible admixture of E2. This 
transition refers to the second rotational structure 
and takes place between the levels with excitation 
energies of 271 and 172.9 kev (Fig. 3). 

In the decay of Gd!*, the level of 271 kev in 
Eu! is not generated because of the small total 
energy of decay.’ 

In strongly deformed nuclei, the relations of the 
probabilities of transitions from any state to the 
rotational state belonging to one rotational band 
are computed according to the well-known rule of 
Alaga.°’ It was noted by Gnedich et al.° that there 
are certain cases of violation of this rule. The 
deviation consists in the fact that the transitions to 
the excited states of the rotational band are more 
intense (in comparison with the transition to the 
ground state of the same band) than follows from 
Alaga’s rule. In this case a higher probability of 
transition is observed to the second excited state 
than to the first excited state. 

It is of interest in the case of ut ato compare 
the probabilities obtained for the transitions B()) 
with energies of 89.5 and 172.9 kev (transitions to 
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Table II 
ee ee 
| B(A)goy3/B(A) i729 Favoring 
EE By eres: 
So \ A | k tran- 
sition | By Alaga’s | Experiment | Ar 
rule | | : 
Mi ‘| 2.524 | 24.84 oor 
pe | 0.037: | 7.94 483 


the first excited state and to the ground state of the 
rotational band). Both transitions are mixed and it 
is necessary to make the comparison independently 
for each type of transition, M1 or E2. The relation 
of the intensities of y rays for these transitions 
was computed from the intensities of the internal 
conversion electrons. The value of the mixture M1 
and E2 is taken from the work of Grant et al.? The 
comparison of the theoretical and experimental 
relations for the probabilities obtained for different 
transitions B(A) is written down in Table II. As 
is seen from the table, the transition of 89.5 kev 

is facilitated in a considerable degree in compari- 
son with the theoretical predictions. 

The reason for the departure from Alaga’s rule 
is not known at the present time. In the case of 
Eu!*®, it is impossible to explain this deviation by 
a mixture of the wave functions of the states (both 
states have spin and parity of a ), because such a 
mixture can bring about only the opposite effect 
— the facilitating of the transition of 172.9 kev in 
comparison with the y transition of 89.5 kev. 

As is seen from Table I, the intensities of 
transitions with energies of 89.5 and 172.9 kev 
are very small in comparison with the transition 
intensity for the energy of 69.7 kev. The reasons 
for this circumstance consist of the following. 

The initial state of the internal excitation with 
energies of 89.5 and 172.9 kev is a state charac- 
terized by the asymptotic quantum numbers N, nz, 
A, Z, equal to [4, 1, 1, —], the final state is char- 
acterized by the numbers [4, 1, 3, —].’ The tran- 
sition of the type M1 between these states, in 
accord with the rules of the review of reference 8, 
is seen to be forbidden according to the asymptotic 
quantum number 2, while the transition of the type 
E2 remains allowed. This prohibition leads to a 
certain “‘retardation’’ of transitions with energies 
of 89.5 and 172.9 kev. This circumstance also 
clearly explains the fact of the larger admixture 
of E2 in transitions with energy of 89.5 and 172.9 
kev in comparison with transitions of 69.7, for 
which there are no prohibitions. 

A striking fact is the higher value of the ad- 
mixture of E2 for the transition of 83.4 kev than 
for the transition of 69.7 kev, in spite of their 
rotational character. One can attempt to explain 
this fact in the following fashion. 
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The probability of the electromagnetic transi- 
tion of multipolarity is connected with the re- 
duced transition probability B(X) by a well-known 
relation (see reference 10). For strongly deformed 
nuclei and for transitions within the limits of a 
single rotational band, B(A) is expressed in terms 
of the statistical moment of the ground state of the 
K band, p., Qo, the general magnetic ratios gK and 
gR, and the Clebsch-Gordan coefficients.? From 
these relations, and with a knowledge of the partial 
lifetime, '° the value of the mixture of E2 and M1 
for the corresponding transition, and the value of 
the magnetic moment for the ground state of the 
rotational band, one can determine the values of 
Qo, gK, and gR for this state. 

The lifetime of the 172.9-kev level of the Eu!” 
nucleus is known. The partial lifetime for the 
69.7-kev transition can be determined from the 
relations of the intensities of the 69.7-, 89.5-, and 
172.9-kev transitions. As the value of the magnetic 
moment of the Eu!* nucleus in a state with excita- 
tion energy 103.2 kev, we can take a quantity equal 
to the magnetic moment wy of the Tb'® nucleus in 
the ground state (uw = 1.52). Under these condi- 
tions, the values of Qy, gx, and gr for Eu!® in 
the 103.2-kev state were found to be equal respec- 
tively to 5.1 x 1074 cm’, 1.4 and 0.44. 

The quadrupole moment of the Eu'® nucleus 
in the ground state is known from experiments on 
Coulomb excitations'! and is equal to 7.7 X Los = 
cm’. Thus the experimental data testifies to the 
fact that the different deformation corresponds to 
different internal states. 

The value of the mixture of M1 and E2 for 
any transition is determined by the ratio of proba- 
bilities B(M1)/B(E2) for this transition. From 
the known values of Qo, gx and gp for the Eu!® 
nucleus in the ground and excited states, we can 
determine the ratio [B(M1)/B (E2) ]gg 4: 
[B(M1)/B(E2) ]gg.7, which is shown to be equal to 
0.03. In the same way, it is explained why the 
transition with 83.4 kev energy has a much larger 
admixture of E2 than the transition with energy of 
69.7 kev. 

In conclusion, the authors express their deep 
gratitude to D. A. Varshalovich for discussion of 
the results. 
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The yield curves for the (y, n) reaction in Sn 


ile 


and Sn!** were measured by means of the 


induced radioactivity. The peaks of the cross section curves for the reactions 
Sn'!2(y, n)Sn!!! and Sn!4(y, n)Sn!”? are located at 16.0 + 0.5 and 15.5 + 0.5 Mev, respec- 
tively. The corresponding integral cross sections are 1.82 + 0.10 and 1.56 + 0.08 Mev-barn. 


il. The (y, n) reaction in different isotopes of the 
same element has hitherto been investigated almost 
exclusively for light nuclei, where the total cross 
section for y-ray absorption includes additional 
important contributions from (y, p), (y, np) and 
(y, 2n) reactions. For medium-weight and heavy 
nuclei, where the (y, n) reaction furnishes ~ 90% 
of the entire giant-resonance cross section, we 
have only the data obtained by Katz and Cameron 
for antimony. A surprisingly large difference was 
found between the integral cross sections for the 
(y, n) reaction in Sbi** and Sb 

It was of interest to obtain data on the integral 
cross section and the resonance energy and width 
of the (y, n) reaction in isotopes of a single ele- 
ment with greatly different numbers of neutrons. 
For this purpose the two extreme isotopes ee 
and Sn'*4 were selected. 

2. Both reactions were investigated through the 
activity induced by synchrotron-generated y rays 
(Eymax = 30 Mev). In the case of the 
Sn? (y, n)Sn!!! reaction (Ty = 35 min) a 29.3% 
enriched sample of Sn!" was used,* while for 
Sn'*4 (y, n) Sn! (Ti. = 40 min) chemically pure 
natural tin was used. The (vy, n) yield was meas- 
ured relative to Cu® (ya00)) Cu. at energies above 
the threshold of the latter reaction, and relative to 
readings from an integrating ionization chamber in 
the case of lower energies. Residual f activity 
was registered by means of two BF L-25 end- 
window counters in an anticoincidence scheme, 
with ~ 0.55 registration efficiency. The scalar 
output was fed to a time discriminator. The scale 
of the energy stabilization system of the synchro- 
tron was calibrated by means of the thresholds of 
Cu (y, n) (10.75 Mev) and C!(y, n) (18.72 Mev), 
as well as the bend at Eymax = 17.15 Mev in the 


1 


*The authors,are very grateful to workers in the laboratory 
of V. S. Zolotarev, who prepared this sample. 


o'* (y, n) curve. The relative yield curve for 
Sn!!2 (y, n) includes a correction for 0.9% content 
of Sn'* The yield from Sn!*4 (y, nyon takes 
into account ~ 7% of activity from Sn!?_ For 
Eymax > 20 Mev an ~ 8-min activity also appears, 
which at Eymax = 24.0 Mev amounts to ~ 10% 
(assuming the same number of nuclei) of the 
40-min activity of Sn’. The self-absorption of 
Sn!*3 and Cu 8 rays for the given experimental 
geometry was obtained by irradiating samples of 
different thickness. 

3. The yields Y of the reactions Sn (y, n) 
and Sn'*4 (y, n) are shown in Fig. 1. The 
Sn (y, n) threshold is 10.2 + 0.2 Mev, which 
differs considerably from the binding energy 11.1 
Mev given in reference 2 for a neutron in Sn!!?, 


Y, arbitrary units 


Mn You 


10 15 20 25 
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FIG. 1. a~ Yields of the reactions Sn'(y, n) and Sn'***(y, n) 
relative to the yield of Cu®*(y,n) as a function of Eymax) b— 


ie of Sn’(y,n) and Sn’(y,n) as a function of Eymax near 
threshold. 


60 


AN INVESTIGATION OF THE Sn!!2(y, ne) eewN De Smee (ey, 


The reaction threshold 8.5 + 0.3 Mev obtained for 
Sn!24 (y, n) agrees with mass data.2 The (501) 
cross sections were plotted from the relative 
yield curves and the Cu® (y, n) cross section by 
the method described in reference 3. Corrections 
were introduced that take account of the Sn!!! 
decay scheme‘ and the contribution from 

Sn!*4 (y, n)Sn!23x | Irradiation at Eymax = 19.0 
Mev for the purpose of measuring the 126-day 
activity of Sn!?3* showed a 0.24 + 0.09 yield ratio 


for final-nucleus formation in the isomeric (I = %) 
and ground (I = *4) states, respectively. This 
indicates a high probability for transitions with 
small spin change. 

Figure 2 shows the energy dependence of the 
Sn!!2 (y, n) and Sn!*4 (y, n) cross sections, for 
which we have the following results: 

$n12(-7,1)Sn't Sit24(772) Sate 
Peak energy, Mev 16.0+0.5 15.50,5 
Cross section peak, mb 340-£40 300430 
Half-width, Mev 5.0+0.5 5 .0+0.5 
Integral cross section, Mev-barn 1,.82+0.10 1560.08 


The Sn'*4(y, n) cross section peak agrees with 
values obtained for a natural tin isotope mixture. 
A comparison of data for the two isotopes must 
take into account the considerable difference be- 
tween the Sn!” (y, n) and Sn!24 (y, n) thresholds, 
21.0 and 14.0 Mev, respectively. This evidently 
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FIG. 2. Cross sec- 
tions for the reactions 
Sn'%(y, n) and Sn**(y,n). 
Thresholds are indi- 
cated by arrows. 
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accounts for the very close peak energies and 
integral cross sections for y-ray absorption by 
Sn!” and Sn!4, as would be expected from the 
sum rule. 
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3 Kuo Ch’i-Ti and B. S. Ratner, JETP 39, 1578 
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Experiments on the observation of recoilless 


resonance absorption of the 92-kev y rays of 


Zn°'’ are described. A positive result was obtained for metallic zinc at liquid-helium tem- 


perature. However the effect is very small. 


dis radioactive isotope Ga®’ (half-life T =78 
hr) emits y quanta with energy E = 92 kev, 

which appear in the transition of the Zn*’ nucleus 
from its first excited state (T = 9.3 x 10~ sec, 
relative width [/E = 5.3 x 107!°) to the ground 
state.! Resonance scattering of these quanta by 
VA using the Mossbauer effect,” is of consider- 
able interest, for example, for the study of the 
gravitational red shift under laboratory condi- 
tions,?’* since the relative width of the Zn*’ gamma 
line is three orders of magnitude smaller than that 
of the line in Fe”, which has been used in various 
experiments.’® In the present paper we describe 
the results of the first experiments undertaken to 
detect resonance scattering in VANES 


EXPERIMENTAL ARRANGEMENT 


The resonance scattering effect was measured 
by the increase in intensity of the filtered radia- 
tion when the resonance condition was destroyed. 
A source of Ga®’ was produced on one side of a 
sample containing Zn*" by a preliminary irradia- 
tion of this side with 6.7-Mev protons. The source 
thickness did not exceed 0.1 mm, while the rest of 
the sample (4 — 6 mm thick) served as a filter 
(cf. the figure). The resonance was destroyed by 
applying to the sample an inhomogeneous magnetic 
field with a maximum magnetic field strength of 
1500 oe. As a result of the nuclear Zeeman effect, 
the magnetic field produced a shift of the emission 
line relative to the absorption line which was by a 
factor of ten greater than the natural line width. 
The detectors were FEU-11B photomultipliers 
with Nal crystals 15 mm thick. 

For the “‘poor geometry’’ shown here, Compton 
and resonance scattering of quanta in the detector 
reduces the observed effect by a factor of 2 — 3 


compared to the effect in an ideal geometry. How- — 
ever we felt that this defect was compensated by 

two advantages: a) to a large extent, the possibility 
of relative motions of source and filter is elimi- 
nated; b) we reduce the danger of shifts of the 
emission and absorption lines resulting from non- 
identical composition and treatment of source and 
filter. 

The change in the amplification of the multiplier 
when the field was turned on did not exceed 107°. 
To eliminate errors resulting from drifts in the 
detection equipment, measurements with and with- 
out field were alternated every 20 — 40 sec. The 
time intervals were given by a quartz-stabilized 
frequency generator. After each switching on of 
the field, a demagnetization was carried out, so 
that the residual field did not exceed 1 oe. 

The principal measurements were done at 4.2° 
and 300° K with a polycrystalline sample of zinc, 
enriched to 33% in Zn, As a control, we also 
measured the intensity of 92-kev radiation passing 


al 
FEU-11 


Schematic of the experimental apparatus: 1—sample of 
enriched Zn, 2—sample of normal Zn, 3—face of enriched 
sample, irradiated at cyclotron, 4—shield at 80°K, with 
Armco iron pole pieces, 5— magnetic shield (iron), 6—pole 
of electromagnet, 7—lead collimators. Samples 1 and 2 were 
soldered to the bottom of a container of liquid helium. The 


photomultipliers were surrounded by a permalloy screen 5 mm 
thick. 
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Relative change in intensity of filtered radiation when the magnetic field is applied (10? 6, %) 


4°K 


Series of a peas 
measurements Enriched Zn Normal Zn Enriched Zn ‘ Normal Zn 
E,=92 kev | 180 kev 92 kev | 180 kev 02 kev | 180 kev 2 kev | 180 kev 

] 4. 48+2 .69 —1.3642.85 

II 24d 65 —0.75=41 ,83 0,84+1 40 

ll 222-41 04 —0.6741.32 | 44.354412 0.0941 .18 0.63+40.8 Bo 5 

; 71 32 3541.12 0944. -63+0,84 —0.88+0.97 | 0.70-£0.89 | 0,36+0.9 

average 2,580.84 —0,67+1,32 0,550.91 0.09414 .18 0.68+0,73 | By eeeot y Ween 7 0°362.0'98 


through a sample of normal zinc (4.1% Zn®’). In 
some of the experiments we also recorded the 
intensity of filtered 180- and 270-kev radiation, 
which should not undergo resonance absorption. 

In addition to metallic zinc, we also investigated 
an ordered alloy of brass and normal zinc (f’ 
brass, 50% Cu, 50% Zn) and an alloy of Cu+ 1.5% 
Zn, with an enrichment to 71% in Zn*’. Within the 
limits of statistical accuracy of the measurements, 


which were 2.2 x 10% and 7.5 x 10°%, respectively, 


the brass and the Cu-Zn alloy showed no resonance 
absorption effect. 

The results of the measurements with metallic 
zinc are shown in the table. 


DISCUSSION OF RESULTS 


As we see from the table, the intensity of the 
92-kev radiation, filtered through enriched zinc at 
a temperature of 4.2°K, increases when the mag- 
netic field is applied by an amount 6 = (2.58 
+ 0.84) x 10°%. The sign of the change corre- 
sponds to the presence of a Mossbauer effect in 
zinc, and its magnitude is three times greater 
than the mean square statistical error of the 
measurements. At the same time, there was not 
a single control measurement in which 6 exceeded 
the mean square error. 

In computing the Mossbauer effect in zinc, we 
should not use the Debye approximation, since the 
Debye temperature of zinc depends very strongly 
on temperature.! Kazarnovskii,® starting from 
experimental data on the specific heat of zinc, 
found that the effective Debye temperature of zinc 
for the Mossbauer effect is 213°K. Using this 
figure, taking account of the quadrupole splitting 
of the levels of Zn* in the hexagonal zinc lattice, 
and introducing a factor of 14 — '% for the ‘‘dilu- 
tion’’ of the effect because of the ‘‘poor geometry”’ 
of the experiment, we get an expected value for the 
effect of 6 = (6 — 9) x 10°%. This is somewhat 
greater than the observed value, which may be ex- 
plained by a broadening or shift of the Mossbauer 
line, or by an incorrect location of some of the 
atoms of Ga®" in the zinc lattice. 

Recently Pound and Rebka’ reported an unsuc- 
cessful attempt to detect resonance absorption in 


normal zine. Obviously this result is in agreement 
with our data since even in enriched zinc the effect 
is four times less than the error in the experiments 
of Pound and Rebka, which was 0.1%. Craig et al.'! 
have observed the resonance absorption in zinc 
oxide. 

The low value of the resonance absorption 
effect in zinc makes difficult any further investi- 
gation or use by the filter method. At present we 
are preparing experiments for recording scattered 
Zn°* radiation, where for better separation from 
the nonresonant background we propose to use de- 
tectors with better energy resolution (xenon pro- 
portional counters ) and to modulate the beam of 
Y quanta incident on the scatterer by means of a 
rotating chopper. Such a modulation is technically 
feasible because of the relatively long mean life of 
the isomeric level of Zn, 

In addition one should consider the possibility 
of increasing the yield of the Mossbauer line by 
introducing the Zn®’ into a material with high 
atomic weight. Using the classical theory of the 
Mossbauer effect, 1 one can see that for the case 
of a small amount of impurity the relative area of 
the Mossbauer line is determined not by the mass 
of the radiating atom but rather by the mass of the 
solvent atom and the Debye temperature of the 
solvent. 

In conclusion the authors thank I. Ya. Barit, 

A. G. Zel’dovich, Ya. B. Zel’dovich, and M. I. 
Podgoretskii for valuable discussions, A. B. 
Fradkov for liquefying the helium, and E. Ya. 
Pikel’ner, V. A. Otroshchenko and A. I. Sekirin 
for help with the measurements. 
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The y and 8 radiation accompanying the decay of the Te!*!™ isomer (TT, = 30 hr) was 
measured with a scintillation y coincidence spectrometer, a two-lens B spectrometer and a 
By-coincidence spectrometer. A decay scheme for the decay of the Te!*!™ nucleus is pro- 
posed. Levels at 0.15, 0.60, 0.78, 0.92, 1.62, 1.82, 1.92, 2.00, and 2.24 Mev have been estab- 
lished for the daughter nucleus I'*!, The spins and parities of a number of levels have been 


determined from the data on the multipolarities and relative intensities of the y and B 


transitions. 
INTRODUCTION 


Tue present work is a continuation of the investi- 
gations of the decay scheme of the Te!*! nucleus 
(T,/. = 30 hr), the preliminary results of which 
have been published previously.! One can also find 
in reference 1 a brief survey of other work devoted 
to the decay of this isotope. In reference 1, we 
made an accurate determination of the y spectrum 
and established the excited levels of the I'*! nu- 
cleus with energies of 147, 595, 780, and 2200 kev. 
It was shown there that the I’?! level scheme pre- 
sented by Hebb? is inaccurate. However, the re- 
sults were not sufficiently complete to determine 
the positions of the levels lying between the 780- 
and 2200-kev levels. In the present work, the 
measurements were made under better conditions 
than previously. First, for the preparation of the 
source we used 99.9% Te!*°-enriched tellurium. 
(The methods of eliminating the daughter isotope 
31 from the source and of obtaining the samples 
have been described previously.!) Second, for the 
measurements of the yy coincidences, we used 
Nal(Tl) crystals of large size and recorded the 
spectra with the aid of a 100-channel pulse-height 
analyzer of type AI-100. Moreover, the partial f 
spectra were separated by the method Obey s Colne 
cidences. All this made it possible to obtain more 
complete information on the Te!3!M decay scheme. 


y SPECTRUM 


After removal of the I'*! isotope from the sam- 
ple, we measured the y-ray spectrum of es <2 
on a scintillation spectrometer. For the measure- 
ment of the hard y rays (Ey > 400 kev ) we used 
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FIG. 1. y spectrum of Te in the energy region up to 

400 kev. The spectrum measured with a 2 mm Pb + 0.5 mm Cd 

filter is indicated by the dotted line. This makes it possible 

to take into account the contribution from the Compton distri- 

butions of the harder y transitions. In this figure and in sub- 

sequent figures, the energies in kev are shown above the peaks. 


a 40 x 40 mm Nal(T1) crystal with a resolving 
power of 10% on the 660-kev Cs'8" line. The soft 
region of the spectrum was measured with a crys- 
tal of diameter 30 mm and height 14 mm, having a 
better resolving power (8.5%). Figure 1 shows 
the y-ray spectrum in the low-energy region be- 
low 400 kev. The y-ray spectrum in the high-en- 
ergy region (to 2500 kev) has been given pre- 
viously.! 
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Table I 
Energy and Intensities of Te’?’™ y Lines 


BE, kev Iy % 
Scintillation Photoelectron Conversion-elec- Sees) 
spectrometer spectrum tron spectrum P 
805 -- 810,5 ott 
100+5 101+1 104 ,5+0,5 82 
15045 149+2 149-1 25-45 
— 18342 1820.2 = 
20025 20143 — ~8 
24045 240+5 2415 ~4 
_ “= PTs) == 
33925 3335 33045 1846 
450+10 ~A54 ~454 42+3 
59010 ~588 — ~4 
780+10 78045 78045 100 
850415 840+10 84010 50410 
920420 92510 — 1445 
1080+20 — — 6#2 
4140+20 1140415 — 210 
1220420 1220415 a 205 
1350430 — = ~2 
1540+30 — _— Ae 
1650430 oo = 341 
1920+30 = = 2.50.5 
2000+30 ae = 4.640,5 
2240+30 c= = 0,94+0,2 


In the present experiment we determined more 
accurately the energy of some hard lines and made 
a more careful resolution of the spectrum. The 
energies (E, ) and intensities (ly) of the y rays 
obtained from these measurements are shown in 
Table I. Columns 2 and 3 of this table give the 
y-transition energies obtained from the photoelec- 
tron and internal-conversion electron spectra, re- 
spectively, measured on a two-lens B spectrometer. 
The spectrum of the photoelectrons were measured 


7T aft 


FIG. 2. Conversion-electron (I — Cur- 
rent in spectrometer coils). 


Auger electrons 


with lead radiators of 8-mm diameter and thick- 
nesses of 11 mg/cm? and 4 mg/cm’. The half- 
width of the lines was 4%. The intensities of the 

y transitions in the energy region > 700 kev ob- 
tained from the photoelectron spectrum are in 
agreement with the data of the scintillation y spec- 
trum. In the softer region the determination of the 
intensities from the photoelectron lines was not 
carried out, owing to the large Compton background 
from hard y rays. 
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Table II 
Internal-Conversion Coefficients for y Transitions 
| Theoretical value of a Ke 
E. kev | aK aK | oy Proposed 

| EQ | Mi | Fl multipolarity 

81+0.5 2.0640.45 >5 Boe 132 0.3 Mi+ £2 
101 .5:0.5 1, 23:0,28 S5 Ae 0, 603591) O66 Mit £2 
149-1 0.26+0,05 - 0.3 1050.05 Mi-+- (E2) 


CONVERSION-ELECTRON SPECTRUM 


The conversion-electron spectrum in the 
10 — 200 kev region measured on a two-lens B 
spectrometer is shown in Fig. 2. A source 
~ 0.1 mg/cm? thick was used in the measurements 
of this spectrum. The thickness of the counter 
window was ~0.1 mg/cm’ and its transmission 
threshold was 8 kev. The resolving power of the 
spectrometer in these measurements was 2%. The 
intensity ratio of the 81-, 101.5-, and 149-kev con- 


version lines can be determined from the spectrum. 


Using the ratio of intensities corresponding to the 
y lines in the y spectrum and the value of the con- 
version coefficient a, = 0.26 + 0.05 for the 149- 
kev transition obtained by Sorokin,® we can obtain 
the value of a,x for the 81- and 101.5-kev transi- 
tions. Moreover, we can estimate for these transi- 
tions the value of the ratio aK /ay,. These data 
are shown in Table II, which also gives the theoret- 
ical values of a, for various multipolarities. 
Comparison of our data for ax with the theoretical 
values indicates that the 81- and 101.5-kev transi- 
tions can be of the M1 or E2 type, or a mixture 
of both, but the large value of the ratio ax /@q, 
(= 5) indicates that in all probability they are 
preferentially of the M1 type with a possible ad- 
mixture of E2. 

Also visible in the spectrum shown in Fig. 2 
are the intense K and L peaks from the 182-kev 
y transition occurring in Te'*! (isomeric transi- 
tion of the M4 type). Apart from the peaks shown 
in Fig. 2, peaks from y-rays of energies 24, 277, 
330, 780, and 840 kev were also visible in the spec- 
trum. In reference 1, the coefficient a, for the 
780-kev transition was determined from a compar- 
ison of the intensities of the conversion and photo- 
electron lines from the 780-kev y transition in 
1°! with the intensities of the corresponding lines 
from the 364-kev y transition in Xe'*! (I'*! was 
not separated from the sample), whose conversion 
coefficient a is known. It turned out to be (0.8 
+ 0.2) 1073 and corresponded to a transition of 
the El type. 

In the present work we repeated these measure- 
ments by a somewhat different method. We pre- 


pared sources of Te!*! and Cs!3? and, under iden- 
tical geometrical conditions, we measured the rel- 
ative intensities of the conversion lines on a B 
Spectrometer and of the y lines with a scintilla- 
tion spectrometer. The coefficient a, for the 
662-kev transition in Ba'®’ is known well! and the 
conversion coefficient for the 780-kev transition 
can be determined from the expression 


780 = &Kes2 (1 +662// 780) (Lezso/ 1 e¢62)- 


These measurements gave the value axK79 = (1 
22023)exo1 0m ain agreement with the value obtained 
by us previously and with the multipolarity as- 
cribed to this transition. The conversion coeffi- 
cient for the 840-kev transition was not specifically 
determined, but, by using the available experimental 
data, we could estimate it to be ~ 2 x 107°, which 

is also in agreement with the previously! reported 
value (1.6 + 0.6) x 107° and corresponds to the 
multipole orders M1, E2, or a mixture of both. 


BETA SPECTRUM 


The 6B spectrum was measured on a two-lens 
B spectrometer with a source thickness of 
1 mg/cm’, resolving power of ~ 4%, and a trans- 
mission of ~5%. A Fermi plot was made of the 
spectrum and the partial 6 spectra were separated 
(Fig. 3). In subtracting the hardest spectrum 
(Emax = 2460 kev), which was a unique spectrum 
(AJ = 2, yes ve we introduced a correction factor 
of the form 


a,(W) = (W? 


i 


The spectrum was not resolved in the soft-energy 
region (< 300 kev). The shape of the spectrum in 
this region indicates the existence of a component 
with Emax © 200 kev. This was confirmed by 
measurements based on the By-coincidence 
method. All the data on the Te’*! 8 spectra are 
shown in Table III. In this table, the energies of 
the soft components are taken from the measure- 
ments of the partial 6 spectra by the By-coinci- 
dence method. Apart from the 8 spectra shown 
in Table III, we observed a spectrum with Emax 
= 690 + 40 kev and intensity ~ 6.5% of the full 
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Table III 


B spectra of Te’! 


ee ee SSS 


Relative intensity, % 5 

E Bmax, Full B-spectra of | B spectra of log fi 

| | isomer with isomer with 

kev B spectrum T1,=25 min | ¢ T1/,=30 hr 
245710 3.162204 = 3.76+0.4 9.45 
215020 Tats ecs) 42.34 — 6.81 
168050 | Szz0RG, GezeeZ = 6. 30 
136525 7.67+0.8 ZA aetteel — 5.04 
57030 30.93 —_ AO) Gab) 6,19 

420+30 43.444 _- 43.444 Deo 

P| ae) ale — 3.6 5269 


spectra. It can be assumed that it is associated 


with the decay of Te'?’, a small admixture of which 


could have been contained in our sample. An in- 
tensive B spectrum with Emax = 695 kev is 
emitted in the decay of Te!?".4 The 6 spectrum 
with Emax = 980 reported by Hebb” was not dis- 
closed by our measurements. The intensities of 
the partial spectra which we obtained were also 
somewhat different from that given by Hebb.’ 


By AND ye” COINCIDENCES 


Measurements of By and ye’ coincidences 
were carried out on an arrangement consisting of 
a two-lens 8 spectrometer and a scintillation y 
spectrometer connected in a coincidence circuit. 
This arrangement has already been described in 
detail.°»> In our work, we used a commercial co- 
incidence circuit of type BDS-1, a preamplifier of 
an improved type, and a new high-voltage stabili- 


(uf) 


10 


500 7000 600 2000 


zer, which kept the supply voltage of the photomul- 
tipliers in the B and y channels constant to within 
0.06%. In the y channel, we used a Nal (TI) 
crystal 40 mm in diameter and 40 mm thick. The 
relative half-width of the Cs" y lines was 11%. 
In the 8 channel, we used an anthracene crystal 
15 mm in diameter and 2 mm thick. The radioac- 
tive source had the shape of a circle 8 —12 mm in 
diameter and 2—3 mg/cm’ thick. The resolving 
power of the B spectrometer was then ~ 4% with 
a transmission of the order of 2%. All the meas- 
urements were carried out with a resolving time 
of 2r = 7x 1078 sec. Under these conditions, the 
relative counting efficiency attained 80%. To sep- 
arate the partial B spectra, the differential window 
of the B-channel analyzer was set on the photopeak 
of the y line under study and the number of By 
coincidences was measured as a function of the 
energy of the electrons focused by the B spectro- 
meter. From the corresponding Fermi plot, we 
obtained the values of the maximum energies of 
the 8 spectra. In some cases an integral threshold 
was used in the § channel. 

All the obtained results are shown in Table IV. 
In this table, column 1 lists the energies of the y 
lines with which the coincidences were measured. 
Also shown are the mean values of the maximum 
energies of the partial spectra which were calcu- 
lated from the values of the maximum energy ob- 
tained in the coincidences with various y quanta. 


FIG. 3. Fermi plot for 8 spectrum of Te!®!™. 
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Table IV 


By Coincidences of Te!31 
ie aa 


Ey, kev E8 max, kev 
780 1350+30] 590-430 460440 | 225440 
B01 | ¢3g0+40| 59043 420+40 | 200+44C 
990) i ais ogOzeo) 420+40 200+40 
1140 = 535+50 380+40 = 
150 580450 420+100 | 220+50 
>1300 = 6804100 | 425-425 = 
>1900 = | oes) | sveseto | oo 
| | 
Mean value of | | 
Dime’ | AsGo425 |) 157030 420:+30 | 245+15 


Shown in Fig. 4a is a Fermi plot for the B spec- 
tra in coincidence with 780-kev y lines; Fig. 4b 
shows a Fermi plot for 8 spectra in coincidence 
with y quanta whose energy exceeds 1900 kev. 


y RAYS FOLLOWING THE HARD 8 SPECTRA 
(E = 600 KEV) 


We presented previously! the results of By co- 
incidence measurements on a scintillation spectro- 
meter. It was then reported that y rays with en- 
ergies of 850, 780, 590, 450, 330, and 150 kev were 
observed in coincidences with y rays of energy 
= 600 kev. In these measurements, however, the 
contribution from coincidences was not taken into 
account. In the present experiment, similar meas- 
urements were made, in which this contribution 
was taken into account. The results are shown in 
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FIG. 4. a—Fermi plot of the spectrum of f particles in 


coincidence with 780-kev y rays; b—Fermi plot for coinci- 
dences with y rays 2 1900 kev. Here and elsewhere Ne is 


the coincidence counting rate. 
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60 Channel No. 
FIG. 5. y-ray spectrum in coincidence with B electrons of 

energy 2600 kev. 

Fig. 5. As seen from the figure, only y transitions 

with energies of 150, 450, 590 kev and possibly 

~ 900 kev take part in the coincidences. It is evi- 

dent that all the remaining y transitions proceed 

from levels that are populated as a result of soft 

B spectra. 


yy COINCIDENCES AND CONSTRUCTION OF THE 
DECAY SCHEME 


Shown in Figs. 6 and 7 are the y spectra ob- 
tained in coincidences with the hardest y rays of 
Te! Peaks from y rays of 81 and ~ 240 kev 
(Fig. 6) stand out in the spectrum of coincidences 
with all y rays of energy = 1800 kev (i.e., 1920, 
2000, and 2240 kev). The absence of a peak from 
150-kev y rays (transition from the first excited 
level) indicates that all these transitions proceed 
to the ground state of 131, Then it is natural to 
interpret the 81- and 240-kev y rays as transi- 
tions between the levels 1.92 and 2.0 Mev (80 kev) 
and 2.0 and 2.24 Mev (240 kev). During the meas- 
urements of the spectrum shown in Fig. 7, the win- 
dow of the control analyzer was set on the peak 
from the 1650-kev y rays. In comparison with the 
spectrum of Fig. 6, there are the additional peaks 
here from 100- and 330-kev y rays. In the energy 
region of 180-260 kev, a plateau is observed. 
Evidently, apart from the 240-kev peak, there is 
also a 200-kev y ray peak. The peak at 150 kev, 
as shown by an estimate, can largely be explained 
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FIG. 6. y spectrum in coincidence with y 
rays of energy 21800 kev. The dotted line 
indicates the contribution from random coin- 
cidences. 
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FIG. 7. y spectrum in coincidence with 
1650-kev y rays. The dotted line indicates 
the contribution from random coincidences. 


by the random-coincidence background. Hence, it 


is clear that the 1650-kev transition also proceeds rim : 
52 


13] 
I 


to the ground state. Transitions with energies of hyp 

100, 200, and 330 kev evidently occur between 

levels lying in the interval of 1.92—1.65 Mev. The 2 y, 

energy of the 1650-kev transition was determined 

to an accuracy of + 1 kev. A more accurate value 

of the energy of the level from which this transi- 

tion takes place can be obtained from the fact that 

the 780- and 840-kev y rays are emitted in cas- 

cade. This was demonstrated earlier!” and is con- 

firmed in the present experiment. We thus obtain 

an energy of 1.620 + 0.015 Mev for this level. 
Furthermore, yy cascades of 780-1140, 780- 

1220, and 1140-80 kev were also observed. This 

indicates that the 1140-kev and 1220-kev transi- 

tions proceed from the 1.920 + 0.20 Mev and 2.000 

+ 0.20 Mev levels, respectively. It should be noted 

that, since the energy of the 81-kev transition is 

known to an accuracy of + 0.5 kev, the difference 

in the energies of these two levels is determined 

to the same accuracy. The levels lying in the 

1.92 —1.62 Mev interval were not reliably estab- 

lished by us, since direct transitions from them to (iste 

the ground state were not observed, and the spec- 

trum of soft y quanta between them had a quite FIG. 8. Decay scheme of Te***. The energies of the levels 

complex character and could not be reliably inter- _ are given in Mev and the energies of the transitions in kev. 
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preted. Moreover, the energies of the partial 6 
transitions were not determined with sufficient 
accuracy. We also established the presence of co- 
incidences between 920- and 1080-kev y rays. 
The energy of this cascade is 2000 kev, and we 
therefore assumed that it proceeds from the 2.0 
Mev level to the ground state. Since in the resolu- 
tion of the singles y spectrum it was found that 
the intensity of the 920-key transition is greater 
than the intensity of the 1080-kev transition (see 
Table I), then this cascade evidently goes through 
the 0.920-Mev level and not through the 1.08-Mev 
level. Moreover, in the spectrum of coincidences 
with 8 electrons of energy > 600 kev (Fig. 5) there 
is an indication of the presence of a peak with 
energy ~ 900 kev which can be associated with a 
920-kev y transition following the 1360-kev 8 
transition. The position of the levels at 0.15, 0.6, 
and 0.78 Mev was established by us earlier. 

Figure 8 shows the general scheme of the decay 
of Te**! nuclei which agrees with the results of 
the measurements described above. 


DISCUSSION OF THE DECAY SCHEME. SPINS 
AND PARITIES OF THE LEVELS 


The most intensive f§ transitions of the Te 


nucleus are the § transitions of energies 420 and 


570 kev proceeding to levels that are close to 2 Mev. 


From energy considerations they should proceed 
from the isomeric state Te!**™ with the charac- 
teristic +Y,-. The values of the quantity log ft for 
68 transitions of.420, 570, and 200 kev (see Table 
Ill) indicate that these transitions are evidently 
allowed. Therefore the 2.24-, 2.0-, and 1.92-Mev 
levels (and also, possibly, other high-lying levels ) 
have high spin values, from */, to /,, and negative 
parity. Furthermore, 780-kev level has a negative 
parity, since the transition from this level to the 
ground state is of the El type. This level is pop- 
ulated almost entirely as a result of the intense y 
transitions of 840, 1140, and 1220 kev. The 6 
transitions to this level were not observed either 
from the isomeric or ground state of Te™’. This 


result can be explained only if the 780-kev level 
has a spin and parity of Pa The characteristics 
of the I'*! levels proposed on the basis of the avail- 
able experimental data (log ft for 8 transitions, 
intensities and multipole orders of y transitions) 
are also shown in Fig. 8. The ground and first ex- 
cited states of I'*! are the Z7/2 and dsj. states 
predicted by the single-particle model given in 
reference 1. The 600-kev level can also be a 
single-particle d;,.. The remaining levels appar- 
ently cannot be explained within the framework of 
the single-particle model. 

In conclusion, the authors express their grati- 
tude to M. Radoevich for aid in carrying out the 
experiments and in the analysis of the experimental 
data, to S. A. Sergeev for considerable help in 
setting up the apparatus, and to V. O. Kordyukevich 
for performing part of the radiometric work. 
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SHORT-LIVED ISOMERS OF Ga, Ge, AND As PRODUCED BY 19.2-Mev PROTONS 
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Submitted to JETP editor August 9, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 101-104 (January, 1961) 


Improved data are presented relating to the short-lived isomers previously observed when 
gallium, germanium, and arsenic were irradiated with fast protons. !” A more detailed in- 
vestigation revealed two short-lived activities in germanium, one of which is produced in the 
reaction Ge” (p; on) As and the other apparently in Ge” (p, pn) Gel™, The isomeric 
activities which followed the bombardment of gallium and arsenic were shown to result from 
Gal! (p; n)Ge"'™ and Agi (p, p’) As®™ > respectively. The energy dependence of the cross 
sections for Ga™(p, n)Ge"'™ and Ge (p, 2n) As’®™ were measured from the reaction 


threshold to 19.2 Mev. 


‘hes present experiments were stimulated by the 
fact that in earlier irradiation of gallium with fast 
protons an error in the reaction-threshold meas- 
urement led to incorrect identification of the reac- 
tion which produced a short-lived isome r.” The 
technique used in the present measurements was 
described in detail in reference 3. As in the 
earlier work, a proton beam impinging on an 
internal target was used in the measurement of 
excitation curves. Protons were counted by means 
of a current integrator connected to the target. 

Arsenic. The present investigation showed that 
the gamma emission which we had detected in 
proton-irradiated metallic arsenic” has the energy 
Ey = 0.29 + 0.01 Mev and half-life T;. = 15.6 
+ 0.4 millisec, in good agreement with our earlier 
results.” The excitation curve of the isomeric 
activity was measured using a thick arsenic target. 
Figure 1 shows that the isomeric level is excited 
by protons with Ep = 2 Mev. This result, as well 
as the good agreement with the corresponding data 
for As®™ from arsenic irradiated with 22-Mev 
gamma rays‘ (Ey = 284 +5 kev and Tyj. = 17 
+ 1 millisec), confirms our earlier identification of 
the reaction as As™(p, p’) As/®™ 2 

Gallium. In the investigation of short-lived 
gamma rays from metallic gallium bombarded 
with fast protons we improved our earlier data for 
the isomer,’ obtaining Ey = 0.18 + 0.01 Mev and 
Ti. = 19.4 + 0.4 millisec (instead of Ky = 0.19 
+ 0.01 Mev and Ti = 19.0 + 1.0 millisec). Ex- 
periments with enriched gallium isotopes con- 
firmed the fact that this isomer is produced 
through a reaction in Ga", Figure 2 represents 
the measurement of the cross section for the 
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FIG. 1. Yield of short-lived isomer As7°™ (from a thick ar- 
senic target) as a function of proton energy. Statistical errors 
are indicated. The background from a neutral (carbon) target 
was taken into account. The pulse-height analyzer had a 10- 
volt channel width; the photomultiplier gate of length 7 = 55 
millisec was delayed 3.7 millisec following the start of the 
proton pulse. The isomer yield at the reaction threshold is also 
shown on a larger scale. 


production of this isomer as a function of proton 
energy. The shape of the curve and the measured 
reaction threshold (below 2 Mev) indicate the 
reaction Ga" (p, n)Gem_ Numerous measure- 
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FIG. 2. Cross section (in millibarns) for Ge”'™ production 
as a function of proton energy. The target was gallium oxide 
with 24.7 mg/cm? surface density. The black and open circles 
represent measurements on different days. The rms errors were 
calculated from the formula for the reaction threshold given in 
reference 3. 
ments yielded oy, = 50 + 6 mb for the production 
of the isomer by 19.2-Mev protons. 

The decay scheme of Ge" is known. Transi- 
tion energies of ~ 23 and ~ 175 kev in the decay 
of As™ have been reported in references 5 and 6. 
It was established that the two lines are in cascade 
and belong to Ge"!. Both groups of investigators 
have proposed a decay scheme for Ge"! on the 
basis of shell theory, 6 -decay theory, and data 
from other authors. The more likely scheme, in 
our opinion, is given in reference 6: 


23,3 keV 174,5 keV 
5/2 M2 I, E2 ® Pr), 


The lifetime of the f5,. level is ~ 0.07 x 10° sec.* 


No measurements were obtained for the lifetime 
of the gyn — f5/2 transition, although ~ 10° sec 
was the expected value.® In the different decay 
scheme given in reference 5, spin and parity Uf 
are assigned to the 198-kev level, in conjunction 
with a "4*— 4 electric dipole transition. We 
have estimated < 107!! sec for the lifetime of a 
~ 23-kev E1 radiative transition. 

A comparison of the short-lived emitted 
energy which we observed in Ge" decay with the 
data in references 5 and 6 indicates clearly that 
Tyj2 = 19.4 millisec pertains to a ~ 198-kev level. 
Our value Ey = 0.18 Mev agrees with the value 
~ 175 kev given in references 5 and 6. Low-energy 
emission (~ 23 kev) was not registered by our 
apparatus. We note that the theoretical® internal 
conversion coefficient for an M2 transition at 
~23 kev is ~ 500. 


PRODUCED BY 19.2-Mev PROTONS (es) 
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FIG. 3. Cross section (in 
millibarns) for As”™ produc- 
tion as a function of proton 
energy, from a 28.1-mg/cm? 
germanium oxide target. 


A 0.17-Mev emission with half-life 16 + 1 
millisec was also observed when germanium was 
bombarded with 14-Mev neutrons.’ The cross 
section (~ 0.3 barn) for isomer production in 
this case indicated the highest likelihood of a 
(n, 2n) reaction, and that this reaction cannot 
occur in Ge and Ge". Assuming that the radia- 
tion which we had previously observed! in proton- 
bombarded gallium and the radiation from neutron- 
bombarded germanium belong to the same isomer, 
and assuming also that the level scheme of Ge" 
includes a 0.17-Mev state, it was suggested in 
reference 7 that Ge"!™ had most probably been 
detected. 

Germanium. When metallic germanium was 
irradiated we observed not one,” but two y lines 
with Ey, = 0.17 + 0.01 Mev and Ey, = 0.30 
+ 0.01 Mev, and with half-lives 19.2 millisec and 
16.3 + 0.3 millisec, respectively. It has been 
shown in our earlier work that the 0.30-Mev line 
with 16-millisec half-life belongs to As?™ from 
Ge"®(p, 2n)As™ 2 This identification is con- 
firmed by the shape of the curve (Fig. 3) repre- 
senting our measurements of the production cross 
section for this isomer as a function of proton 
energy. The computed threshold for 
Ge’ (p, 2n) As? is ~ 9.2 Mev. 

Several measurements yielded om = 6.35 
+ 60 mb for the production of As®™ py 19.2-Mev 
protons. 

The good agreement between the results Ey, 
= 0.17 Mev and T;, = 19.2 millisec from proton- 


74 AVE VE OROIZiOng 
ON See 8 a ae ee ee 
Yield 
: Cross from 
Tar- Gamma-ray Half-life, section, thick Reaction 
get | energy, Mev millisec mb target, 
| rel, un 
Ga 0.18+0.01 19.4+0.4 5046 2 Ga"! (p, n) Ge’!™ 
0.4740.01 19.2 — | <= Ge (oy prjtGel™ 
Ge | ) 0.300.041 16.340.3 | 635+60 2. Gel (2, anaes 
z8 “ 
As | 0.29+0.01 15.640.4 | — 0,2 As? (pi opas 


irradiated germanium, and the emission that we 
observed in gallium (Ey = 0.18 Mev, Ti, = 19.4 
millisec) and which we identified as belonging to 
Ge"™) suggests that in proton-irradiated 
germanium in addition to As®™ an isomer of 


Ge" is formed [Ge” (p, pn)Geo” with the com- 
puted reaction threshold ~ 11.2 Mey]. 

We also measured the yields of isomeric ac- 
tivities in thick targets of gallium (Ey = 0.18 Mev), 
germanium (Ey = 0.30 Mev), and arsenic (Ey 
= 0.29 Mev), irradiated with 19.2-Mev protons. 
These yields were, as previously, compared with 
that of the short-lived isomeric activity (Ey 
= 0.37 Mev) from a thick tantalum target.° 

The results of the present investigation are 
given in the table. 

In conclusion the author wishes to thank P. A. 
Yampol’skiifora discussion of the results, A. P. 
Klyucharev for substantial assistance, and V. V. 
Remaev for aid in measuring cross sections. 


‘ Leipunskii, Morozov, Makarov, and 
Yampol’skiil, JETP 32, 393 (1957), Soviet Phys. 
JETP 5, 305 (1957). 

2A. M. Morozov and P. A. Yampol’skiY, JETP 
36, 950 (1959), Soviet Phys. JETP 9, 671 (1959). 

3 Morozov, Remaev, and Yampol’skii, JETP 39, 
973 (1960), Soviet Phys. JETP 12, 674 (1961). 

*R. B. Duffield and S. H. Vegors, Phys. Rev. 
112, 1958 (1958). 

°W. E. Graves and A. C. G. Mitchell, Phys. 
Rev. 97, 1033 (1955). 

® Thulin, Moreau, and Atterling, Arkiv Fysik 8, 
219 (1954). 

"Glagolev, Kovrizhnykh, Makarov, and 
Yampol’skii, Report, Inst. Chem. Phys. Acad. Sci. 
U.S.S.R., 1958; JETP 36, 1046 (1959), Soviet Phys. 
JETP 9, 742 (1959). 
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MODIFICATIONS OF BERYLLIUM AND IRON IN FILMS CONDENSED ONTO COLD 
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Submitted to JETP editor August 10, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 105-108 (January, 1961) 


A study has been made of the variation with temperature of the electrical resistance of films 
of beryllium, iron, and copper, condensed onto substrates cooled with liquid helium, hydrogen, 
or nitrogen. In the beryllium films the existence of two low-temperature modifications, ob- 
tained under differing conditions of condensation, was discovered. One of these modifications 
becomes superconducting at ~ 8°K and exists over the temperature region up to ~ 40°K; the 


other becomes superconducting at ~ 6°K and is stable up to at least 130°K. 


In the iron films 


a polymorphic transition is found at a temperature of ~ 40°K. No polymorphic transitions 


are observed in copper films. 


|r is well known at the present time that certain 
metals, at least bismuth and beryllium, are not 
superconductors in the bulk state (down to 107K), 
while in films produced by low-temperature con- 
densation they do show superconductivity, at rela- 
tively high temperatures (bismuth films, at 

~ 6° K!*2, beryllium films, at ~ 8° Key 

In the present communication the results are 
presented of a further study of the superconducting 
properties and the temperature dependence for 
beryllium films, in connection with the question of 
the occurrence in them of new modifications. 

In view of the data appearing in the literature 
concerning the possibility of low-temperature 
polymorphism in iron,’ the electrical conductivity 
of films of this metal was also studied. Films of 
copper — a metal which has no low temperature 
modifications — were also investigated by the 
same method. 

Production of the films and measurements of 
their electrical conductivity were carried out in 
the apparatus represented schematically in Fig. 1. 
The glass capsule 9 was evacuated to a pressure of 
10°’ mm Hg, and pumping was continued with heat- 
ing at this pressure for several hours; following 
this, the capsule was sealed off and placed in the 
helium cryostat. During evaporation of the metal 
to be studied the capsule was immersed in liquid 
helium. Below 4.2°K the temperature was con- 
trolled by helium vapor pumping, while for produc- 
tion of temperatures above 4.2° a jacket 1 in the 
form of a Dewar vessel was lowered over the cap- 
sule, whereupon the desired temperature was 
established within it with the aid of the heater 4. 
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FIG. 1. Apparatus for production of films and measurement 
of their electrical conductivity: 1—jacket in the form of a 
Dewar vessel; 2—platinum leads from film; 3—resistance 
thermometer; 4—heater; 5—polished glass surface onto which 
the film is condensed; 6—mask defining the form chosen for 
the film; 7—charge of metal to be evaporated; 8 — platinum 
leads for the evaporator; 9—glass capsule; 10—sleeve for 
centering capsule in cryostat. 


Warming of the films was usually conducted at 
a rate of 2 deg/min. From 4.2 to 300°K the tem- 
perature was measured with the platinum or in- 
dium resistance thermometer 3, while from 4.2 to 
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FIG. 2. Curve showing 


| | dependence of critical cur- 
20 — : 


rent upon temperature for 
one of the films. 


1.23°K, it was determined from the vapor pressure 
of the helium bath. The electrical resistance of 
the thermometer and of the films was measured 

on a PPTN-1 potentiometer. 

For destruction of superconductivity in 
beryllium films by current, the capsule could be 
filled with liquid helium subsequent to the deposi- 
tion of the film. 

In a previous paper* it was reported that 
beryllium films produced by low temperature 
condensation have a polymorphic transition at 
~30°K. The films were obtained by rapid evap- 
oration (evaporation time ~ 10 sec, temperature 
of the beryllium charge ~ 1500°C) onto a sub- 
strate cooled by liquid helium, and had a sharply- 
defined superconducting transition in the vicinity 
of 8 — 9°K. The same transition temperature is 
obtained by extrapolation of the curve showing the 
temperature dependence of the critical current 
(Fig. 2). The superconducting modification is 
preserved under heating to ~30°K. The region 
over which it exists is characterized by a hori- 
zontal segment in the curve showing the tempera- 
ture variation of the electrical conductivity of the 
film, in the range from 8.5 to 30°K. Films heated 
to this temperature show, upon re-cooling, the 
same properties as freshly-condensed ones — the 
same complete superconducting transition is 
present in the same temperature region. 

Heating of the films to 60° K leads to the dis- 
appearance of the superconducting modification, 
and this limiting heating temperature falls some- 
what with increasing annealing time. 

Films produced by condensation onto a sub- 
strate cooled with liquid hydrogen, following the 
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FIG. 3. Variation of electrical resistance with temperature 
for a beryllium film produced by slow condensation at low tem- 
perature: curve 1—for the film after deposition; curve 2-— for 


a film maintained at room temperature 360 hours. 
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FIG. 4. Variation of electrical resistance with tempera- 
ture for two beryllium films produced by slow condensation 
onto a surface cooled by liquid helium: 1 —initial curves; 
2 and 2’ — after heating to 80° K; 3 and 3’— following anneal- 
ing at 290° K for 1 hr. Left-hand resistance scale refers to 
curves 1, 2, 3; right-hand, to curves 1, 2’, 3’. 


same evaporation process, behave in a similar 
fashion. 

It has recently become known that the mech- 
anisms of evaporation of beryllium from the solid 
and liquid states are different.’ While the beryl- 
lium evaporates primarily from the solid phase in 
the form of diatomic molecules, evaporation from 
the liquid phase proceeds chiefly in the atomic 
state. It was expected that condensation of vapor 
existing in such different states would influence 
the state of the films produced. A difference in 
the properties of films formed by slow evaporation 
(from the solid state) and films produced by rapid 
evaporation (from molten charges) is in fact 
observed. 

Evaporation from solid beryllium (evaporation 
time ~ 1000 sec, charge temperature ~ 900°C) 
produces films that possess, in all probability, 
still another superconducting modification. The 
superconducting transition for these films (curve 
1, Fig. 3) is smeared out over the region from 
6°K on down. This second superconducting modi- 


FIG. 5. Variation of elec- 
trical resistance with tempera- 
ture for an iron film produced 
by condensation onto a surface 
cooled by liquid helium. 
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FIG. 6. Variation of 
electrical resistance with 
temperature for a copper 
film produced by low tem- 
perature condensation. 
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fication is stable to more elevated temperatures. 
Heating of the films to 130° K leads to no change in 


the second superconducting modification — the same 


fall in resistance below 6° K persists upon re- 
cooling. Moreover, the second superconducting 
modification can be obtained by slow evaporation 
onto a substrate cooled with liquid nitrogen. The 
temperature dependence of the electrical conduc- 
tivity for films produced in this fashion is also 
shown in Fig. 3. After annealing at room tempera- 
ture for 360 hrs. the film, on re-cooling still has 

a pronounced drop in electrical resistance below 
o°K (curve 2). 

Evaporation from the solid phase of beryllium 
onto a substrate cooled by liquid helium (Fig. 4) 
evidently leads to a mixture of the two supercon- 
ducting beryllium modifications. The first super- 
conducting modification has a sharp superconduc- 
ting transition at ~ 8.4°K (curves land 1’). This 
modification exists up to 30°K, while heating to 60° 
leads to its complete disappearance. Before 
annealing, the first modification, which becomes 
superconducting at the higher temperature 
(~ 8.4°K), apparently shunts the second modifica- 
tion, with the lower superconducting transition 
temperature (~6°K). The second modification 
is revealed following warming of the film to 60°K 
and subsequent cooling (curves 2 and 2’, Fig. 4). 
It is preserved when the film is maintained for as 
long as may be desired at a temperature of 130°K. 
Further, the second modification survives briefly 
(1—2 hrs) heating to room temperature (curves 
3 and 3’). To be sure, this modification is consid- 
erably more stable when condensed slowly onto a 
wall cooled by liquid nitrogen (Fig. 3). 

Analysis of curves showing the temperature 
dependence of the electrical conductivity is, evi- 
dently, a sensitive method for detection of poly- 
morphism in metals. This circumstance can 
clearly be regarded at present as definitely 
established. 

In a series of experiments, low temperature 
polymorphism has been found by the present 
method in bismuth,’ beryllium,?” gallium,” 
lithium, sodium, and potassium.® In bismuth, 
beryllium, and gallium, the existence of the new 


UG 


phases is further confirmed by their superconduc- 
tivity. It is of interest that for bismuth there 
probably occurs in the film one of the modifications 
which exists at high pressures. This is evidently 
also the case for gallium; the same situation should 
be looked for in beryllium as well. 

It seemed of interest also to investigate iron, 
for which, according to the data available,’ the 
existence of a low temperature modification is 
possible. A curve showing the variation of elec- 
trical resistance with temperature for one of the 
iron films studied is presented in Fig. 5. This 
film was condensed onto a substrate cooled by 
liquid helium (evaporation time ~ 2 hr). 

In the vicinity of 40° K there occurs a sharply- 
defined, irreversible drop in the electrical resis- 
tance. It appears that in iron there is indeed a low 
temperature modification produced which is stable 
up to 40°K. We should remark that superconduc- 
tivity was not detected in any of the eleven films 
studied. 

For comparison, we present the R(T) curve 
(Fig. 6) obtained for a copper film condensed at 
4.2°K. No low temperature modifications have 
been found for this metal’. The curves are 
monotonic; they have none of the characteristic 
features typical of such curves for metals which 
possess new modifications in freshly-condensed 
films. Thus, low temperature modifications in 
freshly-condensed films have been observed for a 
whole series of metals: two in gallium, two in 
beryllium, one in bismuth, one in iron, and two 
each in sodium, lithium, and potassium. 

'N. V. ZavaritskiY, Dokl. Akad. Nauk SSSR 86, 
687 (1952). 

2W. Buckel and R. Hilsch, Z. Physik. 138, 109, 
136 (1954); F. Baumann, Nachr. Akad. Wiss. 
Gottingen, Math-physik KI. Ila 15, 285 (1956). 

3 Lazarev, Sudovtsov, and Smirnov, JETP 33, 
1059 (1957), Soviet Phys. JETP 6, 816 (1958). 

4 Lazarev, Sudovtsov, and Semenenko, JETP 37, 
1461 (1959), Soviet Phys. JETP 37, 1035 (1960). 

> Mikhailov, Nikulin, Reinov, and Smirnov, J. 
Tech. Phys. (U.S.S.R.) 29, 931 (1959), Soviet Phys.- 
Tech. Phys. 4, 844 (1960). 

6 A. J, Shal’nikov, Nature 142, 74 (1938); JETP 
10, 630 (1940). N. E. Alekseevskil, Dokl. Akad. 
Nauk SSSR 24, 27 (1939); JETP 10, 1392 (1940). 

™Amonenko, Ryabchikov, Tikhinskii, and Finkel’, 
Dokl. Akad. Nauk SSSR 128, 977 (1959). 

8 Lazarev, Semenenko, and Sudovtsov, JETP 39, 
1165 (1960), Soviet Phys. JETP 12, 811 (1961). 

9. Feldtkeller, Z. Physik 157, 65 (1959). 
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Polarization of the nuclei of the radiactive isotopes Au!®9, Tr? pie Re!® and vt 
alloyed with iron was studied at ultra-low temperatures. The magnetic field acting on the 
nuclei of the isotope mixture was Heff = 2 x 10° oe for Any Hep = 10° oe for Re’, 
and Heff ~ 10° oe for Ir!®. No polarization was found in the Ir'*'™ isomer produced as a 
result of B decay of Os'®!™ introduced in the iron or in V*® in an alloy containing iron and 
2% titanium. The comparatively small value of Heff for Re! may be due to the large dis- 
orientation of the nuclei during the 8 transition. The increase in the value of Heff with the 


atomic number of the weakly magnetic mixture is in qualitative agreement with the theory 


proposed by Marshall. 


‘Tae method proposed by Samoilov, Sklyarevskii, 
and Stepanov! for orienting nuclei of weakly mag- 
netic elements alloyed with ferromagnetics opens 
new possibilities for carrying out investigations 
with oriented nuclei. 

The nature of the large magnetic fields acting 
on the nuclei of weakly magnetic elements is still 
not entirely clear. 

The only theoretical work deveoted to the ques- 
tion of the production of internal fields in metallic 
ferromagnetics, that of Marshall,’ is only qualita- 
tive in character. As shown by that author, in gen- 
eral, both the conduction electrons and the atomic 
shell play a role in the production of this field; its 
value also depends on the type of lattice of the 
alloy. Recently, Khutsishvili? showed that at suf- 
ficiently low temperatures one may expect an es- 
sential orientation of nuclei and ions in the lattice 
of a dielectric antiferromagnetic. 

Thus far, there are not very many experimental 
data on the orientation of nuclei in ferromagnet- 
ics*' and, apart from the work of Samoilov, 
Sklyarevskii, and Stepanov,'®)® they deal with the 
question of the size of the internal field in ions of 
cobalt in cobalt single crystals and its various 
alloys. 

In the present article, we present the results 
obtained from the orientation of Au!®, [r!82, [,191m_ 
Re! and Vv“ alloyed with iron. The first results 
for Sc® and Co® and the experimental method 
are described in a previous report. !° 

The study of the anisotropy of y radiation of 
oriented nuclei allows one to obtain data on the 
value of wHeff, where p is the magnetic moment 


of the nucleus and He ff is the effective magnetic 
field producing the orientation of the nucleus in 
the alloy. 

However, for all the isotopes investigated in 
the present work, apart from v‘8, the effect of the 
B transition on the anisotropy following y radia- 
tion cannot be calculated in a single-valued way. 

The temperature dependence of the anisotropy 
of the y radiation was calculated without taking 
into account the preceding f transition. 

The quantity 6 = wHeff/IkT, where pu and I are 
the magnetic moment and spin of the nucleus, k is 
Boltzmann’s constant, and T is the absolute tem- 
perature, serves as the temperature parameter. 
From the experimental dependence Ve = f ( 1) at 
a given source temperature, we determined the 
quantity «= [J(7/2) — J(0)]/(7/2), and then, 
from the calculated curve, the value of B. In order 
to find Heff, we inserted in the expression for B 
the value of the gyromagnetic ratio for the initial 
B active nucleus. Such a calculation does not take 
into account the fact that the nuclei are partially 
disoriented after the B decay, and the degree of 
orientation of the initial nuclei can be greater than 
the calculated value. Of course, the estimate of 
the value of Heff obtained in this way is only the 
lower limit of the quantity we are seeking. 


Au? 


Au’® is the daughter nucleus of the Pt!®® op- 
tained by neutron irradiation of Pt!®8, Alloy sam- 
ples with a 0.7% platinum content (by weight) were 
irradiated by neutrons and annealed in vacuo for 
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two days after irradiation, in which time the pt! 
isotope is almost entirely transformed into Au}. 
The polarization of the Au! nuclei was measured 
from the anisotropy of the 158-kev y radiation. 
The part of the decay scheme of interest to us is 
shown in Fig. 1. A plot of Ve vs the reciprocal of 
the temperature of the cooling salt is shown on the 
same figure. 
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Since the magnetic moment of the Au’*? nucleus 


is known [yu = 0.24 nuclear magnetons (n.m.) ], 

the analysis of the experimental data leads toa 
value Herff = 2 x 10° oe. The value Hef = 10° oe 
obtained for the Au!®® isotope by Samoilov et al.! 

is in agreement with our value of Heff. The pres- 
ence of a level of Hg!*? with a lifetime of ~10~*sec 
in the decay scheme of Au'®? does not lead to any 
essential disorientation of the nuclei. 


Ir!?2 


The iron-iridium alloy samples contained less 
than 0.2% iridium by weight. The anisotropy of the 
y radiation was measured after the decay of the 
i. isotope. 

Figure 2 shows the basic decay scheme of Ir 
and a plot of Vé vs 1/T. The value of € attained 
40%. We note that the 537-kev # transition is 
unique and its effect on the anisotropy of the sub- 
sequent y radiation can be evaluated. However, 
the cascade y transitions with energies 308 and 
296 kev are mixtures, and small errors in deter- 
mining the mixture coefficients lead to consider- 
able errors in the calculation of the y-radiation 
anisotropy. Therefore in order to determine the 
internal field, we used the 468-kev y transition 
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following the 673-kev B transition. As in the case 
of the Au'®? nucleus, we determined only the lower 
limit of the quantity pHegf: 


ph FT ete = Lo KO erg. 


The value of » for Ir”? was not determined 


experimentally, and there were not sufficiently 
complete data for calculating the magnetic moment 
from the formulas of the nuclear shell theory. It 
is evident that Heff ~ 10° oe for Ir!*, since there 
is no basis to expect values of » greater than a 
few nuclear magnetons. 


Ir!9im 


The Ir!™ isomer with an excitation energy of 
171 kev and half-life period of 6.9 sec is obtained 
from the B decay of Os!!, 

The decay scheme Os!*! — Ir!®! is shown in 
Fig. 3. The sample of the alloy of iron with 0.5% 
osmium was prepared in the same way as the pre- 
vious samples. After the decay of Os!*3, we in- 
vestigated the anisotropy of the 129-kev y radia- 
tion. One can expect considerable anisotropy for 
this y radiation, since the internal field in iridium 


is sufficiently large and the value of p for Ir'#!™ 
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estimated from Schmidt’s curve is ~5 n.m. In the 
experiment, however, it turned out that | € | < 0.3%. 
It can be assumed that the absence of an anisotropy 
in the given case is connected with a mixture of 
transitions of the M1 and E2 type. However, our 
experiments on the measurement of the plane po- 
larization of the 129-kev radiation indicates the 
absence of the effect within the limits of 3%. It is 
clear that the Ir!®!™ nucleus in an alloy with iron 
is practically unoriented. 


Re!86 

Samples of the alloy with Re” were prepared 
by the usual method. The Re content in the alloy 
did not exceed 0.2%. The decay scheme of Re!’ 
and the plot of Ve vs T~! is shown in Fig. 4. We 
obtained the value pHeff = 2 x 1078 erg. The mag- 
netic moment of Re! can be calculated from the 
formulas of the nuclear shell model: pp ~ 2 mn. 
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Thus, Heff = 2 x 10° oe for Re!®, 
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The orientation of the V** nucleus is of interest 
in investigating the question of the conservation of 
combined parity in B decay. The V** was intro- 
duced into the iron together with metallic titanium, 
from which it was obtained by means of the (d, n) 
reaction. The titanium content in the alloy did not 
exceed 2% and the V*® content was minute. We in- 
vestigated the anisotropy for 1320- and 990-kev 
y transitions. The effect did not exceed 0.7%. If 
we estimate the magnetic moment of V“® from the 


formulas of the nuclear shell model, we obtain 
Heff = 50,000 oe, while in the field of the V*** ion 
Heff ~ 250,000 oe. It is not excluded that the pres- 
ence of titanium in the alloy has some effect on the 
effective magnetic field. We note, however, that 
the solubility of titanium and vanadium in iron is 
quite high. In the experiments with Au’?*, the 
presence of an ~ 0.7% admixture of platinum did 
not lead to any essential effect on the orientation 
of the Au!®® nucleus. It is more likely that the in- 
ternal field in the metal is essentially different 
from the field in vanadium sulfate. It is possible 
that there is also a partial compensation of the ef- 
fective field component associated with the atomic 
shell and conduction electrons. This possibility 
follows from the work of Marshall.” 

The authors express their profound gratitude to 
S. Ya. Nikitin for supplying the v*® radioactive 
isotope, to A. Z. Dolginov for discussion of the re- 
sults, and to D. A. Varshalovich for-aid in the cal- 
culation of the magnetic moments of the radioactive 
nuclei. 
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To determine the integral of a vector function in Riemannian geometry, and a vector field 
corresponding to a displacement of the origin of coordinates, a geometric operation of 
6c“ * ’ C a : 

harmonic’? translation of the vector is introduced, which is defined in a unique manner by 


means of the first-order generally-covariant linear differential equations (13). The covari- 
ant vector components do not change during harmonic translation in a harmonic coordinate 
system, and this enables one to integrate the vectors by components. Therefore the energy- 
momentum vector, energy-momentum pseudotensor, energy density, and Hamiltonian of the 
system should be computed in a harmonic system. For the canonical energy-momentum 
tensor a unique expression is obtained which goes over to the Landau-Lifshitz pseudotensor 


after symmetrization. 
1. STATEMENT OF THE PROBLEM 


‘Two points are unclear from a mathematical 
point of view about conservation laws in the gen- 
eral theory of relativity: 

1. The definition of an integral over a vector 
function. In the energy-momentum vector of a 
system! 


jy \ tS» (1) 


the expression under the integral is a vector. 
However, the operation of addition of two vectors 
at different points in space is not defined.’ It is 
true that the generalized Stokes theorem? is 
treated in differential geometry; however, the inte- 
grand in the generalized Stokes theorem is a scalar 
(skewsymmetric differential form). 

2. The conservation laws are a consequence of 
invariance under a continuous group of coordinate 
transformations — displacements or rotations.‘ 


If 6w) are the parameters of an element of this 
group in the neighborhood of unity, then the corre- 


sponding coordinate transformation has the form? 
dx’ = E(x) = xj (x) 607, (2) 


however, it is not defined which functions ¢! (x) 
correspond to displacements. 

Integrals of type (1) arise in the general theory 
of relativity in investigations of the conservation 


laws. If tk is the energy-momentum pseudotensor, 


and the summation (integration) is carried out 
component-wise, while the coordinates are 

Euclidean at infinity, then the integral does not 
depend on the coordinate system. Similarly, if 
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the quantities £i tend to become constant as x@ 
— ©, the integrals of the different energy- 
momentum tensors generated by (2) agree with 
each other. However, it is an unsatisfactory sit- 
uation when mathematical operations are used 
which are not defined, and which acquire meaning 
only through the physical nature of the integrand. 
In our opinion the definitions of the integral and of 
the displacement are purely geometrical ones, 
and should be given independently of the physical 
content of the problem. 

There are two points of view about this possi- 
bility: a) a covariant definition of the integral and 
the displacement is possible in the general theory 
of relativity, b) a generally covariant definition of 
the integral does not exist ina Riemannian space. 
In the present work we develop the first point of 
view for an isolated mass distribution, when the 
metric becomes Euclidean at infinity. 


2. FREE-VECTOR FIELDS 


In arbitrary curvilinear coordinates only vec- 
tors defined at the same point can be added. 
Therefore before performing the integration, all 
vectors must be transferred to one point, which we 
shall call the observation point xo. It is then 
natural to define the integral by 


PACAP \aP; aca \t (x, %,)dSp. (3) 


The integration in (3) is to be carried out over the 
points with coordinates x. 

Consequently we must define an operation of 
transfer of a vector, which we shall call ‘*harmonic’’ 
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translation,* and which has the following proper- 
ties: 1) The ‘“‘harmonic”’ translation is unique and 
consequently must not depend on the path; 2) it is 
defined by a generally covariant linear differential 
equation of first order; 3) In Euclidean space the 
‘‘harmonic’’ translation is identical with the usual 
parallel transport. 

An arbitrary vector Pj(x)) which is given at 
some point can be transferred to any other point 
with the help of the harmonic translation. It thus 
defines a vector field Pj(x): 


P; (x) = CP; (xo), (4) 


where C denotes the operator of harmonic trans- 
lation. Thus condition 1) implies the existence of 
the vector field (4), which we may call a field of 
free-vectors. ; 

We now turn to Eq. (2). By the é!(x) in (2) we 
now mean a vector field that satisfies the following 
conditions: (a) £1 (x, x9) is a unique function of 
two points, the field point x, and the point x) from 
which the translation originated; (b) in Euclidean 
space the vectors Ge (x) are parallel to each 
other. Clearly these conditions are satisfied by 
the field 


&’ (x) = CE! (xo). (5) 


Thus both problems posed in Sec. 1 have been re- 
duced to a single geometric problem, that of find- 


ing the harmonic translation. 
The harmonic translation must be defined 


uniquely, at least in topologically Euclidean 
spaces. It should be stressed that the harmonic 
translation differs from the parallel transport (TI 
transport), which is defined by somewhat different 
conditions: a) IJ transport conserves the scalar 
product 


I (P;Q’) = (IEPs) (11Q°); (6) 


b) In Euclidean space the II transport is the usual 
parallel transport. 


3. DEFINITION OF HARMONIC TRANSLATION 


Consider first Euclidean space and introduce a 
Cartesian coordinate system. In this case the 
free vector clearly has constant components: 


OP* (x)/dx" =0; s,k=0, 1, 2,3. (7) 


Equation (7) is of first order; therefore it is 
natural to demand that in the general case the 
harmonic translation also be defined by differen- 
tial equations of first order. These equations 
must be linear: if ¢} and £} are two vector fields 


*This nomenclature was suggested by V. A. Fock. 


corresponding to a displacement of the origin, 
then the sum of these fields must correspond to a 
displacement of the origin by the vector £}(x)) 
+ ¢}(x ). The requirement of linearity also fol- 
lows from the linearity of the operation of inte- 
gration. 

In curvilinear coordinates in pseudo-Euclidean 
space, Eq. (7) takes the form 


VP (x) =0, (8) 


where V;, denotes the covariant derivative. PS (x) 
is obtained by integrating Eq. (8); to do this, boun- 
dary conditions must be imposed, namely bounded- 
ness at infinity. 

Let us study Eq. (8) in Riemannian geometry. 
Since the indices k and s are independent, Eq. (8) 
constitutes 16 conditions. If (8) is fulfilled, the 
curvature tensor vanishes because of the non- 
commutation of the covariant derivatives, 


(VeV;5 — VeVi) P:(x) = RinsPa =O, (9) 


In the general theory of relativity condition (8) 
must therefore be replaced by weaker ones, 
which can be fulfilled even when Riks = 0. 

From the second-rank tensor V,,Pj one can 
construct the invariant 


C= V,P* =divP (10) 


and introduce the symmetric and skewsymmetric 


parts 
Ein = VePi+ ViPr, in = VaPi — ViPr. (11) 


Thus the following generally covariant condi- 
tions can be imposed on the vector field Pj (x): 


E;, = 0 (10 conditions ). (12) 


These conditions have been investigated by Fock.° 
They can be fulfilled only in spaces of constant 
curvature, VsR = 0, and therefore must be rejected. 


€=0, nx=0 (7 conditions ). (13) 


These conditions can be fulfilled for arbitrary 


Riks: The solution of Eq. (13) is 
Pr= Vap = 0/dx*; Qo =0. (14) 
At the point x) we must have 
< sn, = Pa (to) (15) 
in order that 
Pp (x) = CP (x9). (16) 


To calculate the integral (1) one must translate 
the integrand harmonically from the field point to 
the point x). Hence Eq. (14) must be integrated 
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for every field point x. This is a rather cumber- 
some operation. 


In Euclidean space a vector with vanishing curl 


and divergence, and bounded at infinity, is constant. 


Therefore the requirement (2) for ‘‘harmonic’’ 
translation is also fulfilled. In Euclidean space 
the harmonic translation is identical with parallel 
transport. The definition of harmonic translation 
introduced above is feasible only if one confines 
attention to first-order linear differential condi- 
tions. 


4. A PREFERRED COORDINATE SYSTEM 


Up to this point all equations were generally 
covariant. In Euclidean space a ‘‘preferred’’ 
coordinate system exists, namely, a Galilean 
system, in which the components of a vector re- 
main unchanged during parallel transport. In this 
coordinate system addition and integration of vec- 
tors at different points can be performed compo- 
nent-wise. In the present section such a preferred 
system will be defined for spaces of arbitrary 
curvature. 

Let us find the conditions that define the class 
of coordinate systems in which the components of 
a covariant field of ‘‘free’’ vectors [in the sense 
of Eq. (13)] are constant: 


Pea) = OP; ah Pi (x5). (17) 
Consider again Eq. (14). We have 
; 1 0 Ree Fh = eS 
ju = ~ (V—gg*P,) =0, — =0, (18 
divP 119 = T= — 5 (Vee Ps) = 9, 52 (me) 
hence 


OW 2 g )/0xe— 0, Vin = 0. (19) 


Condition (19) defines the class of ‘‘harmonic”’ 
coordinate systems. ° Subject to corresponding 
boundary conditions, these systems are defined 


uniquely up to Lorentz transformations. 
We note that the components of a contravariant 


vector do not remain constant after the translation: 
P! (x) = CP! (x9) = 8° (x) Bsi(%q) P(X). (20) 


One can show that in general no coordinate sys- 
tems exist in which the contravariant components 
remain constant under harmonic translation. 

In this section we have found the ‘‘preferred”’ 
coordinate system for a covariant vector. We 
write the word ‘‘preferred’’ in quotes since we 
mean by this only that addition of vectors at dif- 
ferent points can be performed by components in 
this coordinate system. Thus in arbitrary coordi- 
nate systems the translation is generally covari- 
antly defined by Eq. (13). In a harmonic coordinate 


system these differential conditions can be inte- 
grated and lead to formulas (17) and (20). 

The situation with respect to ‘‘preferred’’ coor- 
dinate systems in the general theory of relativity 
is entirely analogous to the situation in electrody- 
namics. The equations of electrodynamics can be 
written down and solved in an arbitrary coordinate 
system. The calculation of integrals over vectors 
or tensors is carried out in the ‘‘preferred”’ 
Galilean coordinate systems, where vectors can 
be added by components. 

The class of harmonic coordinate systems has 
been thoroughly investigated.’ In particular, the 
uniqueness proof for harmonic translation reduces 
to the uniqueness proof for harmonic coordinates. 
This question was investigated in detail by Fock 
(see reference 5, Sec. 93), and we shall not treat 
it here. The question of the existence and unique- 
ness of the solution of Eqs. (14) and (15) and the 
precise mathematical formulation of boundary con- 
ditions in finite-sized regions or in a space of non- 
Euclidean topology will not be considered in the 
present paper. 


5. CONSERVED QUANTITIES 


So far our reasoning was purely geometric in 
character and the formulas we developed were 
considered independent of the physical nature of 
the vectors. Consider now an integral of type (1) 


P; (5) = (tds), = [Pe (ee 6), (21) 


oO 


where the integration extends over a hypersurface 
o. The integrand is a function of two points: the 
point x, where all vectors are collected and where 
their component-wise summation is carried out, 
and the variables of integration, x. As was pointed 
out in Sec. 4, to be able to integrate by components, 
we must use a harmonic coordinate system. 

The vector Pj (x , 7) is said to be conserved if, 
for fixed xy, it does not depend on the hypersurface 
a. It is usual to require that Pj be independent of 
the hypersurface of integration; the stipulation 
concerning a fixed x) is necessary in general 
relativity, where measuring rods and clocks may 
change from point to point, i.e., where the units of 
space and time measurement, and, consequently, 
any units in which Pj is measured, may change. 
We note that the point x) may also lie outside the 
hypersurface o. 

It follows immediately from the definition of 
conserved quantities that the tensor ie satisfies 
the condition 


OFF (x, xayiox® = 0. (22) 
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Formula (22) is a consequence of integration by 
components and therefore is correct for non- 
translated quantities only in harmonic coordinates. 


6. INFINITESIMAL COORDINATE TRANS - 
FORMATIONS 


Conservation laws are a consequence of the in- 
variance of the action under infinitesimal coordi- 
nate transformations. Let the action be expressed 
by the integral 


S=\Zdte, Cae | ars (23) 


where the Lagrangian density £, is a function of 
the field variables and their first derivatives: 


o= Lo(ue; un), wh = du*/ax" (24) 


and does not contain the coordinates x explicitly 
(the index A denotes the totality of the tensor 
indices of the field). Consider the infinitesimal 
coordinate transformation 


Ch (x) xi (a4 ee aCe) (25) 


corresponding to a displacement of the origin xX) 
by the infinitesimal vector Fa (Xo), which charac- 
terizes the direction of the displacement. 

The change of the field functions at some point 
in space will be! 


Se ae a (26) 


Here 6*uA is the variation of the field function at 
the original point in space, which has new coordi- 
nates after the transformation, ye is the matrix 
that relates total variation of the field variables 
(due to polarization properties as well as due to 
the displacement to the new point) with the dis- 
placement of the origin.!?** The canonical energy- 
momentum tensor is then defined by the relation 
by the relation 


OF (x, %0) & (x9) = — Su" 0L/Ou‘, — Lxj8! (x0) (27) 
and satisfies Eq. (22): 
d@}/ax" = 0. (28) 
The integral over the hypersurface 


Pj (Xo, 6) = \9} dS) (29) 


is conserved. The integration in (29) is carried 
out component-wise. The quantities @K in Eqs. 
(28) and (29) are referred to the observation point 
Xo, where Xj may be located anywhere, not only at 
infinity. 

The physical significance of the relationships 
obtained in this way depends on the coordinate 


transformation being considered. If one adopts 
the point of view expressed above, that the coor- 
dinate transformation corresponding to displace- 
ment or rotation must be uniquely defined, then the 
tensor ox will also be unique. 


7. THE GRAVITATIONAL FIELD 


The general formula (27) is correct forsan 
arbitrary field. Let us apply it to the gravitational 
field. The simplified action for the gravitational 
field is 


Gog (pte ee (30) 


According to Sec. 4, the operation of harmonic 
translation can be written in a finite, non-differ- 
ential form only in a system of harmonic coordi- 
nates. Therefore £%) should also be calculated in 
harmonic coordinates. The second term in (30) 
the vanishes, and 


Lo = fogs a a (3 1) 


Since harmonic coordinates form an affine 
group, £) is a true scalar in harmonic coordinates. 
The components of the metric tensor gik are the 
field variables. The quantity @) (x) is the energy 
density of the system, or the Hamiltonian density. 
We note that Dirac® has pointed out the necessity 
of fixing the coordinates for a Hamiltonian formu- 
lation. 

For infinitesimal coordinate transformations 
we have 


2 


$2 = Wise 2) ee (32) 
where é! is defined by Eq. (2). In the literature 
the case £1 = const is usually discussed, and the 
coordinate system is not restricted. This leads 

to Einstein’s canonical pseudotensor 


th = gmi g£/dg™! — Lak. (33) 


However, the vector field ¢1 = const cannot be de- 
fined generally covariantly by means of first-order 
differential conditions. 

We demand that the vector field ¢i(x) be de- 
rived from the vector of the displacement of the 


origin gl (X)) by harmonic translation. In har- 
monic coordinates 


x(x, X,) = BS (x) Bs (x,). (34) 


The change in field variables must be calculated 
from Eq. (32): 


Og = — 27! (x) gy; (x0) E! (xp), (35) 


so that the energy-momentum tensor equals 
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0k 
agi 


ae ™* () Bsj (Xo) — Le" (x) go (x0) 


= t"* (x) g4; (Xo). (36) 


The infinitesimal coordinate transformation 
(34) can be written in the form 


Ef (x) = gis(x)&., Es = const. (37) 


As Bergmann’ showed, the transformation (37) 
leads to a tensor tks which, after addition of a 
strictly conserved quantity, becomes the tensor of 
Landau and Lifshitz. Thus the geometrical defini- 
tion of the displacement leads to the tensor of 
Landau and Lifshitz, and not to that of Einstein. 

As follows from the derivation, the quantities 
tk and, consequently, the Hamiltonian® must be 
calculated in harmonic coordinates. Therefore the 
question raised again recently by Mgller about the 
localization of the energy-momentum of the gravi- 
tational field makes sense, although, in our opinion, 
M@ller’s solution is wrong. Consider two mechani- 
cal oscillators much less than a wavelength apart, 
so that oscillation of one excites the other via 
gravitational interaction. The energy transfer 
calculated in the nonrelativistic approximation, 
using the canonical symmetric tensor, agrees with 
the result obtained from the equations of motion; 
the same calculation using Mgller’s tensor gives 
a zero result. For the Schwarzschild solution, 
Mgller’s energy density vanishes in any coordinate 
system, whereas the canonical energy density in 
harmonic coordinates is positive definite. 

The principal objection against the Landau- 
Lifshitz energy-momentum tensor was, of course, 
the incorrect weight. However, it is clear from 
Eqs. (33) and (36) that the canonical tensors have 
the same weights. Goldberg’s conserved expres- 
sions of arbitrary weight are not connected with 
infinitesimal coordinate transformations and must 
be rejected. 


8. THE GRAVITATIONAL FIELD AS A 
PERTURBATION 


Let us analyze the case when the gravitational 
field can be considered a small perturbation, and 
compare the results of calculations in different 
coordinate systems. It is well known that the 
scattering angle of light ina centrally-symmetric 
field is given by 


6=4xM/eR, <1, (BS) 


where R is the distance of closest approach, 
which in general relativity depends sensitively on 


the coordinate system employed.” From (38) we 
obtain for the effective scattering cross section, 
TOP Gea 


is RO 


sin 9 


* | do = 16(t) e. (39) 

There is a difference in principle between Eqs. 
(38) and (39). The latter depends only on the scat- 
tering angle 0, which is measured away from the 
gravitating masses, at infinity, where the metric 
is Galilean, whereas (38) contains the distance of 
closest approach, a quantity measured near the 
mass. 

Let us find the effective scattering cross sec- 
tion using the methods of quantum-mechanical 
perturbation theory. The Lagrangian density for 
the electromagnetic field equals 

L= = fi, as LEIA aes (40) 
For a weak field we have, in the notation of refer- 
ence 2, 


1 i al R pimp 
L=Lo+ AL = FF" + hn Lone (41) 


The second summand in (41) can be considered as 
the interaction Lagrangian of the electromagnetic 
and gravitational fields. In (41) the indices are 
raised and lowered with the zero-order metric 
tensor Sie 

The small additions to the Lagrangian and Ha- 
miltonian have opposite signs:? 


AS = — AZ = — ALF np. (42) 


For a weak gravitational field in harmonic 
coordinates we have 


nf = —2078y, H= 2%, W=0, (43) 


where ¢ is the gravitational potential. Thus we 
find, for a light wave 

Ag =—1, 9 (E?-++ HW) = — 2 (ee +H). (44) 

Amc? GO {elu} 

The quantity (E? + H’) /8rc* can be treated like 
an inertial and gravitational mass density of the 
photon. The factor 2 corresponds to the well- 
known fact that the angle of deflection of light in 
the general theory of relativity is twice as large 
as in the special theory. 

We shall consider the interaction Hamiltonian 
(44) as a perturbation, where for Fjk we must 
substitute the wave functions in zeroth order, 
namely plane waves. If we let the normalization 
volume be 2, we find the normalized wave func- 
tions: 
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!w. Pauli, The Theory of Relativity, Pergamon 
2 ho 81 xM ho Press, New York 1958, Secs. 21, 23, 25. 

Ati) = sa k, — ky) 1}. do = — —— 45 g ; ty aie 

(Atta) = 2G \exp (i 3) ¥} dU = oa gage? ) 27, D. Landau and E. M. Lifshitz, Teopua noza 

(The Classical Theory of Fields) Gostekhizdat 

1948, 2nd ed. Sec. 98, p. 266 [Addison Wesley, 

1951). 


E = V 4nho/Q exe", 


and we can easily see that the scattering cross 
section agrees with the classical result: 


On 5 nat do 
ds = 5 <AH2)° Sap kes 75 40 16(= =) Qe ) 3p, K. Rashevskil, Teomerpuyeckas Teopua 
: ypaBHenui C YACTHDIMM MpOMSBOAHbIMK (Geometrical 
a ee seatenpae could - es nate Theory of Partial Differential Equations) OGIZ 
y perturbing the wave equation. e quantum 
j ; ‘ 1947, Chap. 2. 
BO ee only for brevity and because it 4N. N. Bogolyubov and D. B. Shirkov, Bseenne B 
a pee nee 4 q fh At TeOpMl KBaHTOBaHHbIX NoLeH (Introduction to the 
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Equations are derived that yield the time variation of the plasma wave spectral density and of 
the fast electron distribution function for arbitrary velocity distributions. The dispersion 
relation for the stationary problem is solved, and the spatial extent of the exponential stage of 
the slowing down of the monochromatic beam is estimated. 


ll, There are many articles which deal with the 
generation of plasma oscillations by fast electron 
beams. It has been established that intense 
plasma oscillations can react on the beam and 
produce anomalous electron scattering, in which 
one observes a spatial localization of zones of in- 
tense plasma oscillation and zones of anomalous 
scattering. 

In a recent paper Gabovich and Pasechnik! 
show that 1, the distance traveled by an electron 
beam ina plasma before scattering, increases with 
a decrease in the beam current density, and that 
for a given J there exists a critical current den- 
sity beyond which there occurs a considerable 
increase in fast-electron scattering. If the beam 
flux is more than critical, the average energy loss 
for an interaction with the plasma over a distance 
1 amounts to 10 — 20%. 

In the interpretation of their measurements, 
Gabovich and Pasechnik! refer to Vlasov’ and 
Bohm and Gross,’ who, in order to explain the 
anomalous scattering in the experiments of Merill 
and Webb,‘ assumed that an electron beam pene- 
trating a plasma is velocity modulated by a 
fluctuating voltage AU. The beam modulation 
causes the formation of electron bunches and the 
appearance of intense plasma oscillations. Vlasov 
associates the voltage fluctuation with thermal 
surface oscillations of the plasma, the amplitude 
of which is on the order of the temperature T (in 
energy units). However, it can be shown that the 
amplitude of the surface oscillations is in fact 
many times less, ¥ TV npA3, (where AD is the 
Debye length and ny is the electron density ). 
Bohm and Gross attribute the appearance of the 
initial modulating voltage to the overall instability 
of the beam in the plasma and compare this voltage 
with the initial velocity spread in the beam. It is 
to be noted that the random fluctuations which are 
intensified by the action of the electron beam 
appear as longitudinal plasma waves. Their group 
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velocity is directed along the beam, and for a semi- 
infinite plasma with no reflecting surfaces these 
waves cannot induce sufficient modulation at the 
penetration into the beam.* Besides, what is ab- 
sent from the mechanism described by Vlasov and 
Bohm and Gross is the clear relationship between 
the scattering length 7 and the electron beam 
density n, a relationship observed by Gabovich 
and Pasechnik even when the frequency of the 
plasma oscillations was determined entirely by 

No (Mp >). 

To explain the anomalous phenomena in the 
interaction between a beam and plasma, one need 
not assume that there is a modulation voltage on 
the order of several volts at the plasma boundary; 
it is enough to assume that an electron beam in 
the plasma is unstable.*’’ Because of this instabil- 
ity, the small disturbances (which always occur 
whenever the beam penetrates) grow exponentially 
with the distance from the boundary, and at a depth 
of about 1 cm their measured!* amplitude becomes 
sufficient to effect anomalous beam scattering. We 
hasten to add that the above mechanism has no 
bearing on the interpretation of Looney and 
Brown’s experiments, ® in which the resonance 
properties of the system were sharply pronounced. 

A theory of plasma wave excitation for two 
interpenetrating plasmas of the same density was 
developed in the hydrodynamic approximation by 
Kahn.’ To explore the problem thoroughly, a 
kinetic equation must be used. This has been done 
by Klimontovich, ! who has derived a kinetic equa- 
tion describing the excitation and absorption 
processes for plasma waves. Similar equations, 
though of wider applicability, are derived in the 
present paper (Secs. 2 and 3). These are appli- 
cable even when the plasma oscillations are not in 

*Gabor et al.° found a variable field at the plasma boun- 
dary with a large amplitude (~T) and with a frequency 4-5 
times smaller than the Langmuir frequency. The nature of this 


field is not clear to us. 
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thermal equilibrium and the electron distribution 
function is non-Maxwellian. 

Klimontovich developes a non-linear theory to 
explain why fast electron beams with a rather 
large velocity dispersion slow down in a plasma. 
However, the requirement that the fast electron 
beam be only slightly excited by the plasma waves 
induced by the beam renders Klimontovich’s exten- 
sion of the solution to steady waves incorrect. In 
Sec. 4 we derive equations that can be used to 
analyze the non-exponential growth in time of the 
plasma wave intensity, induced by beams with an 
arbitrary velocity distribution. It is shown that 
during the deceleration a strong scattering occurs 
in the beam, accompanied by the appearance of 
electrons with energies greater and smaller than 
the average initial energy. These equations, when 
applied to electron beams with a large velocity 
dispersion, reduce to the kinetic equations derived 
in Secs. 2 and 3. The accuracy of the equations is 
tested for a specific case in Sec. 5. The electric 
field in the equations that we have derived is char- 
acterized by the spectral density of plasma waves. 
Therefore, the phenomena of the velocity modula- 
tion of the entering beam and its subsequent 
bunching cannot be described by the proposed sys- 
tem of equations. In Sec. 7 we obtain the disper- 
sion relation for the growth of the plasma wave 
intensity in the stationary linearized approximation 
and compare the theoretical and experimental 
values for the spatial extent of the linear stage of 
the deceleration. 

In the following analysis it is assumed that the 
density of the fast electrons is much less than that 
of the plasma and that there are no external mag- 
netic and electric fields. 

2. Let us use the Focker-Planck equation to 
derive a kinetic equation for the beam electrons, 
in which we include the interaction with plasma 
waves, thus 


ON /dt + u,ON/dx; + O1,/du; = 0. (1) 


Here I is the electron current in velocity 
space, which is found by computing the average 
decelerating force Fj and diffusion coefficient 
Djk: 

I; = F;N/m— 0D;,N/0up, 


Fp mau) AT, Diy = Au AG 2AT, 


The bar designates an average over the various 
possible variations in velocity Au during time At. 
N(u, r, t) is the electron distribution function 
and is obtained by averaging the exact distribution 
function over a volume whose linear dimension 


exceeds the plasma-oscillation wavelength that is 
characteristic for the problem. To describe the 
plasma oscillations we employ the plasma-wave 
spectral energy density €(q, Yr, t), where q is the 
wave vector. The total plasma wave energy per 
unit volume, W, is given by: 


W = ed. 


The decelerating force F due to the collective 
interaction is composed of a force Fo, which is 
due to spontaneous plasma wave radiation (€=0), 
and a force Fe, which is proportional to the wave 
intensity. The force Fy) has been computed in dif- 
ferent ways by various authors (see, for example, 
references 11 — 13) and is given by 


P= — (Co¥fu*) 19. (pan! Gin) ” 


The minimum wave number (or qmin) corresponds 
to waves radiated in the direction of motion of the 
particles (cos 6 = 1) and is determined by the 
condition 


@ (Gmin)/Qmintt —— lle (4) 


Since plasma waves with q > 1/Ap are strongly 
damped, one can set qmax equal to 1/Ap. 

To compute Fe we need to find the average 
acceleration imparted to a particle by the electric 
field of the plasma wave, viz., 

oo At 
Fama \ E(r (d, ddi, 
0 
t 


ut + = \E(r (é’), C(t — PY) de’. (5) 


r(t)=r)- 
0 
The time interval At must satisfy the condition 
1/y S> At > 1/Aqu, (6) 


where y is the logarithmic time derivative of the 
plasma wave amplitude, and Aq characterizes the 
width of the plasma wave spectrum. 

Expanding (5) in a power series of the electric 
field vector E, we obtain for Fe an expression 
which is proportional to €, viz., 


Am” ewe 


a \ 38" (qu—o) dy. (7) 


F. 


To compute the diffusion coefficient Dj, we 
express the velocity increment in Eq. (2) in terms 
of the electric fields, 


At At 

2 a 

AuAu, = 5 \ at \ aE; (r(), 2) Ex(r (f), £). 
0 0 


Effecting the above simple computation, we 
finally obtain 
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4ne*w? 
Dix —= g \-o 


m* 


5 (qu 


Consequently the electron flux in velocity space 
is given by 
FOS THN Imax , 4? ON 049% i 
Ii m | us In m al q?w* 26 (qu — o) #9) | 5 
o (9) 
In deriving Eq. (9) we have neglected terms pro- 
portional to €? in the series expansion of (5). 
This is permissible if the inequality 


\ edq << (Aqiq)* nymu? 


w) d°q. (8) 


qe wo 


i 
Ymin 


(10) 


is satisfied. Condition (10) applies even when the 
plasma wave spectrum differs appreciably from 
a thermal spectrum. In the particular case when 
the wave spectrum differs only slightly from equi- 
librium, Eq. (9) reduces to Klimontovich’s.!° 

3. Let us set up an equation to define the plasma 
wave spectrum, i.e., an equation for the function 
€(q, r,t). The variation of € in time will be de- 
termined by the transfer of plasma wave quanta 
(plasmons ) with the group velocity 9w/éq, by the 
spontaneous radiation of plasmons (a term inde- 
pendent of €), and by their absorption or induced 
emission which is proportional to € (q, r, t): 


de , OW de 


= == | 
at ' 0q; Ox, a 


Be. 


Here B is twice the growth rate of the plasma 
wave amplitude. 

The quantity B is to be found from a dispersion 
relation that depends on the electron distribution 
function N(u). If the function N(u) can be ex- 
panded in a series in the complex plane near the 
point q-u =w and if moreover the value of the 
function at the pole q:u — w — iy can be found 
from just the first term of the expansion, then the 
following expression is obtained for B, 


Ra y= g: 8 (qu—o) du. (11) 


4nwpe? 


mag? 


In the particular case of a Maxwell distribution, 
the Landau! damping formula is obtained. A 
corresponding expression for y was previously 
derived by Bohm and Gross.° 

The next pure imaginary term in the expansion 
of N(u) can be neglected if the inequality 


| u8n—2N’ (u) N” (u)| <1 (12) 


is satisfied. For a beam of fast electrons of 
density n, moving at velocity u through a plasma 
with an electron density ny and possessing a 
velocity dispersion Au, this inequality assumes 
the following form 


(u/Au)? (n/n) <1. (13) 
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On the other hand, condition (6), when applied to a 
beam of fast electrons, has the following form 


Agq/q > (n/n) (u/Auy, (14) 


where, as in Eq. (10), Aq and q characterize the 
plasma wave spectrum. If the plasma waves are 
generated by the fast electrons themselves, then 
Aq/q © Au/u, and conditions (10), (13), and (14) 
become equivalent. 

The intensity of the spontaneous radiation is 
found by analyzing the motion of a charged particle 
in the plasma.” 

Thus, for the kinetic equation for € (q, r, t), 
we obtain 


2 


0g 0m 08 CW) 


| 
dt" dg, 0%, 2nq? 


\ N68 (qu — o) d®u 


A 
Ane*a> 


(15) 


aoe \4 — 6 (qu — o) d®u. 
Equations (1), (9), and (15) can be derived from 
a quantum representation of the plasma waves if 
the probabilities of emission and absorption by the 
electron of a quantum with frequency w and wave 
vector q are assumed to be, respectively, !” 


2 2 


Neel) ae eee 


~ 20mg? = ae No, 
where N,, is the density in phase space of quanta 
with frequency w. 
It should be noted further that the description 
of plasmon transfer by a group velocity concept is 
justified provided that 


de 
= 


dM Of 


OG," 0%, 


(16) 


If this inequality is not satisfied then the region of 
applicability of Eq. (15) is determined by a more 
stringent requirement on the velocity dispersion 
of the electron beam, viz., 


Au/uS> (n/n) * (mu2/T)". 


Condition (17) defines simultaneously the boun- 
daries of the quantum representation of plasma 
waves. 

4, Equations (1), (9), and (15) are applicable 
when the electron distribution is a sufficiently 
smooth function of the velocity. Now let us derive 
equations for the time variation of the plasma wave 
spectral density and for the distribution function of 
fast electrons with an arbitrary velocity spread. 
We begin with the dispersion relation 

fies 4neti a ON Mu =" 
mq? Gh EKO) sr % 


(17) 


(18) 


We are interested in the case in which the 
electron distribution function can be represented 
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as the sum of a Maxwellian distribution, No (u), 
and a fast-electron distribution, N(u, r, t), in 
which the average velocity is assumed to be con- 
siderably larger than the thermal velocity of the 
plasma. Since the distribution function for the 
fast electrons is different from zero only within 
a certain limited region of velocity space, this 
region is best separated in the dispersion rela- 
tions where the integration is over u. Neglecting 
terms proportional to (n/n)? and (a/w i 
where a? = q’T/2m, we find from (18) that 


2 


6a?ae : Wo (aw @ — qu ; ON 


yah, (19) 
V+ (@—qu)? ou,’ 


] <= 0a = 
ae of @no 


2 2 ON 

r(1 + = ) - Sag \ Our ae qu)? Yu; ” 
The integration in (19) and (20) is to be performed 
over the region w —q'u «Wy. These equations 
are applicable if w and wy differ only slightly, 
which is not the case when q « w/u, although 
such small values of q are essentially absent 
from the plasma-wave spectrum when the waves 
are generated by fast electrons. 

In the case of a monochromatic electron beam 
((n/ny) (u/Au)? >> 1, n «< ng) with velocity uo, 
Akhiezer and Fainberg” have found that 


T= Ta— (© — quo)*/1 27a, _ 
ta =V 3-2" (n/ my) “wg* (@ — gdo / 0g)". 


Here ® represents the oscillation frequency for a 
Maxwellian distribution (n = 0): 


(20) 


(21) 


© (q) = @+ % Tq? / mao. (22) 


When the electron beam is not monochromatic 
((n/ny) (u/Au)? « 1), then y is determined by 
Eq. (11). 

The derivation of Eqs. (24) and (25) which 
follow is based on the assumption that the electron 
distribution function changes more slowly than the 
plasma wave amplitude, i.e., that the system is 
‘‘quasi-stationary.”’ If (n/n))(u/Au)® > 1, then 
one can show that the ‘‘quasi-stationary’’ approxi- 
mation holds when 


\ ed?q << (n/ny) (Au/u)* nymu’. (23) 
Despite the fact that the ‘‘quasi-stationary’’ 
conditions are essentially fulfilled only for elec- 
tron beams that are sufficiently spread out in 
velocity, this approximation is useful in describing 
the entire slowing down process. In this case the 
equation for the plasma wave intensity is given by 


de , Ow Oe 
on 0g; OX; 


= 2ve. (24) 


As before, the description of the plasma wave 


transfer by means of the group velocity concept is 
applicable if 

0@ O& _- 08 

aq ox = at” 
This inequality is not satisfied, for example, in the 
case of the stationary problem whose solution is 
examined below. Equation (24) does not take into 
account the radiation of plasma waves by indi- 
vidual, randomly moving electrons, but this radia- 
tion is important only for finding the initial values 
of € in the exponential stage of growth of the 
oscillation and during the approach to equilibrium. 

The corresponding equation for the electron 

distribution function for a given spectral density 
€(q, r, t) will be of the form 


ON /Ot + u,ON/0x; + O1,/Ou; = 0, (25) 
where 
A», oN 
: : ; 6 
1=\dq Pro—quyp du, (26) 


Aik is determined uniquely by stipulating that 
Eqs. (18), (24), (25), and (26) satisfy the conserva- 
tion of energy and also that in the limit, when 
(n/n) (u/Au)®? « 1, Eq. (26) reduces to the corre- 
sponding term in Eq. (9). In this case we have 
1:9, (@) 171 

m @t4 +t w?/@? + 18a? /o*] : 


Sse? 


An = 


(27) 


Unlike the linearized kinetic equations, Eqs. (24), 
(25), and (26) take into account the reaction of the 
plasma wave field on the fast electrons. On the 
other hand, the effects due to the nonlinearity and 
non-sinusoidality of the wave are not included in 
our equations. These effects can be described by 
terms proportional to €* and are seemingly essen- 
tial when the plasma waves die out. 

5. Equation (25) describes the diffusion of the 
fast electrons in velocity space during their inter- 
action with the plasma waves. In case the beam is 
almost monochromatic one can obtain, assuming 
(w —q-u)* « y’, the following expression for ]j, 

. 4ne2 ON 9:9 
i my du, \ ; = 


d°q. (28) 


Let us assume that, in the main, waves are 
generated with a wave vector directed along the z 
axis, in a direction parallel to the velocity of the 
fast electrons, i.e., that Gz ~q and qr «qz. 
This occurs, for example, in the case of a fast 
electron beam with a small cross section. Ne- 
glecting, moreover, the density variation ina 
homogeneous electron beam due to scattering, we 


can write the equation for diffusion in the uz, 
direction as 
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o2N 
d3 
Je 4 ou? EY) 
By means of (29) it is possible to determine the 
induced velocity dispersion, viz., 


Au = (4te?/m?y?) W. (30) 


Equation (30) is derived from Eq. (25), whose 
applicability to a monochromatic beam has not 
been, strictly speaking, proved. Therefore, in 
order to determine the accuracy of Eq. (25), a 
numerical calculation was made of the variation 
in the velocity of single electrons in a beam 
initially uniform in space and monochromatic in 
velocity.* 

In dimensionless variables the equation for the 
motion of an electron in the field of an exponen- 
tially increasing plasma wave is 


d*x/di? = ce'cos(v—ft), a=10%, y=0,1. 


The initial electron coordinate xj(0 =x) = 7) 
and initial velocity, uy(|uy) — 1| < 10%) were se- 
lected randomly. The value of a@(u — 1)*e2Vt 
at various times, which is shown below, was ob- 


tained by averaging over 135 different trajectories: 


t =. Uoori0e 20. 30° a0 50 
reap — tye o' = 32 99.4 365 “44 46.3 43,5 
These results are in good agreement with Eq. (30), 

which gives 
bu — tes 24 =a dh /2y7 = 50: 

6. Let us now consider an idealized problem 
dealing with the growth of the instability ina 
uniform monochromatic beam of electrons 
moving in an infinite plasma of constant density. 
Let us imagine that the interaction between the 
fast electrons and plasma is switched on instantly 
at t= 0. For t < 0, only a thermal background of 
oscillations exists in the plasma these being due 
to the random movement of Maxwell electrons (€ 
= T/(2m)>. Once the interaction is turned on, the 
plasma wave intensity which increases exponen- 
tially is given by 

e (q, t) = (20) [+ 2” (n/n) "mug +42T]e. (31) 
The pre-exponential factor is obtained by solving 
the kinetic equation with the inclusion of the ran- 
dom motion of the electrons. 

Integrating (31) over q we obtain the total in- 
tensity of the excited plasma waves. This result 
is applicable so long as it is possible to neglect 
the variation in y due to the fact that the mono- 


chromaticity of the fast electron beam is disturbed. 


During this exponential growth stage a narrow re- 
gion of wave vectors stand out for which qz is 
close to w/uy, so that when € is integrated over 
—_*L, P. Strotseva and M. P. Bronnikova performed the com- 
putation for this problem. 


dz with y given by Eq. (21), the dependence of ya 
on qz becomes insignificant. The integration over 
dr is to be restricted at some upper limit, dy max, 
which in the case of a beam is determined by its 


diameter. Hence we find that 
3 1 Qits in 
Wee =\ ed*q ~ol > 9 i ue “My 
6y,08 4 
trl OE act (32) 


From geometric considerations we have that 
dr max ~ 4zd/upt, where d is the diameter of the 
beam. If the diameter of the beam is significantly 
larger than the path length to the scattering zone, 
then the integral over qy converges when Landau 
damping and the dependence of ya on q are taken 
into account. 

The average velocity loss by the beam, Au, 
which follows from the conservation of total energy, 
is found from the relation 


W = nmu,Au. 


On the other hand, according to (30) the rms 
spread in velocities is proportional to the square 
root of W. Furthermore, bearing in mind that y 
% w (n/n), we have 


V/ Ba? ~ (n4)n) (W Jan) 


The mean velocity loss is comparable with the 
rms spread for W = nmu? (n/ny ye at which time 
y already differs considerably from its original 
value and Eq. (32) becomes inapplicable. Assuming 
in (32) that W = nmu?(n/n))!”*, we can find the time 
T, during which the oscillation energy increases 
exponentially, 


is L/2%a; 
where L is the logarithm determined from 
Eq. (32). 

7. In the case of the stationary linearized 
problem the solution for the growth of the longi- 
tudinal oscillations due to a beam of fast electrons 
in a semi-infinite plasma with specified boundary 
plasma oscillations can be determined from the 
dispersion relations derived by A. A. Luchina. 18 
As applied to a monochromatic electron beam 
entering a plasma, the dispersion relation is given 
by 


(33) 


wo? @? Ny (@ — ku)? mat ° 


where k =q + iu is the complex wave vector 
whose imaginary part » characterizes the spatial 
growth in the plasma wave intensity. 

If the plasma temperature is zero, T = 0, 
which corresponds to the hydrodynamic descrip- 
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tion of two mutually penetrating beams, then 
Umax =%, i.e. there is no stationary solution. 
The value of max is finite if the temperature of 
the plasma is different from zero. Provided that 


T < mv’, the solution of Eq. (34) becomes 


Wo ( nmu? ie V ch®t — 3/4 


4nmu® \‘/0 
> 
Hina u \ 6noT ch? ¢ sh 2 ( ) (35) 


3NoT 

The spatial extent of the exponential growth of 
the plasma wave intensity, which corresponds to J, 
the distance to the first scattering zone in the 
electron beam, is found, as in (33), from the 
equation 


P21 i2n. (36) 


Equations (35) and (36), which determine the 
dependence of the length J, on the plasma density 
and the beam density, are qualitatively confirmed 
by the experimental results. Unfortunately it is 
impossible to make a thorough quantitative com- 
parison because we do not know accurately enough 
some of the quantities which occur in Eqs. (35) 
and (36). In the first place, Eq. (32) only sets the 
upper limit to the value for the logarithm (L 
~ 20); in fact the true value of L could turn out 
to be somewhat smaller if the excitations on the 
plasma boundary were strengthened by reflection 
of plasma waves in the experimental apparatus. 

In the second place, our estimates disregard the 
finite energy spread in the electron beam, which 
would diminish the value of 1. These data are not 
given in the paper by Gabovich and Pasechnik.! 
Finally, the published results!*4 do not contain the 
actual plasma temperature. 

If, nevertheless, we neglect the initial velocity 
spread in the beam and assume T = 2 ev, then on 
the basis of the experimental data given by Merill 
and Webb, * the logarithm, L, for the two different 
measurements made by these authors proves to be 
15 and 19 respectively, which can be considered as 
a completely satisfactory confirmation of Eq. (36). 
The value of L in the experiments of Gabovich and 
Pasechnik falls within the range of from 12 to 70 
for the different beam and plasma parameters 
employed. This disagrees with what would be 
theoretically expected for this quantity (15 < L 
< 30). Evidently additional measurements are 
needed to definitely clarify the problem of the di- 
vergence between the theoretical and empirical 
values for the length, 7, which differ in some 
cases by as much as a factor of two or three. 

The concepts developed above also provide for 
an understanding of such experimentally observed 
phenomena accompanying anomalous scattering as 

~ *sh = sinh, ch = cosh. 
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the change in the monochromaticity of the beam, 
which causes the appearance of electrons with an 
energy greater than the initial, and the small value 
of the average energy lost by the beam in the first 
scattering zone. The appearance of a second 
scattering zone, which was especially sharply de- 
fined in the experiments performed by Merill and 
Webb,’ should, apparently, be attributed to the 
modulation of the beam velocity and a subsequent 
bunching of the beam after passage through the 
first scattering zone. 

In conclusion,the authors wish to express their 
gratitude to V. S. Imshennik, Yu. I. Morozov, 
E. Z. Tarumov, and V. A. Teplyakov for their 
valuable consultation on several matters. 
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The complex susceptibility of electron spins interacting with a nuclear system is calculated 
on the basis of the statistical perturbation theory. The dependence of the conditions for the 
saturation of the electron system on the resonance conditions of the nuclear system is 


obtained. 
1. INTRODUCTION 


‘The method of double magnetic resonance is 
applied to systems containing two different kinds of 
magnetic moments. The sample to be investigated 
is placed in a constant magnetic field H) = Hz and 
in two periodic fields of frequencies close to the 
Larmor precession frequencies for both kinds of 
magnetic moments. The existence of an inter- 
action between the magnetic moments of the two 
systems (for example, hyperfine interaction ) 
leads to the result that resonance in one of the 
systems has an effect on the nature of the reso- 
nance in the other system. In systems exhibiting 
both nuclear and electronic paramagnetism the 
existence of hyperfine interaction results ina 
number of effects which may be divided into two 
groups. 

To the first group belong the effects associated 
with the influence of the electron paramagnetic 
resonance on the nuclear resonance. As the 
electron system approaches saturation an increase 
in the polarization of the nuclear magnetic mo- 
ments (the Overhauser effect) may be achieved. 
The Overhauser effect! can be observed in sub- 
stances with a ‘‘rapidly fluctuating lattice’’: in 
this case the method of double resonance is ordi- 
narily used in order to intensify the nuclear mag- 
netic resonance signal. 

To the second group belong the effects asso- 
ciated with the influence of the nuclear resonance 
on the electron resonance. The first to observe 
this phenomenon experimentally and to give ita 
qualitative explanation was Feher.” The saturation 
of the nuclear system does not result in any appre- 
ciable polarization of the electron spins. However, 
it alters the conditions for the saturation of the 
electron system and, consequently, leads to a 


change in the absorption of energy from the radio 
frequency field by the electron system. 

In order to explain this phenomenon Feher? 
considers a simple system consisting of electrons 
(s = 14) and nuclei (I= '4). In strong constant 
magnetic fields the energy level spectrum of such 
a system is of the form shown in the diagram. 
Transitions induced by a microwave field of fre- 
quency Wg, obey the selection rules Amg = 1 and 
Amy =0. The amplitude of the signal due to these 
transitions is proportional to the difference in the 
populations of the levels E, and E4. If we partially 
saturate the electron system, then the signal due 
to the absorption of microwave power will be de- 
creased. If at the same time we induce nuclear 
transitions of frequency wy, then the possibility 
arises of equalizing the populations of levels E, 
and Es, as a result the difference in the populations 
of the levels E, and E¥ will increase, and this 
will in turn lead to an increase in the electron 
resonance signal. By inducing the nuclear transi- 
tions Ej — E,, we can observe a sharp decrease 
in the electron resonance signal. 

With such a formulation of the problem the 
method of double resonance turns out to be a sen- 
sitive means for studying the phenomenon of nu- 
clear resonance. It enables us to determine, in 
particular, the value of the nuclear factor gy. 

The method may be successfully applied in the 
case when the value of the hyperfine interaction 
A(s-I) is small compared to the width of the 
electron resonance line, and therefore the hyper- 
fine structure can not be resolved by the usual 
method of observing the absorption signal due to 
the electron system.° However, this turns out to 
be possible if the observations are made by the 
double resonance method, because of the small 
width of the nuclear resonance line. 
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The method enables us to resolve the hyperfine 
structure of a line due to an unpaired electron 
present in a complicated chemical compound 
arising from the interaction of this electron with 
the surrounding nuclei. Among such compounds 
we can include organic free radicals, irradiated 
crystals, and structures with displaced atoms or 
ruptured bonds. In this case we can obtain infor- 
mation with regard to the distribution of the elec- 
tron density in molecules, crystals, F centers, 
etc.’ Thus, the method of double resonance is of 
great practical interest. 

In this paper we present a quantum-mechanical 
analysis of the phenomenon of the effect of nuclear 
magnetic resonance on the electron paramagnetic 
resonance in systems with hyperfine interaction. 
Such an analysis can not be carried through within 
the framework of the linear theory of magnetic 
resonance, since the very formulation of the prob- 
lem assumes the possibility of applying strong 
radio frequency and microwave fields sufficient 
for the saturation both of electron and of nuclear 
resonance. 

In this paper we have used the method of the 
statistical perturbation theory developed by 
Tomita’ for the case of circularly-polarized 
radiation of arbitrary amplitude. 


2. FORMULATION OF THE PROBLEM 


We consider a system consisting of uncompen- 
sated electron spins sk, surrounded by several 
nuclei with different angular momenta I. We as- 
sume the existence of a scalar interaction between 
the electrons and the nuclei, and also of an inter- 
action of the electrons with the lattice. We place 
the sample in the magnetic field 


H = Hy +h; (¢) - hy, (4), (1) 


where hg and hy are respectively the intensities 
of the microwave and of the radio-frequency fields. 
These fields are circularly polarized in the plane 
perpendicular to Hp. 

We write the Hamiltonian for the system of 
electrons and nuclei in the following form 
i =—24. 06" — Di gal AME SP + He, 

hk l i,k (2) 

where tig and Ly are the electron and the nuclear 
magnetons, while Aj is the hyperfine interaction 
constant. The term s-F where s = =sK takes 
into account the interaction of the electrons with 
the lattice, while Hp is the operator for the energy 
of the ‘‘lattice’’. 

For subsequent discussion it will be convenient 
to go over to the circular variables 


EP ae ae pe Pe (3) 


in terms of which the microwave and the radio 
frequency fields assume the form 

hi = hes" i= f=; 

Ai, = =0, AL, = hye!” (4) 
while the Hamiltonian (2) may be written in the 
following form: 


H = — gars >) SoHo Babs od Soho. ae es Shoe 
k 


kp +0 k,p+0 
—giwiliHo— Ds eiwiiri.— >) eipitinly 
ji 2, p40 k, p+0 
PEW aes Sly tine ia (5) 
p lk 


In future we shall assume that the energy of the 
hyperfine interaction is small compared to the 
Zeeman energy of the electrons. In this case the 
electron and the nuclear spins precess about the 
strong constant field Hy) independently of each 
other. The hyperfine interaction introduces only a 
perturbation of this motion. This latter circum- 
stance enables us to pose the problem of finding 
the complex susceptibility of the electron spin 
system by itself. The hyperfine interaction will 
lead to the ‘‘inhomogeneous broadening’”® of the 
electron paramagnetic resonance line. 

‘‘Mhomogeneous broadening’’ occurs when in 
the spin system under consideration interactions 
are possible not only with spins of the same kind 
(‘‘homogeneous broadening’’), but also with other 
kinds of spins not belonging to this system. Inter- 
actions giving rise to ‘‘inhomogeneous broadening”’ 
do not leave the spin system in equilibrium. They 
may vary slowly with time. In the case under con- 
sideration the second last term in (5) depends on 
the time, since the nuclear system is also ina 
State of magnetic resonance. 


3. EQUATIONS OF MOTION FOR THE 
MAGNETIZATION VECTOR OF THE 
ELECTRON SYSTEM 


The density matrix for the whole system in the 
case under consideration may be written in the 
form 
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p~ e-b# ee 


= DA 


ees BRD mG) 
Ags, ae 2 Sof ne (7) 


In accordance with (5) eoaeiste of three parts 
corresponding to the energy of the electrons and of 
the nuclei in the external field, and also to the 
lattice energy //F. 

On utilizing the operator identity | 


exp (—B (Ho + H1)) = exp (— BH») 1! a \aa exp (Ado) 
. B ae 0 
x H exp(— AH%,) (an 
0 0 

She) F450, exp (= Nae.) +... | (8) 
and on taking into account that the energy of the 
hyperfine interaction hwjnt is small compared to 
the Zeeman energy, while at the same time 6 
=fiwint /kT « 1, we shall write the density matrix 
(6) in the form of a product of three independent 
factors 


p= 59'p'. (9) 


Here 6 is the density matrix for the electron spin 
system, G’ is the density matrix for the nuclear 
spin system and f’ is the density matrix for the 
lattice. 

The magnetization for the electron system is, 
evidently, determined in the following manner: 


<M.) = Sp (Sus) = ws Sp (6,8) —ps Sp(s_s). (10a) 


Here co, describes the ensemble of electrons 
whose spins are opposite to the field, while G_ 
describes those whose spins are parallel to the 
field. 

Similarly, for the nuclear system we have 


(M1) = Sp (6’usl) = ps Sp (61) — ps Sp (5,1). (10b) 


On taking (10a) and (10b) into account we can re- 
write (9) in the form 


A AL A Ar 


a A aA Ar ar n “a Ar “a “ar 
p= (6, — s_)(6, —o_) p’ = (6,6, + 6_6_— 6,6_ 


(10c) 

It is necessary to carry out such a decomposition 
because in the problem under consideration when 
energy is absorbed from the microwave field 
transitions occur not from both hyperfine sublevels 
of the ground state, but only from the one which, 
for example, corresponds to the value of the nu- 
clear magnetic quantum number mj = + ee ie 
transition may occur to the upper level Mg = Wes 
which also corresponds Vewrrte = 

The variation of 6 with time is determined by 
the equation of motion 


— ih dp / ot = (pH). (11) 


; \ dhe exp (2H) Hs eXp [— (4 


6_6,) p’. 


If we do not restrict ourselves to the case of 
small amplitudes of the microwave field hg, then 
we cannot assume that the system of electron 
spins is ina state of thermodynamic equilibrium, 
Since it is acted upon by a large secular time- 
dependent perturbation. In a system of coordinates 
rotating about the direction of the constant mag- 
netic field with frequency wg, the system of elec- 
tron spins will be acted upon by an effective mag- 
netic field which is independent of the time. Now 
only those terms will depend on the time which de- 
scribe a weak interaction of the electrons with the 
nuclei and with the lattice. In this system of coor- 
dinates there exists an equilibrium distribution of 
electron spins determined by the Boltzmann factor. 
The effective field Heff is inclined to the z axis 
at an angle ,: 


sind = hs [(H, + @5/¥s)® + h2]—*, (12) 

cos & = (Ho + @s/%s) [((Ho + @s/%s)? + A2I—2, 
Hess = [(H, te @s;/ Ys)” + hs}, 

The transition to the coordinate system rotating 


about the effective field is accomplished by means 
of the canonical transformation 


(13) 


ee = exp (i@,Sot) OS Ay (9) s.) eXp(—iw,Sof) . (14) 
The matrix a,,(%) has the form 
~(cos?+4) 2-*sin9 + (cos —1) 
ayy (%) =| —2~“sind cos 9 —2—" sin 9 (15) 
s (cos $ — 4) 2? sin 9 > (cos > + 1) 
Here p and vp take on in turn the values 1, 0, — 1. 


Upon application of the transformation (14), 
Eq. (11) is written in the following form: 


—ihdp" /dt = {p" #7). (16) 
Here : me ee 
H =Ho+ HK: (8), (17) 
2 ies OF ig. NBS 
Hts = — YvWss (Ho +) — De ehsphdy 
k Ts hyp+0 
pHa Digits (18) 
l 


“kyl ipo st | “kh ip.@. t p 
>) Asti ees! + >» SPS el? 1 et 
0, Rp R, p (19) 


HO 


On assuming that the time interval t defined by 
the inequality « =H Ttfi <« 1is greater than the 
relaxation time for the electron spin system we 
can utilize time-dependent perturbation theory. 

In order to do this it is convenient to go over to 
the interaction representation, and to expand the 
density matrix in powers of the parameter € re- 
taining second order terms: 
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= ee" weed 14) dey 


ity 


~ a \\ ata, 1107 (0) HEY (TET (22) (20) 


h2 
QO 0 
We note that <2 always remains greater than 6, 
and, therefore, the neglect of terms linear in 6 in 
(8) is quite legitimate. 

It is necessary to average expression (20) over 
the canonical ensemble of the nuclei and the 
“‘lattice.’’ After averaging and differentiation 
with respect to time we shall obtain the approxi- 
mate equation for the density matrix of the elec- 
tron system in oe interaction representation: 


a a rahe 7 (0) 3 (td. ed 
ty 


t 
moe dtydt, <{[p" (0) Hy (t)] Hi" (ta) )dore'- 
00 (21) 


In averaging over the ensemble of the nuclei we 
must distinguish two cases, depending on what type 
of nuclear transitions are induced. In the transi- 
tions Ej — KE, it is necessary to take into account 
only the nuclei coupled to the electrons parallel to 
the field, and the averaging is taken only over the 
part of the density martix o,(o0{ — o£) from (10c). 
If the transitions E,— EJ are being induced, then 
it is necessary to average over the other part of 
(10c) o_(af — o/), since in this case we consider 
only the nuclei coupled to the electrons whose 
spins are directed oppositely to the field. In these 
two cases the averages of the terms including the 
hyperfine interaction will differ only in their sign. 

It is necessary to substitute expression (19) 
into equation (21), and in doing so it is necessary 
to keep in mind that in the problem under consid- 
eration we neglect the satellite absorption lines of 
the electron system (their frequencies lie far 
from the main line). Therefore, in the term 
linear in Ws it is necessary to set p = 0, and in 
the quadratic term to set uy = —y’. Then after a 
straightforward calculation we obtain: 


wf 
ora — Re Day (9) {<Po(4)> + D Aictio (t)>} 


6 (Os l= > Dd) ayy (9) @_yy (9) exp (— ivQyt 


Ruvy’ 
t 
— iv’ Q,t) \ dv exp (ipayt + iv’'Q,1) Hee (x) F*.(0)) 
0 


aA AeT” 


= SyS “Gall 


FD AIT (A (O)>) [8,557 
4 


A@TA A 


IZ, (x) )16"%sys, 
(22) 


+ (<P5.(0) FL, > F SAP cH. (0 
if 


A AeTan 
— 8,6 aie 
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The left hand side of (22) can be written in the 
form 


oo os oT 
epee 0 i 92% AGE (i a) 
so er exp | i= t\s exp |t>- 
‘5 > pees 
te AVC Ooe lise Za \ es 
= exp | a Nee aay exp (i =" a 


On multiplying both parts of (22) on the left by 
exp (iJ@t/n) and on the right by exp(— i% t/f), 
and on noting that in the energy representation 
(He diagonal) we have 


oe a 
exp {i 5° eh Sy eXp ees == Bye 


we go over in (22) from the interaction representa- 
tion again to the rotating coordinate system: 


act ese 7 i a Be 
= — ,-l-s y (4 (Fo (0)>e" 
at il ¢ i 52 » {2 ha 


F Ar C16" (O)>or} (37, $4 


t 
SS anya. (9) | dvexp (ina,t + iv'Q,1) 
Rpvv" 0 


a[* 


« [PO POde F DAF IE OM Ode| [5v07 
Ll 
— 537s) + <P O) Plu(t)>e 


se CWS (1)>o"| [o's 5, 3,37 sy] ; (24) 
; 
Here < > g- and < > p! denote averages over o’ 
and p’, while 
7 4 oT 
0 


ee a 


Tak ta tp \ 3 Hp 
(¢) = exp fee t} Fexp|— is th 


are the operators for the nuclear spin and for the 
“‘lattice’’ in the interaction representation. 

In order to obtain the equations of motion for 
the magnetization of the spin system we multiply 
(24) on the left by ug-s and sum over the states of 
the electron system. As a result of this we obtain 


H(i ae Aaa 8 


T(t) =exp{i-4” 
(25) 


d A K 
asM’> = 5 Didor (9) (Dy F K) <M", 8} 


=D} day (9) apy (9) (DyvF Pav) <M’, S]sy> 


vv’ 


= y (Di = as) <sv[M", sy)} © 
Here we have introduced the notation 


t 
eal dt exp (ipa,t + iv’Q,t) CFey( 0 ) Pal : » 
0 


= Ory (t), 


(26) 


>| 


<Fy(0)) = ®,; 27) 
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t 
2a dt exp (inwst + iv’ Q.) Cte, ( f Wick Ny a 


eet), » Qa) <i Mf (0) =Y). 
where aj = Aj /n. The functions $y.) determine 
the nature of the relaxation processes due to the 
interaction of the electron spins with the lattice, 
and, in general, with one another. The expressions 
for these functions agree with those introduced in 
Tomita’s paper.” 

The functions Wp are characteristic for the 
problem under consideration. They are due to the 
hyperfine interaction and lead to ‘‘inhomogeneous’”’ 
broadening of the electron line. As will be seen 
from the following discussion, they depend in an 
essential manner on the resonance conditions for 
the system of nuclear spins. 

In order to obtain the final form of the functions 
Wp it is necessary to evaluate the average values 
appearing in (28). As we have already mentioned, 
ue (7) — the operator for the nuclear spin in the 


(28) 


interaction representation — is the solution of the 
equation 


dl fab le Hint: (29) 


Loan contains all the interactions within the nuclear 


system which we do not introduce explicitly. In 
order to utilize in subsequent calculations the rep- 
resentation in which “ nyc] (the Zeeman energy 
of the nuclei) is diagonal, it is necessary, just as 
in the case of the electron system, to go over to 
the system of coordinates in which we can speak 
of an equilibrium ensemble. This is the system of 


coordinates rotating about the effective field 
Her — ig = aySo) = Oi) ‘ eh Ri (30) 


with frequency wy. The field HE eff is inclined to 


the z axis at anangle 6] determined by the expres- 


sions 


cos 8, = [(H + a59) — 1/7) )/H;,,, sin Opa fH? (31) 


In this case the old operators will be expressed in 
terms of the new ones in the eee manner: 


Daw (Oe mwore 7 (x), 


eff 
(y= (32) 


The matrix ayy (61) is of the same form as (15). 
On taking (32) into account we obtain 


CIN, CEE OD = Sy aan (Px) apne (0x) CM CT (2) Fe (0) > 
AA’ 


= > aur (97) Qua (8) Exp (AQT ++ i@,T) <i as > 


AA 


However, 
CUPL = exp (—RQURT) PLES, 


and, therefore, we have 


(33) 


Sh ee (34) 


Thus, we have 
t 
= 22 af dt exp (— ivQ,t + inw,t 


+ oe apr (81) aur (O)PE (EE (0) >. 
It may be seen from (35) that for » = 0 these 
functions vanish, since they contain a factor 
oscillating rapidly with frequency wg. On taking 
into account the fact that 


CET eciat 
we obtain for Wo, the expression 


You = >) a7 diene {cos® 8, Ci Hayes (0)> 
i} 


L 


(35) 


+ sin?9, 7% (x) 2F >}. (36) 


Ap* AT* 

The quantity <if (7) ik (0)> is the usual re- 
laxation function for the nuclear system introduced 
in the linear theory of Kubo and Tomita.’ On sub- 
stituting in place of ie (7) the solution of (29) up 
to quantities ‘of the acre order in Hinet M, we 


obtain: 
CPE (PE (0) > = GATE > {exp (— 2, —@)t 


+ exp (iQ, — D,) th. (37) 


The parameter #] has the meaning of an inverse 
relaxation time determined by the interactions 
within the nuclear system. For t greater than 
the time of occurrence of the relaxation processes 
in the electron system the value of the integral 
(27) will not be altered if t is allowed to go to 
infinity, while 


a @,I' (I' +1) 


| faa 
1 ee es o2 sin? 0, 
l 5 


od ale ne | 
Sy (38) 
l 


Formula (38) has been obtained in the approxi- 
mation (21 /Qg )* « 1, which holds practically 
always. 

On utilizing (34), and on taking into account 
the fact® that 


Ou = exp ( == RQ-/KT) Dees (39) 


we obtain in the approximation linear with respect 
to HQp/kT the desired equation of motion for the 
magnetization of the electron system: 


98 Eee Gye 
MO = CIMT, 61> — 7 Ds ao (8) (Bo 


FW) KLM, D> — Dhan (B) aps (8) {Ow 


vv" 
F Wy) < [1M S18, |} 
+ > Any (6) Q_yy (8) aoe O_yv <sy [ mM’, si] o 


pov! 

If the hyperfine interaction is absent then equa- 
tions (40) agree with the equations obtained by 
Tomita.® As was shown in that paper, in the case 
of a rapidly fluctuating lattice they reduce to 
equations of the Bloch type. 


(40) 


4, COMPLEX SUSCEPTIBILITY OF THE 
ELECTRON SYSTEM 


As the nuclear system approaches resonance, 
a change in the absorption of energy from the 
microwave field by the electrons occurs which is 
described by the system of equations (40). In 
experiments this change is observed under the 
condition of resonance of the electron system ws 
=|yg|H). In this case after simple but awkward 
operations of commutation and summation Eqs. 
(40) assume the form 


MI ©,7 ¥ 0 0 mM? 
a a bat 0 O,F¥ =. | | me 
mM? 0 rh 0, M! 
@, AS 
=X), 0 (41) 
O,Ho 


where x) =u3sS(st+ 1)/3kT is the static electron 
susceptibility. In the derivation of (41) we have 
neglected second-order perturbation-theory terms 
which lead to shifts of the resonance frequency. 


In the case under consideration’ 6, = dy. On 
introducing the notation 
De De (Pa, Deals W'=1/T’, (42) 
we obtain 
aM , 1 1 fl ns 
a (Fy ¥ 77) ME = Xo Tat 
dM? 1 1. 
y¥ a fh 
dt (=, 3 77) My—17,@Mz=0, (48) 
dM; eee ee ae 
dt =EN sh My 1P%) pe teas 


Equations (43) differ from the Bloch equations in 
the rotating coordinate system under the conditions 
of resonance by terms containing T’. The expres- 
sions for T; and T, determine the usual- 
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longitudinal and transverse- ag see times, ae 
have been evaluated by Tomita.’ The time T’ i 
due to the presence of the byperiine interaction. 


In the stationary state (M? = M} = M# = 0) 
we have 
Mi ay’, Mp =, -Mi=xHod, (44) 
where 
X, = X,/(1 F T2/T’) (45) 
is the real, and 
X= HT ar,ffo/(1 + (v,A°)P?TiT2'F T2/T’) (46) 


is the imaginary part of the complex susceptibility 
of the electron system, and 


LES Tila (lly hte Dall ye (47) 


is the saturation factor. The minus sign corre- 
sponds to the transitions between the sublevels of 
the hyperfine structure corresponding to mg = Ee 
while the plus sign corresponds to the transitions 
with Mg = — ys (cf. diagram ). In accordance with 
(30), (31), (38) we have 


it { 
p=4 dat 


ie ee ase) jh! f 
rf) (rH £475y) — 2? + PA”? 
(48) 
where ys = $l is the transverse relaxation time 
for the nuclear system. 
The expression for 1/T’ has a resonance char- 
acter, and attains a maximum when the frequency 
of the radio frequency field 


’ 


0, =|¥1| Ho + a5 (49) 


corresponds to the interaction energy of the un- 
compensated electron with one of the neighboring 
nuclei (I/). The number of maxima and the dis- 
tances between them are determined by the specific 
configuration of the system. 

Thus, as the frequency wy] is varied the satura- 
tion parametersZ$ will vary in a resonance fashion, 
diminishing (plus), or increasing (minus) the signal. 
By observing the absorption of energy from the 
microwave field, it is possible to find a number of 
maxima corresponding to the resonance values (49) 
of the frequency wy. 

The variation of y” depends on aj and on the 
value of the ratio of the relaxation time of the 
electron system T, to the relaxation time of the 
nuclear system T2. The longer is the time Ty, 
the more slowly will be upset the changes produced 
in the electron system by the hyperfine interactions. 

Therefore, double resonance experiments of 
such a kind are carried out at low temperatures.’ 
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Decay thresholds of elementary excitations are established for superconductors at absolute 
zero. It is shown that ultrasonic waves in a superconductor are not absorbed up to threshold 
frequency wt = 2A; at the threshold point the absorption jumps abruptly to a finite value 

~ 107 wt. Processes of sound emission and electron-hole pair production are considered. 
The relative role of these processes is clarified for various electron energies. 


Pirnomena of decay of elementary excitations 
in a superconductor have a number of peculiarities 
that distinguish them from similar phenomena in a 
normal metal. The presence of decay thresholds 
is especially characteristic for superconductors. 

In the normal metal, phonons of suitably low 
frequencies can decompose into an electron-hole 
pair; an electron (hole) on the Fermi surface can 
produce a phonon, since the Fermi velocity vp is 
much larger than the sound velocity c. Finally, 
the electron (hole) on the Fermi surface can 
eject a pair from the Fermi sphere 

All these phenomena become possible in a 
superconductor only at certain threshold values 
of the energies of the elementary excitations. 

This is connected with the existence of a gap A 

in the energy spectrum of the electrons. Obviously, 
the decay of a phonon into an electron-hole pair is 
possible only for phonons with energies w > 2A; 
the creation of an electron pair is possible for 
electrons with energies € >3A. Finally, the 
electron on the Fermi surface cannot excite a 
phonon, since the velocity of the electrons on the 
Fermi surface is equal to zero in a superconduc- 
tor. Therefore, there exists an electron energy 
threshold for this phenomenon also. This thresh- 
old is very close to the origin of the spectrum 

(at a distance of the order c’A/v*p). 

From the experimental viewpoint, the phonon 
decay threshold wt = 2A is clearly of most 
interest, i.e., the threshold frequency of ultrasonic 
absorption (wt ~ 10!° — 10'! sec™!), below which 
absorption vanishes at the temperature of absolute 
zero, 

The purpose of the present research is the 
study of the decay phenomena mentioned, close to 


threshold.* The successive determination of the 
spectrum of the elementary excitations in the 
superconductor should be based on the solutions 
of the Dyson equations, to which we now proceed. 
We shall give a representation of these equations 
in a somewhat different form from that of Eliash- 
berg, ! which is, however, equivalent to it. Our 
representation appears to us to be more conve- 
nient. 


1. THE DYSON EQUATIONS 


As a starting point, we shall make use of 
Froelich’s Hamiltonian in the form in which it was 
written in the research of Migdal,’ and also the 
Green’s function D for the phonon, introduced in 
the same paper [see Eqs. (1), (3) in reference 2]. 
The electrons in the superconductor are charac- 
terized by two functions: 


Gap (p, t —t’) = iT dgy (t) af (t’)), (1) 
Fap(p, tt’) = (N + 2| Taay (t) ap,—p(t’)| ND em™*. (2) 


(Here < > denotes averaging over the ground 
state of the system, |N> is the ground state of a 
system composed of N particles.) The function 
Fag (p, t — t’) describes the formation of a con- 
densed pair of two electrons or the decay of the 
pair into two holes. 

We shall seek the functions G and F in the 
momentum representation. The set of Dyson 


*In a recently published work,’ Eliashberg considered the 
interaction of electrons and phonons in a superconductor. 
Threshold phenomena were not noted, since he identified the 
Green’s function of the phonon with that obtained by Migdal? 
for the normal conductor, and relied on an inexact theorem on 
the adiabatic properties of the Green’s functions for electrons. 
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equations for the functions G, F, D has the form 
G (P) = Go (P) + Go(P) 21 (P) G(P) — Gy (P) B2(P) F(P), 


(3) 
F (P) = Gy(—P + 2) 3,(—P + 2p) F(P) 


+Go(—P + 21) 3, (P)G(P), (4) 
D(Q) = Ds(Q) + Do (Q)M(Q) D(Q), (5) 
21 (P) = rar D(QIG(P—Q)Fi(P, Q 

£F(P— OTs (P, Qi at (6) 
E3(P) = rome \D (QF (P— QL (P, Q) 

— G(P—QTa(P, QI 4Q, (7) 
1 (Q) = —saae | 1G (P) G(P — Q) 


ge) (Pa) (2,1) 
(PIE (PQ) a PP 4- OE (P,Q)y dtp. (8) 


The letters P and Q denote 4-vectors with compo- 
nents P=(p,7),Q=(q,);p=Ipl,q=lalsu 
denotes a 4-vector whose only non-zero component 
coincides with the chemical potential of the system, 
pe ige=(0,-0; 0; 7) 1: 

The system (3) — (8) is similar to that intro- 
duced by Belyaev’ for a gas of interacting Bose 
particles below the condensation point. The func- 
tions Go (P), D)(Q) are given by the formulas 

' ; 
p—n— 100 (Ep) ’ 
Aon? j 1 i 
= peers o,+o—i , TaeEs tO} 


Go(P) == eh, == 8p, (9) 


Dy (Q) = 


Equations cannot be written down for the vertex 
parts 1; (P, Q), Fo(2, @)2 The-procedure for 
their construction is completely analogous to the 
usual, but some pairs of vertices are joined not 
by the usual lines which represent the function G, 
but by lines with oppositely directed ends, which 
represent the function F. At each vertex, one 
electron line must enter, and the other must leave. 

The quantities G, F, 2j, Ij are matrices over 
the spin indices. By virtue of the isotropy of space, 
Gap has the form 


Gap (Pp, 1) = bap G (p, 1). (11) 


By the law of conservation of the projection of the 
spin, the diagonal elements of the matrix F are 
equal to zero. Also, from the isotropy of space, 
the other two elements are either equal or are 
opposite in sign. To decide on one of these possi- 
bilities, we note that it follows from (2) that 


Faole, n= Se BaD == My} 
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This equality yields Fog (p, 9) = Fea (p, 0) for 
7 = 0, whence we derive the result (from con- 
tinuity) that the matrix F has the form: 


A 


F (p, n) = 52 F (p, n), (12) 


where 6» is the Pauli matrix. 

Equations (3) — (7) show that 2, and IT, have 
the same matrix structure as G, while 2, and I, 
are similar to F. 


2. THE WEAK-COUPLING APPROXIMATION 


The theory of Bogolyubov' corresponds to the 
assumption Ay «1. Setting [; =1 and ©, =0 in 
the lowest approximation, and replacing D and G 
by Dy and Gy in Eqs. (6) and (7), we get the equa- 
tions of weak coupling: 


G (P) = Go(P) — Gy(P) 22(P) F(P), F(P) 


= Go (— P + 2u) 2, (P) G (P); (13) 


Gy (P) = G, (Pl GaP) 2 (2). (14) 


It is not difficult to see that G)(P) differs from 
G) (P) by the small renormalization of the velocity 
vF on the Fermi surface and of the chemical po- 
tential ».. We shall assume these quantities to be 
renormalized and shall omit the bar in Gy in what 
follows. 

The solution of the system (13) has the form 
ED +n = us uF 


ere ih Eé—n—i e+ 16’ (15) 
x2 (P) af 
F(P) (e540) en 20), (78) 
ep = Ep + 2a(P), up = zl + Ep/ep), 
G2 2 (1 = Enlep) (17) 


Equations (15) and (16) represent a generalization 
of the formulas of Gor’kov’ to the case of electron- 
phonon interaction. 
For X»2(P) we have the equation 
Qos? 3, (PO) 0; 
i(2m)4po . eae, = 


Mw 


eae = 4. (18) 


(j= 0)? == 10 oe 


In the integral of (18), as we shall establish below, 
the values of |p —q| close to pp will play a role; 
more precisely, |p —q]| — py ~ A/Po, where A 
=Zo(po, »). We can therefore assume Z2(p, €) 
to be independent of the spatial momentum p, and 
replace Zo(p, €) by C(n) =Z2(po, u + 7). 


FIG. 1 
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We transform to the variables Ep-q = €', Wq 
= w', and extend the integral over €’ to infinity. 
We get 


1 
@, == 0 —=10 


CX) = = at odo’ \ i Boot w) ( 
: : 


—co 


eer e'de'/V 2’? — C? (yn — @) (8 -- 9 


+ w — id) (e’ + n— o — 18), (19) 
where the integration over ¢€’ runs along the con- 
tour L enclosing two cuts from + C(n — iw) to 
+o, as is shown in Fig. 1. The integral along the 
contour L can be replaced by the difference in the 
residues at the corresponding poles €’ =+(7 — w) 
— i6 if (7 — w)* >A%, or by zero if (n — w)? 
< A*. We thus obtain 


Do 


, ee ow mu C (e’) { 
= Ao 12 ] 1 
OE 805, \ aes \ Ve? — C2 (e’) \ Ware 2 uf 


I \ 
=f Se (20) 


Here we have omitted i6 in the denominator, since 
it is not difficult to show that the imaginary part of 
Z_ is small in comparison with the real. 

At small n < A, Eq. (20) is identical with 
Bogolyubov’s equation for C (7) and qualitatively 
gives the same results for n > A. The reasons 
for some divergence of Eq. (20) from Bogolyubov’s 
equation were given by Eliashberg! and we shall 
not consider them here. 

We now proceed to the calculation of successive 
approximations in the weak coupling theory. We 
shall be interested in decay processes of ele- 
mentary excitations near the threshold. As 
Pitaevskii® has pointed out, the damping, both in 
the case of weak and in the case of strong coupling, 
is determined by diagrams which correspond to the 
decay process under examination, wherein the dis- 
tance to threshold appears as a really small param- 
eter. The results of weak and strong coupling 
theories can be distinguished only when the spec- 
trum close to threshold in the weak coupling theory 
splits up (in the analogous case in strong coupling 
theory, the threshold is the end point of the spec- 
trum). Further results show that there is no 
splitting of the spectrum in a superconductor. 
Therefore, our results, which we obtained in the 
weak coupling case, also remain valid for strong 
coupling, if we assume Ay ~ 1 and replace the 
velocity vr, the chemical potential p and the 
value of the gap A by the renormalized values. 

Moreover, these results will correctly de- 
scribe the damping of quasi-particles far from 
the threshold if the electronic energy £ is less 
than or of the order of the Debye energy w. 


This is related to the fact that the damping of 
phonons in the strong coupling case is determined 
by the process of decay into a pair, while the damp- 
ing of the electrons in the given energy region is 
determined either by radiation of phonons or by 
pair creation.’ 


3. ULTRASONIC DAMPING 


Kinematically, the decay of a phonon with wave 
vector q into an electron-hole pair is possible with 
satisfaction of the equality 


@q = Ep + Ep—q. (21) 


Eq. (21) can be satisfied only starting with wq 
= 2A, which also determines the decay threshold. 


FIG. 2 


For calculation of the damping associated with 
phonon-pair decay, we must take into account the 
contribution to the polarization operator of the 
phonon II (q, w) from the diagrams of Fig. 2. 


(q, ) = 1+ Th, (22) 
uz y2 
Ie p 
IT, (q, o) = aya ale emres Mee ea 
ua of 
SE p—4q p—q 
ON aes Pee a (23) 


Il, (q, ) = sae \ 1? [(€p — n — id) (ep + n — i8) 

X (epg —1-+ © — 18) (epg +n—o— 18). (24) 
Integrating over 7 and carrying out the substitu- 
tion Ep = &, en die &4, we get 


co S++ Pog , uv 
Ts ©) = pang 98 | hs (eee os 
—oo 5—Poq 
veu2 
Bey 
&; + & Sop (25) 
E+Poq ‘ P : 
fills 
2 (4, ®) Tae dg dey & o,5)\ Spa op OO 
—oo S—Pod be : 
1 
af amen PLS) (26) 


In Eqs. (25) and (26), the integration over £, 
can be extended to + since pyq > ®Wq in all 
cases, and just £, &; ~ wq, appear in the essential 
region of integration in the calculation of 
Im Il(q, w). Taking this into account, we trans- 
form to the variables € = €¢, €;= €¢, and obtain* 


rere r esde+a—lol) (27 
1G, ©) = aarg ae | aes mee | ) 


*We neglect the weak dependence of C(@) on ». 
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ImIT, (q, o) = —*_\ ae\ de, A*6 (€ + &1— | @|) . (28) 
a i \ V (2 — a9) (2 — A) 
Then 
Im (€&1 ++ A?) 
- (9, a ona \ yas Ge A?) (e? — A?) 
x6(e+ €,—|o]). (29) 


It is easy to establish from (29) that Im Il= 0 
for w<2A. We shall consider the behavior of 
Im II1(q, w) in two limiting cases. First, let w 


=2A(1+ a/2) (for a «1). We have 
A (1+a) 
Imib=j-, = died aa ee (30) 
(2m)? q Ve — A?) (e — A) 
where €,;=|w|—e€. Making the substitution ¢€ 
= A(1+7) in (30), we obtain 
Rares tA \ dy eA (31) 


Gro) Vu@—w 47 


The ultrasonic damping is determined by the 
equation 


Oe 0 (32) 
and has near threshold the form 
_ __ Aom® A —_ __ Aot® A 
Imo, = — Tere hae ae (33) 


Equation (33) shows that the damping at threshold 
increases abruptly from zero to a finite quantity. 
For wg = 2A, the ratio (Im wg )/wq has a value 
~1/V¥M~ 102, 

In the discussion above, there was a certain 
lack of rigor. One can show that Re II near the 
threshold w =2A has a logarithmic singularity of 
the form 


(A/4q) In[(2A — @)/o,), 


and, strictly speaking, there is no discontinuity 
in the damping at threshold. However, the region 
in which the logarithmic term in Re II [in the 
solution of Eq. (32)] is appreciable is very small: 


A/V M), 


| — ow, | ~ 0, exp (— 


where A is a quantity of the order of unity. 
Clearly, the physical smearing of the jump in the 
damping in such a region is completely impercep- 
tible. 

In the other limiting case w > 2A, we can set 


A = 0 in (30), from which we easily obtain 
ImI1(q, (34) 


This result is identical with the result of Migdal 
[see Eq. (12) of reference 2]. 


0) =|o| /40q. 
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4. PHONON EMISSION BY AN ELECTRON 
The conservation laws in this process yield 
Ep = Ep_q + Oy. (35) 


In a superconductor, the velocity of the electron is 
zero on the Fermi surface. Therefore emission of 
a phonon is possible only if we start with the value 
of the momentum p; = py + (A/p)) (c/vF) for 
which the velocity of the electron becomes equal 

to the velocity of sound. In this case, Eq. (35) can 
for the first time be satisfied. 

We find the damping of the electron excitations 
corresponding to this process by calculating the 
contribution to the ‘‘self energy’’ of the electron 
ZC, 1) (Pieces): 


E, (P. 0) = Fame \Go(P — Q) Dy (Q) a0. (36) 


Calculation of the integral (36) leads to the result: 


Im =p+q 
Im 2, (p, 0) =~ | qoudg \ (8, + —|n1) db. 
0 2\ p—q | (37) 


If we substitute n = €p in (37), it is then evident 
that the argument of the 6 function can vanish 
only if dé/dp = dw/dq =c. The value of n = ng 
~ A (1+ c?/2v4,) is the threshold of the process. 
It is not difficult to transform (3) to the form 


n 
Se ie we eae 
Im 3s (p, 0) = Jp. 3(n — Mo) See de 


In 
GW o& 44q 


Kom 
= ~ ) (q a No) \ a A2y'/2 = 


38 
ian (38) 


We consider the behavior of Im 2; (p, 7) in 
three cases. 

1) n=n, (1 +2), a<c?/v2, ~ 1/M. Calculation of 
the integral (38) gives 


Kos IN NG 
Im 2, (po. 0) = ays (=) Aoe. (39) 
2) n= (1 +4), /M<o<l, 
Aomt Ne 5/, 
Im 3, (Po = 575 (=) Aa’! . (40) 


The latter result is identical, with accuracy up to a 
numerical factor of the order of unity, with the re- 
sult of Eliashberg [see reference 1, Eq. (30) ]. 

3) For n > A, Eq. (38) goes over into the cor- 
responding equation for the normal metal. 


104 


py 


ae 


g 


~ 
= 


: Z 
p49 


FIG. 4 


5. CREATION OF AN ELECTRON-HOLE PAIR 
BY AN ELECTRON 


The threshold of this process is obviously n 
= 3A. By the conservation law applicable to the 


given case, 
(41) 


Ep Spa 8 pais Sea: 


The contribution to 2,(p, 7) corresponding to this 
process is given by the diagram of Fig. 4: 


y ee do dA aE nh 2 OW 
eG os, 
Xx ren oa meats (42) 


where II (q, w) is determined by Eqs. (22), (23), 
and (24). It is clear from (41) that in pair creation 
all four energies should be of the same order of 
magnitude. Therefore, the values w ~ 7 are im- 
portant in the integral in (42). If n « wo, then w 
<< Wq. By virtue of (42), for n « wo, we can 
transform to 


ne (ie 
4 p—q 


X(p, 1) = 


p— 


ye 
p—q 
ihe) — id ). (43) 
We change to the variables € = €p-q and extend 
the integration over € to the interval (A, ©). The 
integration over € is completed without difficulty, 
and yields 
ecg 
3 e—— id 
= in| [S(e — n) d(e 4 
& 
where 7 =7 — w. We have carried out the inte- 
gration over € to the end here, in order to give a 
smoother form to the result. Substituting (44) in 
(43), we get 


il ) ede 
etn—id/ (2? — Ary? 


ede 
eos A’) /2 2 


n)] (44) 


2 © Im 


th, 
Im 2,(p, 4) = Sat \ dw \ qdq Im (q, @) 
Sree 5 


[ee) 


One eee ede 
| I (Q—o=2)— 3+ e+). 


Here we have made use of the parity of II (q, w) 
relative to w. 


Now let 7 >0. Making use of Eq. (29) for Im II, 
we get from (45) 


(45) 


Vell. ePOKROVSKD! 


he a4 
= dé, 
ea ell ra ae a 
c (exes + A2) es Fe ames ned A 
dés—5 ae pro fi eo mee 
x\ : Gis A*) (e2 — A?) (eae A2)]'/ (46) 
Near threshold, we have n = 3A (1+ @/3), €j 
= Ae( Laing), Cait <aaly, and Eq. (46) gives 
Np ei Ne he 
Im Dy (Po, n) cae 160 V2 pe | Ni 
x oe ws i ho ala Z Aah, (47) 
[N12 (2 — yi — n2))” 12 V2 Po ps 


0 


For a ~ 1, Im 2; ~ ARA2/p2. Comparing (47) with 
(40), we get the ratio of the frequency of emission 
of the phonons 1, to the frequency of pair creation 
vo: V4/v_ = (A/wy) (p?/wo) (we assume Ay ~ 1 
here). Under real conditions, A/w) ~ w9/p, ~ 107. 
Therefore, the contribution to the damping made by 
the pair creation process increases rapidly beyond 
threshold to a value exceeding the damping due to 
phonon emission. 

If 7 >A, we must set A =0 in the integral (46), 
whence 


Im2Zy(Po, 0) ~ (Aj/M) 9 (n/@o)”- (48) 


This value becomes (for Ay ~ 1) of the same 
order as the damping due to phonon emission 
(Im Dy ~ (Ap/VM) wy (n/a )*) for n/wy ~ M1, 
Equation (48) is identical with Eq. (31) of Migdal’s 
research, with accuracy up to a numerical factor.” 
Thus, for energies 7 lying in the range (A, 3A), 
the electrons radiate sound. In the interval 
(3A, wi /p?) the decay of the electron is princi- 
pally in the form of pair creation. Finally, in the 
range (w?/p?, w ), phonon emission plays the 
principal role. 
The author is grateful to A. P. Kazantsev for a 
number of valuable comments. 
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A system of non-interacting electrons in a lattice is considered. In the single-band approxi- 
mation the changes of energy and thermal capacity of this system when defects are formed 


are calculated. 


ke the theory of local perturbations in crystals the 
most important problems are, on the one hand, 
finding the discrete levels and the scattering prob- 
lem,!»2 and, on the other hand, the calculation of 
the changes in the various thermodynamic quanti- 
ties. The latter problem was first posed and 
solved in the general case by I. Lifshitz? (see also 
references 4 and 5). 

We consider the change of the electronic energy 
of a crystal when defects are formed. This prob- 
lem is of particular interest in connection with the 
possibility of thus finding the contribution to the 
electronic thermal capacity of the crystal made by 
lattice defects. We use the one-electron approxi- 
mation, and neglect electron interactions. We 
write the Schrodinger equation for the wave func- 
tion of an electron in an ideal lattice as 


AW = Ex bk} (1) 


Hy, includes the kinetic energy and the periodic 
potential averaged over the lattice, ~,x is a Bloch 


function. We limit the spectrum of €, to one band. 


For a lattice with a defect we have 
(Hy + V) Oe = & Gx: (2) 


Here V is the perturbing potential localized about 
the same point Yr; Ek and ¢, are the perturbed 
eigenvalues and eigenfunctions. 

Our problem consists in calculating the energy 
change of the electron system AE, which, using 
the invariance of the trace of operators, we will 
write in the form 

AE = Sp {Q(H, + V)— (Ap)}; (3) 


Q(e) = — kT In (1 + e-8)/R7), (4) 
where p is the chemical potential, T is the tem- 
perature, k is Boltzmann’s constant. If Pe and 
Pe (the projection operators into the states w, 
and yk) are introduced, then 


ARS \Sp (P= Py Ode, (5) 


The trace of the difference of projection opera- 
tors has been calculated in the case of a degenerate 
regular perturbation by I. Lifshitz.? We use for 
the perturbation operator the first order approxi- 
mation. With this aim we expand yy, normalized 
to a 6 -function, in terms of the Wannier functions 
an(r), localized at the lattice sites: 

thi (1) = (20) Dh ettay (1). (6) 
The diagonal matrix elements of V in ~, space, 
which are of interest to us in this approximation, 
will have the form 


be (Vita) = 20? Dd) Can |V and ek, (7) 


Limiting ourselves to the largest of all the ele- 
ments <an| V|an'> 


= (2a) * (an, |V | an,> (8) 


Cb == (27) ?ol, 
(np) is the site closest to rj), we obtain 
KU | V | Pe> = &. (9) 
It is now possible to use the results of reference 
3 for the case of a one-dimensional first-order 
perturbation. We have 


: arg (1 fe 


aU 


(@ (e’) de’) 


s’ —e— 10 


Sp (P:— P.) = 


me 10 
| Ve, | ( ) 


Ce) \ 
eye 
The last integral is taken over a surface of con- 
stant energy, dw is the element of its area. 
The Stieltjes integral (5) gives 


Ae 210 (ee Oe, \ |e = \tan-4 aac (e)/(1 
+ aP \ 2 ae’) Q! (e) de. (11) 
Here the spin degeneracy has already been taken 

into account, and the level of the localized state € 


105 


106 Nis Ns 


is determined from the equation 


l+a \ dec (8)/(€ —- &)) = 0; (12) 
€g is the upper or lower edge of the band, depend- 
ing upon the sign of a. 

The possibility of approximating by a one- 
dimensional perturbation has no rigorous founda- 
tion, but we shall establish a criterion for its ap- 
proximate feasibility. To do this we note that for 
sufficiently small values of qa (in the three- 
dimensional case) Eq. (12) has no solutions at all, 
there is no localization due to the perturbation, 
and, consequently, the approximation is demon- 
strably inapplicable. 

In order to obtain a more accurate estimate we 
write 


\ do/ | Vex| = (8 (ex —e) dk. 


EL=e 


(13) 


It then becomes possible to introduce a new func- 
tion 


fine) sony P \ dkek (n—n')/(e, —e— iO), (14) 


which is the Green’s function in the discrete space 
of lattice sites. We have 


Re I. (0) = (2m)8P \ de'c (e’)/(e’ — 8), 


ImI, (0) = (2a) 2c (e). (15) 
If we now consider that (in the three-dimen- 
sional case) RelIe (0) is continuous through the 
boundary of the spectrum and attains a maximum 
(minimum ) at it, then it is possible to write down 
the inequality 


1a <P\de'c Cie =n, (16) 

We write « =e’ + Bf(k), where k is the quasi- 
momentum, and B determines the energy width of 
the band, then 


1/a, < const/B. (17) 


The constant appearing here has a value of the 
order of unity. Thus, our approximation is most 
justified when 


C=C. (18) 


We now turn to a study of the contribution of a 
small number of defects n to the electronic heat 
capacity at low temperatures. As is easily veri- 
fied, the localized electrons give an exponentially 
small contribution and can, therefore, be ignored. 


For the energy change we find in the usual way° 


A Say) othe 2 Pi —< -1 % Im 7, (0) 
le: E,-+ 3 (kT)? O' (er), O(c) stan Tha, Rel, (0) 


(19) 
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Here €F is the Fermi energy, AE) is the energy 
change at T = 0: 
% Im/, (0) 


ee 
AB, = 2G, —@)) = \ tan“! 
It must be pointed out that, in fact, in the nature of 
the problem, the integrals in (15) are taken over 
the unperturbed spectrum, but the integral in (20) 
over the perturbed. This becomes of particular 
importance near to the edges of the unperturbed 
spectrum, where it is not permissible to expand in 
terms of B/a) (see reference 7). In addition the 
relationships obtained are only valid when the band 
is not too full, because otherwise it is impossible 
to use the procedure of extending the integrals over 
€ from the distribution function to infinity. We do 
not consider here the complicated processes when 
there is a gap between two bands. 

Thus we have, for the contribution to the heat 
capacity, 


Ac = = (ak)?a9nT 


_ Um I, (0) + a {{Imf, (0))’ Ref, (0) — [Ref, (0)] Im/, (0)} 
a [ao Im, (0)? + [1 + acRe7, OP 


(21) 
We note that ImIe (0) and Rele (0) possess 
characteristic singularities in their first deriva- 
tives at the boundary of the unperturbed spectrum. 
When the inequality (18) is satisfied, the quantity 
Ac ceases to depend on the perturbation, and we 


obtain ; i 
Ac = ~ (mk)’nT®, (ex), 


®, (8) = {[Im J, (0)]’ Ref. (0) — [Redz (0)]'Im/, (0)}/| Ze (0) |2 
(22) 
In the other limiting case (B > a )), provided 
the first order approximation remains applicable 
(for example, with modified aS), we find 
Ac = = (xk)?a9n [Im/., (0)]' T. (23) 
These two possibilities are realized, apparently, 
in dielectrics and metals. 
The author takes the opportunity to express his 
gratitude to Prof. I. M. Lifshitz for a number of 
valuable discussions. 
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It is shown that the y? criterion can be employed to investigate the azimuthal angular distri- 
bution of a small number of shower particles. The azimuthal angular distribution of second- 
ary particles in jets produced in photographic emulsions by cosmic-ray particles is analyzed 
by the proposed method. It is concluded that peripheral collisions of high-energy nucleons 


play an important role. 


A possible consequence of the two-center model 
of multiple particle production in collisions of fast 
nucleons is the azimuthal anisotropy of secondary 
particles. If the excited center has a large intrin- 
sic moment of momentum, then the emitted mesons 
have a tendency to be coplanar.!? In addition, be- 
cause of the deflection of the emitting centers from 
the direction of the primary particles,?"* an asym- 
metry can arise in the azimuthal angular distribu- 
tion of the particles of the diffuse and narrow 
cones observed in the laboratory frame of refer- 
ence (7 system). Koba and Takagi’ believe that 
the detection of an azimuthal asymmetry of shower 
particles exceeding the limits of simple statistical 
fluctuations would make the two-center model a 
very plausible one. The problem is all the more 
important since the distribution over the angle @ 
(the angle with the direction of the primary 
particle) characteristic of the two-center model 
is often of the order of natural statistical fluctua- 
tions.° 

The azimuthal angular distribution of fast parti- 
cles produced in the collisions of nucleons with 
complex nuclei was studied using the Pearson 
criterion.° However, the existence of azimuthal 
anisotropy has not been proved. It should be noted 
that the use of the Pearson criterion is mathemati- 
cally sound only for a sufficiently large number of 
shower particles ng,! not less than 10 m, where m 
is the number of equal intervals into which we di- 
vide the azimuthal angle ¢g. It is shown below that 
it is possible to use the x’ criterion to detect the 
azimuthal anisotropy of secondary particles in the 
case of small ng if the small number of particles 
in each shower can be compensated for by a large 
number of showers. 

In the study of the particle angular distribution, 
the total azimuthal angle 27 is divided into m 
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equal intervals Ag, and the number of particles 
nk is calculated in each interval e Nk =Ng ye 


As is well known, the quantity 


m ihe, \ m S 
ay? s == Pps 1 
kin ee A =) nt, = My, Ns (1) 


= On 


has a y° distribution with m — 1 degrees of free- 
dom, if ng is large, under the assumptions of 
azimuthal isotropy of shower particles and the 
statistical independence of their angles of emis- 
sion gj in separate showers with a given ng. Let 
us estimate the mathematical expectation and the 
dispersion of this quantity for an arbitrary ns. 
We ascribe to each azimuthal angle of the i-th 
particle gj m random values gj, (i=1, 2,..., 
ng; k= 1, 2, ..., m) satisfying the conditions 


Qik a l ’ (2) 


if gj lies within the k-th among the m equal 
intervals Ag, and 


Qik = 0, (3) 


if gj does not lie inside this interval. For sucha 
definition of gj, we have 


ns 


A, = >) Qik- (4) 


t=1 


Taking the statistical independence of the angles 
gi into account, it is easy to find the mathematical 
expectation of the normalized value @m 


aye, /( im = 1): 


m { 5 
M (Gm) = 1+ gry (te 1) B (P= se) (5) 
where p; is the probability that a particle falls 
within the k-th interval Ag, which fully determines 
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the distribution of gjk. If the azimuthal angular 
distribution is isotropic, pk = 1/m and 


M (tm) = 1. . (6) 


The calculation of the dispersion @m is rather 
tedious. Omitting the calculation, we shall present 
the final result corresponding to the assumption of 
azimuthal isotropy of shower particles and statis- 
tical independence of their angles qj: 

9 { 9 


dio.) = —— = (7) 


m—1 i, lie 


The fact that the value of the dispersion is 
finite makes it possible to find the critical limit 
for the quantity Gm averaged over n showers 


a “| Me 
am = i >) Ami» (8) 
i=1 


The probability that this limit is exceeded is very 
small. Denoting the probability of the correspond- 
ing event by P, we can write the Chebyshev 
inequality from Eqs. (6) and (7) as 


Pape enV Dee Vat, 


oe, 2 1 2 
Dyes eer (9) 


where t is anarbitrary positive parameter. The 
more accurate Chebyshev inequality® makes it 
possible to state that* 


P (8m —12>tV Dn! Vn) <exp(—#?/4), 


(10) 
if 
gh 0 Dons lia) er 1): 


max 


(11) 


The Chebyshev inequality clearly results in a con- 
siderably greater value than the critical limit @m. 
In order to lower the estimate, we can use the 
Lyapunov theorem, whose limits of applicability 
are satisfied for a set of showers with a finite 
number of particles ng, e.g., for showers with 
energy smaller than a certain maximum value. 
Since, for a sufficiently large number of such 
showers, the distribution of the quantity Q), can 
be regarded as normal, we can, for instance, 
claim from Eqs. (6) and (7) that 


P (8m—1>tV Dnl Vn) = (2n)~"*| exp (— x2/2) dx. 
H (12) 
For t ~ 2.5, the right-hand side of Eq. (12) is 
already less than 0.01. 
By means of the ye criterion, we can study the 
azimuthal angular distribution of shower particles 
on the whole, independent of the angle @ with the 


*Since the quantities %,,, similar to the quantities % and 
a”, considered below, are finite, we have 0 < 4, < ng. 
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direction of the primary particle. In order to ob- 
tain information about the azimuthal asymmetry 
of the particles travelling at different angles 0, 
we can use the quantity introduced in reference 9 


a =n, tan? 9, (cos 9)? / sin? @ 


Ns 
= | >} sin 6 sin 0; cos ww |S sin? 6;; 
i+] i=1 
Ns Ns 
cos 6 = > cos 9; / ns, sin? @ = >| sin? 9; / ns, 
i=1 f=1 


(13) 


where 6; is the angle of emission of the i-th parti- 
cle with respect to the direction of the primary 
particle in the 7 system, gj is its azimuthal angle, 
and 6, is the angle between the direction of the 
primary particle and the shower axis going through 
the center of gravity of the points of intersection 
of the secondary charged-particle tracks with a 
sphere of unit radius whose center coincides with 
the shower vertex.* By means of this quantity, 

we can solve the problem concerning the deflection 
of the excited centers from the direction of the 
primary particles in peripheral interactions of 
fast nucleons, since such a deflection leads to an 
increase in 6. 

Let £( 91, py, 92, Po, .--,9ng, Png) be the proba- 
bility density of a multi-dimensional distribution. 
Assuming the azimuthal isotropy of the angular 
distribution of each particle for an arbitrary 96 and 
for a fixed direction of the remaining ng — 1 
particles, the mathematical expectations of the 
quantity a and its dispersion are, respectively, 
given by 
ais 


M (a) =\af (1, 1s 85, Gar++ ++ ng» Png) |] 102 dpe 


Ns t=1 


= \ of, (61, 0,...,8n,) |] dod, /2n = 1, (14) 
i=1 
; . . = 2 
D(a) =| sin 0; sin 8; cos (@: — | o3 sin? 0,| 
ij Sil 
x hh (6,, sey On.) [[ 4%4@./22 
i=1 
== 14 [soins Oy Wet Sin yG)e| coe (15) 
Hence, it follows that the substitution 
Dn=1 (16) 
leaves the inequality (9) valid for the quantity 
< 4 n 
c >» Or, (17) 


while the equality (12) becomes an inequality. 


*The factor n,(cos 0)*/sin? 9) in Eq. (13) is introduced for 


normalization [see Eq. (14) below]. 


ON THE AZIMUTHAL ANGULAR DISTRIBUTION OF SHOWER PARTICLES 


In a general case, where 


i (9), 1, 02, Wi oa 6 


—— fr (8, Wb c 2 « 


» Ones Pn.) 
» On.) Fo (Pr) Fe (Pe). . - fro (Pn), 
\ ie (9) dp = 1, 


the mathematical expectation a differs from unity 
by the quantity 


(18) 


M (a) — 1 = aM [n, (sin 6)?/ sin?6 — 1]> 0, 


a = [M (cos g)}?+[M (sin g)}?. (19) 


Since the values of @ are finite, we have fora 
sufficiently large number of showers with a num- 
ber of particles less than a certain maximum 
value, = = 
a= M (a). (20) 
The same properties as @ are possessed by the 
quantity* 


ao” =n; tan 6 / tan? 4 


es 
=1-+ $) tan 6; tan 6; cos (g; — )) >) tan? 6;, (21) 
ij | i=. 
where 6 is the angle between the direction of the 
primary particle and the straight line going through 
the vertex of the shower and the center of gravity 
of the points of intersection of the secondary 
charged-particle tracks (or their continuations ) 
with the plane tangential to the unit radius sphere 
at the point of intersection of this sphere with the 
continuation of the primary-particle track. The 
experimental values a can easily be calculated 


using so-called target diagrams of shower particles. 


Before we analyze the experimental data by the 
above method, let us consider several factors 
which cause the mathematical expectations dm, a, 
and a’ to differ from unity. 

1. The energy-momentum conservation law 
subjects the momenta of the particles and their 
directions to certain constraints which may affect 
the assumed independence of the gj, e.g., in the 
case of the existence of a particle with a much 
higher energy and with a very large transverse 
momentum.} If the transverse momenta of sec- 
ondary particles are of the same order of magni- 
tude, then, if their number is large and if neutral 
particles are present, the influence of the energy- 
momentum conservation law is evidently small. 
However, if the transverse momenta of nucleons 
are much greater than those of 7 mesons,’° and 
two nucleons do not have the tendency to be 


*We have in mind the equality (14) and inequality (15). 
tThis assumption does not correspond with experimental 
data. 
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coplanar after their collision, then, for a small 
(~5) number of charged mesons, the mathematical 
expectations Q@m, @, and a’ may increase. 

2. As mentioned at the beginning of the article, 
for small deflection angles of the excited centers 
from the direction of the primary nucleon, an azi- 
muthal anisotropy of the secondary particle may 
arise, and the mesons will concentrate in the plane 
containing the momenta of the primary nucleon and 
of the isobar. Such an anisotropy will first lead to 
an increase of M(a@m) for m > 2, but will not 
greatly affect the mean values of a», a, and a’ 
since the azimuthal angular distribution remains 
symmetric. It should be noted that, since the pri- 
mary particles are described by a plane wave, 
there will be no azimuthal anisotropy of shower 
particles in the set of the single showers which is 
characterized only by the same momenta of pri- 
mary nucleons but for which the concept of proba- 
bility has no meaning (see reference 2). The ten- 
dency of mesons to be coplanar will make itself 
felt as a statistical dependence of the angles gj of 
secondary particles, which tends to increase 
M(Qym). We therefore believe that it is useful to 
differentiate sharply between the azimuthal ani- 
sotropy and the statistical dependence of the sec- 
ondary-particle angles. 

3. The presence of narrowly-correlated groups 
of particles in their angular distribution, originating 
from the decay of short-lived particles or isobars, 
tends to increase the mathematical expectations 
Qm, @, and a’ [see Eqs. (1), (13), and (21)]. The 
quantities M(Q@m), M(a@), and M(a’) would be 
much greater than one if the fast moving ‘‘fire- 
balls’’ produced in nucleon-nucleon high-energy 
collisions were deflected from the direction of the 
primary particle, and if they had an isotropic dis- 
tribution of the statistically independent angles 9g. 
If, as a result of a collision in the c.m.s., two 
nucleons excited in the same way and moving at 
large angles to the direction of the primary parti- 
cles are produced, then M(a@,) evidently will not 
increase, in contrast to the other quantities dis- 
cussed above which characterize the azimuthal 
angular distribution of shower particles. 

After these remarks, we shall use the proposed 
method for the analysis of experimental data on the 
angular distribution of shower particles obtained 
by J. Pernegr. The values of a, a’, and Am were 
calculated for 52 showers produced in emulsion by 
singly-charged cosmic-ray particles having =5 
strongly ionizing particles. The number of second- 
ary shower particles ng varies from 6 to 42, and 
the value of the Lorentz factor of the center-of- 
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Experimental data on the azimuthal angular distribution of 
shower particles in 52 jets” 
a ee 


Group characteristics Ng <12, n, =9,8, n=36 ns >14, ng=19.5, n=16 
Azimuthal group -/a(@’,am)| «(a | |e, %\/e@,em)| 9 @) — P, % 
characteristics He o (a) (a) 

1 2 5) 4 5) 6 Hf 8 
0 DOA Nee 7 a 1.07 |<0.25) — is 
a’ 0.87 10.17 — 4) — 1.04 10,25). = — 
ay 0.78 Oro?) 420) We 0.63 | 0.34 14,4 ae 
a3 0.94 0.16 — | — || 1.80 |0:24)) 3.3 | <0.1 9) 
Oly 0.80 0.43 | 4.6 | ~6 |] 4,44 | 0.20°) 2.4 ~2 
a; 0.98 0.411 a Aaa OAT shen ~2 
ols ‘Ot. | O40 | 2 | = Mees" 105 |) 4.4 -t0-* (<5) 
Ol 0.99 0,09 tail 8 4,28 OW O4e [4eT ~5 
Os 0.94 O08 11th = 4.37 | 0.43 |2,9} ~0,2 
on 1.05 Hoss = {.32 10,42") 2.7 ~0.4 
10 0.98 O07 Vat 1h | O44 | 3:9 |<4072 (<7) 


. *Only the values |@ — 1|/o(@) > 1 and of P < 10% are given. 


mass system yc from 2.4 to 150. The values of 
@, @’, and Q@m calculated by us* for two groups of 
showers with small and large ng respectively are 
presented in the table (columns 1 and 5). Columns 
2 and 6 show the values of o, the standard deviation 
of the quantities @, @, and @m calculated assum- 
ing azimuthal isotropy of secondary particles and 
statistical independence of their angles gj. When 
these conditions are satisfied, the probabilities P 
that @ (Q’, Gm) are not smaller or not greater 
than an observed value can also be calculated 
using the Lyapunov theorem. The corresponding 
data are shown in columns 4 and 8 of the table; in 
the parenthesis, the values of P obtained by means 
of the Chebyshev inequality are shown. 

Experimental data for groups of showers with 
Ng = 12 agree, within the limits of error, with the 
assumptions on the azimuthal isotropy of shower 
particles and the statistical independence of their 
angles gj. However, for large ng, the values of 
Q@m averaged over 16 showers are considerably 
greater than unity if m =3. This increase in @m 
cannot be due to the influence of the energy- 
momentum conservation law, since no increase in 
the quantities @, @’, and @, is observed in this 
shower group and, in addition, such an influence 
should be even stronger for smaller ng. The de- 
viation of the excited centers from the direction of 
primary nucleons, if it exists at all, also does not 
exhibit any marked influence on the azimuthal 
angular distribution of secondary particles, since 
the values of @ and @’ are close to unity. 

The experimental data of showers with ng = 14 
points towards a symmetrical but anisotropic azi- 
muthal angular distribution of secondary particles 


*Azimuthal angles are measured from the plane perpendicu- 
lar to the emulsion plane. 


in individual showers, and the symmetry is appa- 
rently conserved for any angle 9. The tendency of 
the emitted mesons to possess an azimuthal anisot- 
ropy might possibly also be observed for smaller 
ng. In that case, however, the mathematical expec- 
tations @m according to Eq. (5) cannot be great. 

In addition, for a small number of particles, the 
influence of the energy-momentum conservation 
law may be felt, causing a decrease of the mathe- 
matical expectations of the quantities under con- 
sideration. 

The experimental data given above contradict 
the hydrodynamical theory of jet production in 
head-on collisions for a cylindrical symmetry of 
secondary particles, and indicate a considerable 
role played by peripheral collisions. The data of 
the table correspond to the emission of mesons 
mainly around the plane perpendicular to the direc- 
tion of the intrinsic moment of momentum of the 
excited center. This fact was predicted theoreti- 
cally as a consequence of the two-center model of 
multiple particle production in nucleon-nucleon 
high-energy collisions.! For its confirmation, 
additional statistical material is necessary. 

In conclusion, the author wishes to express his 
gratitude to S. A. Azimov, M. I. Podgoretskii, and 
D. S. Chernavskii for helpful comments, to J. 
Pernegr for supplying the experimental data, and 
to G. M. Chernov for his help. 
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INTEGRAL EQUATIONS FOR KN SCATTERING 
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Integral equations for KN and KN scattering in low angular momentum states are derived 
in the Mandelstam representation on the basis of dispersion relations for forward and back= 
ward scattering. An approximation is used in which the equations for KN and KN scattering 


are uncoupled. An estimate of the contribution of the d3/. wave is given in terms ot the s= 
and p-wave amplitudes. 


i Starting from the Mandelstam representation The invariants introduced by Mandelstam’ are 
for KN scattering processes, MacDowell! has given for the reactions I, II, II by 
studied the analytic properties of partial wave s= M2-+ m+ 2h +2V (2+ Mk + me), ( 
amplitudes. In this work we derive integral equa- [. $= M24 mm? 222 —2V (4 Mee my, -1) 
tions for the s-, p- and d-wave amplitudes for eye z= cos g: 
these reactions. Ang a > 

In contrast to the program of MacDowell,‘ and s= M? + m? — 2k?z 2V (Rk + M?) (Rk? + m?’), 
the procedure used by Chew and Mandelstam for Hs = M24 m2 + 0 4+ 9V (+ M(B +m), (1.2) 
U1 scattering,’ we have made use of fixed-angle p= =F (2), cos 0; 
dispersion relations to derive the integral equa- : - 
tions for the partial waves, in particular the dis- (gee ee ie 
persion relations for forward and backward scat- ss M2 — m2? = 2g? — 2xpa, 
tering. This permits one to avoid a number of t= 4(m? + q?) =4(M? + p’), 
serious difficulties encountered by Chew and Man- x =cos%. (iss) 
delstam, and to the study of which a number of Here k’, k’, q’ are the squares of the momentum 


papers were devoted.*4 
In accordance with the general idea of Mandel- 
stam we consider the following reactions: 


transfer in the appropriate reaction (in the c.m.s.); 
M is the nucleon mass, m is the K-meson mass; 
~, Y, § are the scattering angles in the corre- 


I. K+N>K’AN’, sponding reactions. 
WA 45 es Kee The kinematic cut due to the square root in the 
Vik = KN Sen, expressions for s(k?) and §(k”) can be elim- 


inated by symmetrization with respect to this 
square root (see Efremov et al.°). However, as 
a result of peculiarities of the kinematics of KN 
processes, it is possible to take into account the 
nearest singularities on the negative cut also 
without symmetrization, by introducing a cut-off 
at —me © — 13”. 

2. The matrix elements for the processes I, II, 
and III are expressed in the form 


The two-particle unitarity condition relates the 
amplitude for the reaction II to the amplitude for 
the process 


KN => o 
(where Y denotes a A or > hyperon), and the 


amplitude for the reaction III to the amplitudes for 
the processes 


Rea an a oe: 


Spi = O54 ea 8 (01 + gi — Po — Ge) FREER. uTu, 
These three processes have been studied in Paani 
detail®*’ and we assume in our work that the am- where the function T has the structure 
plitudes for these processes are known; in par- ‘ 
ticular one may take into account, for example, P= AS VG Ga) By IVG ide YD). 
the contribution of the pole term or make use of The function A depends on the isotopic spin of 
the experimental data as analysed by Dalitz.° K and N: 
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2 Go) wie G) 
AA Piety 


where A(+) are related to the amplitudes with 
prescribed values of the total isotopic spin of the 
KN system (A° and A) by: 


eee a Soe SA 4 A@ 
ie Ae AE A ge Am AO). 
Wey» Ws Clee Gels APS A aE oA. 


The function B is related to B™, B“ and B®, B! 
by analogous formulas. 
For process I the quantity UTu has the form 


uTu = (40W | M) xX. {fs + & (oqn) (642) fo} Ly 


(the formula for nae II is obtained from above 
by the substitution k* — k’, f— f), where W is 


the total energy. The entree between f;,. and 
A, B is given by 


Il fi =9%A + BB, is = — 7A + OB, (2.1) 
I. f,=aA—B8B, jp = — 7A — OB, 
where 
a= (p, + M)/8xV, 8 =(p, + M)(W — M)/ 8a, 
1 =(P) — M)/8xW, 5 = (p, — M) (W + M)/ 8x, 
(2.2) 


and py is the nucleon energy. 
The functions f;. are connected with the partial 
wave amplitudes by the relations 


fa (#2) = 2 (fer Pin (2) — f- Pia (2), 
fale 2) Seer) Pe (2), 

Taking into account contributions from partial 
waves up to fp_ we find that (f; (+) =f1,2(k’, z 
=+1)): 

foe iG) bing) arate) — hb (—)) 

fo a) ee er fa) 
fu =tth(+)—hO} fe =olh(+)—h(-). 


(2.3) 


(2.4) 


The unitarity condition for process I has the 
form 


Im fis =| fox. (2.5) 
For the reaction II we obtain 
Im f+ = kl firs Pa RAF 2 Ie (2.6) 


where F]4 are the partial amplitudes for the 
process KN— Ym. The quantity ky is determined 
by the formula 


R= £57 (s— (My + p)*} (s — (My — p)), 


where My, ». denote respectively the hyperon and 


pion masses. 
For the partial amplitudes for the process II 


we have 
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1 AC ein ee 

di = Ra) U + 1Jo < l—1 cl Pp) 

$F Degg et) eee), (2.7) 


and exactly the same formulas hold for the reac- 
tion mr — NN. 

Here Ji. and J.~ are helicity states for these 
two processes (see Frazer and Fulco’), which are 
in the case of reaction III related to A, B by 


== (G) | Sa Ler 
2.8) 


J, = (1 / 8p) {— pA+qMxBy, J,_ 


For partial waves of reaction III the oe 
condition gives 


li) se (Ge ge) eee (2.9) 


where Il! and mM are respectively the partial 
amplitudes for KK — mr and mt — NN; qe =q° 
belie aa ee 

3. The double Mandelstam representation for 
the function B(+)(s, 5, t) is of the form 


B(S68)1) Pee o *) Ps a 5 \ ds’ 


(M--m)? 
ke of) (S35 s’ ™ 
. (ie ee 
Olen) (s’ — s) (s’ = 5) 
e S oft) s’,t’ 
aie ” \ ds’ \ dt’ 25 ee 
iis (s' = s) = 2) 
(Ma +e)? 4p. 
ee 
Satin 5, \ dt : ds @—)e—5 5 (3.1) 
au? (M-+m)? 
Here Py are the pole terms: 
4P, = g2, | (Mz —s ). 


The renormalized coupling constants of and es 
are determined as residues at the poles of the 
function B(s, 8S, t) for the second process in 
isotopic spin states 0 and 1 respectively. 

An analogous representation holds for the 
function A(+)(s, 5, t) with the pole terms multi- 
plied by (M + My); the plus sign goes with scalar, 
the minus sign with pseudoscalar, K mesons. 


R KH 
Na yas 
A i 
1\ /\ 

a /) 
[any i! 
Lak 
eax foal 
if 4 i 
FE TN 
FIG. 1 
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The boundaries of the region in which the 
spectral functions fail to vanish will be calculated 
on the basis of considerations presented by Mandel- 
stam.'° The nearest singularities are given by 
diagrams of the type shown in Fig. 1. In the plane 
of the invariants they correspond to the curves 
shown in Fig. 2 (the point A has as coordinates 

~~ — 20p2, 5 113 ot 225 u*). The curve T 
is symmetric under the exchange of s and s. The 
curves I’, I” correspond to other. diagrams. 

The cuts for the functions ACK ,z) and 
B(k’*, z) for the case of process I are shown in 
Fig. 3. The curve P corresponds to two poles at 
kK? = ky, pie toe Z =+1 one has kA =— (erie ; 
ke = — 12.15 py. 

The cuts in the case of se alee II are oem in 
Fig. 4. Here P denotes poles at kA =— 8.9 p” 
and ki = =— 7.2". The cut due to the process KN 
— Yr starts at —-A =— 5.4; this cut is a con- 
sequence of the inequality (My + »)? <(M+ m)’. 

In the representation (3.1) the integration over 
t starts at 4u?, whereas the kinematic cut due to 
the root in Eqs. (1.1) and (1.2) does not start until 
the square of the K-meson mass is reached, so 
that the interval along the negative k? or k* axis 
from — m* to — yp? remains free of kinematic 
cuts. Therefore in what follows we restrict inte- 
gration over negative k’ or k* to the interval 
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Z=+1 —-y 
0 =4e 
-] 
FIG. 4 
(=m he ]. We note that all kinematic coeffi- 


cients a (k*), B (k’), etc. remain real along this 
interval and do not give rise to any new singulari- 
ties. 

In view of the analyticity properties (see Fig. 
3 and 4) the Cauchy formula can be used for 
A(+) (k?, z =4 1), BO+)(k’, z =41) and 
A‘+) (k*, z=41), Bf#) (kK, z=+41). As an exam- 
ple we write out the dispersion relation for 


B(+) (k?, + 1) ir =, kav): 
Be (v, +1) = ss (vy st ihe ae ae = 4) 
7 0) 
p? 
1 d sdigey 

Fe org ee ot 2) 
where s 5 

ql jonas) —_ GA 1 2 oa 

> By” (¥) 4h (va) (Va — ¥) WEN rcaicee est 


h(v) = | = s (v) . 


Let us note that B‘+)(p, — 1) has no pole terms, 
and that in the case of process II the integration 
along the right hand cut begins at — 2. 

Introducing the abbreviations a’ = a(v’), ay 
=O (yy) oe) and 


> AY? = (M+ My) BY? 

. 
(in what follows we shall omit the summation sign 
2), we obtain with the help of Eqs. (3.2), (2.4), and 


(2.1) the equations for some of the low partial 
amplitudes for the process I: 


br ‘l 
fo (v) = =] (Say — ry) AY? 


foe) 


+i\4 


+ = (3By + dy) BY 


= Im hee (v’) 


ie 


i i dy’ il , , = / 
+e \ poate Oe —1) Im a (', +1) 


an + 8’) Im B“? (v’, +1) 


4 Ne ee 
ae (Sat ey) A yi) 


il 
ner, 


(38’ — 6’) Im B*)(v", — ID}, (3.3) 
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I (v) = (ay — 8yy) AP + 


oo 


= (By + 3dy) BY 


— Im Rea, 


\ 4 dv’ [4 ; ’ 
fe a \ ea 6. (a OY; ) Im AN", te 1) 


(B’-+ 38’) Im B‘*)(v’, + 1) 


oa 
— = (3r' +a) im A (v’, — 
+ = (38’ — B’) Im B® (v’ = (3.4) 
AP (v) = oy Ai*? is = By BY) + aes ; im AY (v’) 
—p2 0 


4 , ae re 
+ = Bi Im Bw’, + 1) — Fa! Im A) (v’, — 1) 


— +8’ ImB™ (v', — I}, (3.5) 


4 an fu { 
i= y= = (= vyAy=? + dyBy¥?) + a\s5 = 
—p? 
1 dv’ on ie 
He) fpr maw, $) 


—m* 


a ao Im B™? (y’, 


Ne 9 im AS? (y= £) 


1 , aie , 
Be ein By — 1}. 
Here Im f7, is determined by Kq. (2.5). 
In order to express the integrals over negative 


values of k’ in terms of quantities referring to 
processes II and III we need to relate the variables 


(3.6) 


of the first process to those of the second and third: 


z(v,z)=1— 


= {1 2), 
Vv 
M2 + m+ v(t+2)+22V(vt+M)(v+m) (3.7) 


EI ace 3 Bins 9 Vy DM EAE) 
and 
x(v, 2) = 2v 4+2z)+4V(v+ M?) (v +m?) 
V4M2-+ 2v (1 — 2) V 4m? + 2v (1 — 2) 
@? (v, 2) = —m?—+(1—2). (3.8) 
Therefore 
ImB(v,z=+1)=ImB(v(v, + 1),z=+1),  (8-9a) 


where Im B(7?, + 1) is expressed in terms of the 
partial amplitudes fj, with the help of Eqs. (2.1), 
(2.4), and (2.6). In just the same way 


ImB (v, z= — 1) = Im B(q? (v, — 1), x = —}) 
l 


is expressed in terms of the partial amplitudes fi 
of the third process with the help of Eqs. (2.7), 
(2.8) and (2.9). 


(3.9b) 


The equations for ie for process II are 
analogous. The pole contribution to the equation 
for f§+) and f+) is of the form 


oy A(+) — By BE) (3.10) 


and 


eA = Oy Be) (3.11) 


respectively; for other partial amplitudes the con- 
tribution of the pole terms vanishes. The connec- 
tion between the processes gives for the negative 
region 


Im B(v,z = + 1) =ImB{v(v, + 1), 2 = + 1} (3.128) 


and 


Im B (v,z = — 1) = Im B fq? (v, — 1), x = — 1). (8.12b) 


With the help of Eqs. (2.1), (2.4), and (2.5) 

Im B(v, + 1) is expressed in terms of the partial 
amplitudes f7,, and Im B(q’, — 1) in terms of 
fl. 

Since the expansion in partial waves of the 
imaginary part of the amplitude converges better 
than the corresponding expansion of the real part, 
we may neglect in the expressions (3.9) and (3.12) 
the contributions from the d waves.* In that case 
Eqs. (3.3) — (8.5) do not depend explicitly on the 
d waves. The same approximation in Eq. (3.6) 
gives for f,;,_ an expression which depends only on 
s and p waves, and so allows an estimate of the 
size of this amplitude. 

We note that the integral equations for KN and 
KN scattering derived by us are not coupled to 
each other. 

The authors express their gratitude to D. V. 
Shirkov, A. V. Efremov and Chou Hung-Yiian for 
valuable discussions. 
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The problem treated is that of the radiation from an electron that moves into vacuum from 

a medium with spatial dispersion. The additional boundary conditions required to take 
spatial dispersion into account are discussed. It is shown that under certain conditions in 
addition to the transition radiation there is Cerenkov radiation produced from longitudinal 
waves in the medium and emerging into the vacuum. For the case of small absorption in the 
medium the angular distribution of this radiation is determined by the law of refraction to- 
gether with the condition for Cerenkov radiation in the medium. The main contribution to the 
transition radiation is the Cerenkov radiation from longitudinal waves, which is produced in 


the medium near the bounding surface (at a distance of the order of the wavelength). At 
large distances from the boundary this part of the Cerenkov radiation is a spherical wave 
and is confined to a narrow range of frequencies lying close to the plasma frequency. 


1. INTRODUCTION 


Whe a fast charged particle moves ina region 
with spatial dispersion there is excitation of longi- 
tudinal waves (plasmons).'’* The resulting dis- 
crete energy loss of the particle is the Cerenkov 
radiation from the longitudinal waves (cf., e.g., 
reference 3). 

The problem of the emergence of this radiation 
into vacuum is of undoubted interest, since the 
radiation has a narrow spectrum that lies near the 
plasma frequency we =4nne*/m (n, e, and m are 
the density, charge, and mass of the electrons in 
the medium), and can be used both for the genera- 
tion of radio waves (ina plasma) and also for the 
generation of infrared and ultraviolet rays (ina 
dielectric). It must be pointed out that Cerenkov 
radiation from transverse waves actually appears 
in a medium at relativistic speeds of the particle, 
whereas Cerenkov radiation from longitudinal 
waves appears at much smaller speeds. For 
Cerenkov radiation from longitudinal waves to 
occur, the speed of the particle must exceed the 
average thermal speed of the electrons in the 
medium. ! 

The following are special features of this 
problem: 1) the passage of a charged particle 
through the boundary between two media produces 
a transition radiation, which at large distances 
from the point of emergence of the particle is 
indistinguishable from the Cerenkov radiation’; 


2) when spatial dispersion is taken into account 
there is a new Solution of Maxwell’s equations 
(longitudinal waves), which requires an additional 
boundary condition.? 

Subject to a certain assumption regarding the 
additional boundary condition we find here the 
radiation fields for the passage of an electron 
from a medium into vacuum. As Garibyan has 
shown, °”® the transition radiation becomes actually 
appreciable only at ultrarelativistic speeds. At 
nonrelativistic particle speeds one can distinguish 
in the transition radiation a part of the spectrum 
in which the main contribution comes from the 
Cerenkov radiation from longitudinal waves. 


2. STATEMENT OF PROBLEM AND CHOICE OF 
BOUNDARY CONDITIONS 


Let the motion of the electron be normal to the 
boundary between the medium and vacuum. We 
shall regard the radiative energy loss of the 
electron as negligibly small in comparison with 
its kinetic energy. We take into account the effects 
of spatial dispersion for an isotropic medium by 
writing the connection between D and E in the 
form 


D = (e+ OA)E, (1) 
where D and E are the electric displacement and 


field strength at the point r, € = €) + iy is the com- 
plex dielectric constant of the medium, 6 isa 
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parameter that characterizes the spatial dispersion 
of the medium, and A is the Laplacian operator. 
The magnetic permeability of the medium is unity. 
The expression (1) is equivalent to the inclusion of 
a term in the dielectric constant proportional to 

the square of the wave vector. 

We shall look for the field of the moving electron 
in the form of the sum of a longitudinal field (¢) 
and a transverse field (A) with the gauge div A 
=(. We solve the problem by the method proposed 
by Ginzburg and Frank’ and developed by Garibyan. 
For the radiation fields g’(k) and A’(k) we get 
as the dispersion relations* for the longitudinal 
waves (for k = 0) 


5 


= 2/6, (2) 


where kj =x? + Aj, « and Aj) being the tangential 
and normal components of the wave vector, and 
for the transverse waves 


(3) 


Re =.070778 yr, 
where 


oy = 8/(1 - owe/c*),, 


In vacuum y’(k) = 0. 

As has been pointed out earlier, when spatial 
dispersion is taken into account the usual boundary 
conditions imposed on the normal and tangential 
components of the fields are insufficient. We can 
get a general formulation of the missing boundary 
condition by setting up a connection, containing 
some arbitrary constants, which is to hold between 
the amplitudes of the longitudinal fields and their 
derivatives at the boundary. Possible forms which 
are invariant with respect to rotation around the z 
axis and to reflection in the boundary plane are: 


e60p/On + a,5A (AQ/On) = ae )6An + O1g5An + a dAAn, (4) 


260/At + BSA (Ag/dt) = Be 5A. + B,5A-+ BSAA, (6) 
where 6 is the parameter that characterizes the 
spatial dispersion, n and T are the normal and 
tangent to the boundary plane, and a and B are 
constants. Dots denote differentiation with re- 
spect to time. Ginzburg® proposes as the addi- 
tional boundary condition 


D’ = 5AE = 0. (6) 


For certain values of the constants qa and B the 
conditions (4) and (5) go over respectively into the 
normal and tangential components of the condition 


(6). 


*Here and in what follows the intermediate calculations 
are not presented (cf. reference 5). 
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If we take Eq. (5) as the additional boundary 
condition, then the amount of Cerenkov radiation 
from longitudinal waves emerging into vacuum will 
be the same for passage of the electron from the 
medium to vacuum and for its passage from 
vacuum to the medium. In particular, if we take 
as the additional boundary condition the tangential 
component of Eq. (6), then there will be no emer- 
gence at all of Cerenkov radiation from the me- 
dium into vacuum. 

Because of this it seems to us that the condi- 
tion (5) is physically unjustified. The condition (4), 
on the other hand, does not have this defect. It can 
be shown that the amount of Cerenkov radiation 
emerging into the vacuum has only a weak depend- 
ence on the constants aj; that appear in the condi- 
tion (4). Therefore for a qualitative estimate of 
the emergence into vacuum of the Cerenkov radia- 
tion from longitudinal waves we shall use as the 
additional boundary condition the normal compo- 
nent of Eq. (6). 


3. THE RADIATION FIELDS IN THE VACUUM 


The radiation fields in the vacuum are found in 
exactly the way that has been described by 
Garibyan.’ We present the results of the calcula- 
tion of the radial component of the electric field 
strength: 


[oe 


i — SeE SGP —3ri/4 —tot 
AS ees mace J Tee do, (7) 
I (@) = \ F (x) efR dy, (8) 
0 


where the notations used are 


F (x) = #'hon (*)/S(*), — F(*) = ixsin® + id, cos 8, 


@ (e — 1 — 6k? . bw? 
Ct) = a a Jen, N= < 8%") 
i= y + ORR, thy BR 
1\p@—o) ~~ op P)> 


C(x) = dw?ce) x? + 8d (A+ eho), = k? — wc? (e — dk), 
Ne wee, — x2, Na ae w2/c? 2 
A = 6/6 ca Me B — o/c, (9) 
R is the distance from the point where the electron 
leaves the medium to the point of observation, and 
6 is the angle between R and the z axis. The real 
and imaginary parts of A», A, Al| are positive. For 


6— 0 Eq. (7) goes over into Eq. (23) of reference 
D. 


=e 2/ 
Ug = k? — w?/c?, , 


oO= k,v, 


Besides the pole » (kK) = 0 considered by 
Garibyan,° the function F(x) that appears in 
Eq. (8) has a pole determined by the equation 


EMERGENCE INTO VACUUM OF THE CERENKOV RADIATION 


€ — 0 (x? + w?/v?) = 0. (10) 


As Garibyan has shown, the residue at the pole 
(kK) =0 gives the Cerenkov radiation from trans- 
verse waves. It will be shown below that the resi- 
due at the pole (10) gives the Cerenkov radiation 
arising in the medium from longitudinal waves. 

The integral (8) is calculated by means of a 
formula of Van der Pol,® which takes into account 
the closeness of the pole to the saddle point. The 
result is as follows: 


Sais} 


I(@) = 


9 
aIt 2 
| edu, 


f (Xo 
1 


iB \"" F (160) wef -w* (11) 
where kK) = wc sin@ is the saddle point of the 
function f(«); w =+s)R!/”; s? =f(x,) — f(K1); 

and x? =€/§ — w*/v* is the pole determined from 
Eq. (10). The sign of the function w is chosen so 
that its values lie in the upper, half-plane. The 
closeness of the pole to the saddle point must be 
taken into account for |w|?< 1. For |w|?> 1 we 
can expand the integral in Eq. (11) in powers of 
1/w, and thus get 


I, = ef) (— SCN (12) 


2H 
Fr DR | 
When we deform the original path of integration 
with respect to k(0 — ~) into the path of steepest 
descent, for y =0 and v* = 46w% ina certain 
range of frequencies it is necessary to take into 
account the residue at the pole k;. We shall as- 


®O: O@<@, O1C0< a0’ — AD 


ie I 


Here I, is the steepest-descent value of the 
integral for Iwi? o> 1, I, is the value of the inte- 
gral for lw & < 1; and I, is the residue at the point 
Ky. In Ij the function w is taken with the minus 
sign, and in I, with the plus sign.® For y =0 the 
frequency w’ coincides with w,. If we take the 
limiting value y ~ (6°w%/Rc*)'/? for values of R 
that are small but not in contradiction with the 
validity of the method of steepest descent 
(wc R sin? 6 >> 1), then If becomes negligibly 
small and can be omitted. 

The calculation of the normal component Ey 
is made in an analogous way. For the total radia- 
tion into the vacuum we have 


4-90 


( (2) Ee eee de 
(6 


, e 9) 1 
=i as nO 5 
E ——~ cos U si E (me) 


vmtR 


2) 


— es simGeneas 
ut 


wo’ — Aox 


lear ie 


1nd 


sume that the speed of the electron satisfies the 
condition v? > 450? Then the frequency range in 
question is determined by the inequalities 


(2 — (2 le 2/72) =< a2 =< cp2 me Dp D\ ees rx 
Ot = OF (1 + 6w2/0?) < ©? < w2 (1 6020/0?) = w?, 


(13) 
where a = 1+ £*sin?@. We have taken into account 
the fact that the influence of spatial dispersion is 
most important near the plasma frequency w. 
For the real part of € for w> wy we have used 
the expression €) = 1 — wi/w?, 

If the imaginary part of ¢, which determines 
the absorption, satisfies the condition 


iia = 670? /Re3, (14) 


then we have |w|? <1 ina certain range of fre- 

quencies around w’ which is determined by the 

conditions 
Ad|w Pe 


dw a 


» \y, (82 | w 2\—A%e 
ans a) |2 /o ! 
Ao <(1—|w,)* (Got) 


(15) 


The first of these conditions gives the value of w’, 


(o’)? = 7 (1 + 60? a/v”) (16) 


for y=0. If y = 0, we get for w’ a value close to 
the value (16). Using Eq. (16), we get for the sec- 
ond of the conditions (15) 


1/, 


62 


r (17) 


. 
Ao< = E (Se; 


Sim= dicos-.¢ == | 


The values of the integral (8) over the whole range 
of frequencies are as follows: 


OL QoL w+- AO w>a’ + AD 
+ Is I, I; 
w’+ Aw (co 
id /q)\5/2 ca 5 Nae 
% ae eT Ge Woo \ el! du) eP(Ric=t) day 
7 SUNG (340) a / 
w’— Aw w 


Ws 1 


— a a? 
e Vy Bud pth nea i 
v mR sin 9 —ue C (x1) 


@; 


CMM R—tets AG), (18) 


It is easy to show that the magnetic field 
strength is H’=E’. The first term in Eq. (8) 
corresponds to I,, the second to I,, and the third 
to I;. The choice of the sign of (kK; — Ky) in the 
second term corresponds to the choice of the sign 
of the function w. The regions of integration have 
been indicated above. 

The third term in Eq. (18) represents the 
amount of Cerenkov radiation produced in the 
medium from longitudinal waves that emerge. 
into the vacuum.’ In fact, by expanding the func- 
tion in the exponent, we find that the field of fre- 
quency w is propagated at the angle 3(w), 
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Sind (@) = co” Vie 6 Soey (19) 


with the direction of motion of the electron. For 
the longitudinal waves the index of refraction is n 
=cw!(€)/6)'/*. By taking the condition for 
Cerenkoy radiation in the medium and using the 
law of refraction, we get for 4(w) in the vacuum 
the expression (19). 

The energy flux dW/ds through unit area 
during the entire time of flight of the electron can 
be divided into three parts, corresponding to the 
three terms in Eq. (18) (cf. also reference 5). 
The transition radiation, which corresponds to the 
first term in Eq. (18), is a spherical wave. The 
energy radiated into the solid angle d2 = sind dé@ 
dg with its vertex at the point where the electron 
passes out of the medium is given by 


ioc) 


dW we ce2 Sera (| A o 3 n (%o) 2 
io ee 0 there ) C(%,) do 
0 S) 


(the prime on the integral sign means that for 
values of R that satisfy the condition (14) an inter- 
val +Aw around w’ is excluded from the region of 
integration). For the radiation in the interval 

+Aw around w’ we get 


dW. 2ce® 


= in2 
Te eS 
w’+Aw ) ee) 
@ \/2 1 (Xo Peay u2 2 
x ‘ Ke) Pak (rey — H9) € \e du | do. (21) 


As R increases the value of w increases. Then 
Aw, and consequently also W», go to zero, and we 
must integrate over the entire range of frequencies 
in Eq. (20). 

It must be noted that the condition for distin- 
guishing the second term in Eq. (18) is the same 
as that for distinguishing the third term, which 
corresponds to the Cerenkov radiation (ve 
=46w%). From this we can conclude that the sec- 
ond term in Eq. (18) is a superposition of the tran- 
sition radiation and the Cerenkov radiation, which 
is produced near the boundary surface (at a dis- 
tance of the order of the wavelength). At large 
distances from the point where the electron comes 
out, this part of the radiation goes over into a 
spherical wave. For the Cerenkov radiation, 
which corresponds to the third term of Eq. (18), 
the energy emitted between cones of aperature 
angles 6 and @ + d@ depends on the distance R 
and is given by the formula 


Wo 
dW3 4ce ‘ 
oy R NN eee 
In the case of passage of an electron from 
vacuum to a medium the radiation field in vacuum 


| K~ 2 
- = ef)R} cos (8 — 0 (w)) dw. (22) 


is determined in the same way, the only difference 
being that the poles do not affect the calculations. 
Thus there remains only the transition radiation 
W,; the amount of such radiation can be found from 
Eq. (20) by replacing v by — v. 


4. QUALITATIVE ESTIMATE OF THE RESULTS 


The case of motion of an electron from a me- 
dium into vacuum is interesting, since in this case 
besides the transition radiation there is Cerenkov 
radiation caused by the excitation of longitudinal 
waves in the medium. 

The parameter 6 that characterizes the spatial 
dispersion is of the order of the square of the 
Debye radius?: 6 ~ AD =kT/4me’. Owing to this 
the condition v? = 46w? for the appearance of 
Cerenkov radiation can be written in the form v 
=><y’> (<v’> is the mean square thermal 
speed of the electrons in the medium). As is 
well known (cf., e.g., references 1 and 2), the 
motion of an electron through a medium with speed 
satisfying v? = <v’> produces longitudinal waves 
(plasmons). In the following estimates we assume 
vo 460 V/o= Bb <a 

In the absence of absorption (y = 0), we have 
W,— © for R-» ©, which corresponds to the 
emergence of the Cerenkov radiation from a semi- 
infinite trajectory. The angular distribution is 
then determined by the law of refraction, Eq. (19). 

When there is absorption the pole (10) must be 
taken into account for angles that satisfy the condi- 
tion sin’ 6 > yc*/6w?. It can be seen from this that 
the Cerenkov radiation with the energy W3 will be 
emitted between the bounding surface and a cone of 
aperture given by sin? 9 ~ ye? /6w>. Moreover, it 
will be exponentially damped with increase of the 
distance. 

Fory> bw? the pole (10) need not be considered. 
Both the emerging Cerenkov radiation and the tran- 
sition radiation will be determined by the single 
term Wj, in which the integration is taken over 
the entire range of frequencies. For small values 
Of (yy <= 6w3/c?), however, and values of R that 
are small but do not come within the zone of forma- 
tion of the radiation (62w%/y*c? >R > c/w), the 
value of W; is large. With this statement of the 
problem one cannot estimate the yield of Cerenkov 
radiation Ws; (the radiation losses are comparable 
with the kinetic energy ). 

Noting that both the spectrum (13) of the 
Cerenkov radiation and the range Aw of frequen- 
cies around the value w’ of Eq. (16) lie in the 
neighborhood of the plasma frequency w , let us 
use the following method to estimate the amount of 
Cerenkov radiation caused by the excitation of 


2 


EMERGENCE INTO VACUUM OF THE CERENKOV RADIATION 121 


longitudinal waves in the medium when an elec- 
tron passes through a plate. 

Let us take a plate that is ‘‘thick’’ enough 
for the formation in it of a wave corresponding 
to the frequency w,) (and for the ‘‘one-boundary”’ 
approximation to the problem to be justified for 
this frequency ), but ‘‘thin’’ enough for the absorp- 
tion to be negligible. As Garibyan has shown,° a 
plate is thick if d > c/w , where d is the thick- 
ness of the plate, and it is assumed that B « 1. 
The absorption can be neglected for the longitu- 
dinal waves ifd « 1/k/, where ki, is the imagi- 
nary part of the wave vector of Eq. (2). At the 
frequency w’ this condition means that d 
<« 6w)/vy. For the plate thickness d to satisfy 
both conditions it is necessary for the imaginary 
part of € to satisfy the condition y « 6w3/c?. In 
this case both conditions on the thickness of the 
plate can be satisfied. 

We can estimate the quantity W; by calculating 
for an electron moving in the medium the energy 
loss per unit path length owing to the Cerenkov 
radiation from longitudinal waves, and multiplying 
it by the thickness of the plate. We shall not find 
the loss here, however, since it has been calcu- 
lated by many authors. The most exact calcula- 
tion of the energy loss per unit time of an electron 
moving in a medium has been made by Larkin.” 

In our notation the formula is 


dE/dt = &ajv In (v/0, V 4), (23) 


where it is assumed that v’ >> 46w? (see also 
reference 1). Assuming that almost all of the 
energy radiated in the plate emerges into the 
vacuum, we get for the estimate of the quantity Ws; 


W, = ears? In (v | 0 V4). (24) 
Comparison with the kinetic energy gives the 
ratio 
Ws . ead v (25) 


n =. 
Wi mot wy Wb 


Let us estimate the amount of Cerenkov radia- 
tion W, that arises at a distance of the order of a 
wavelength from the boundary of the film through 
which the electron emerges into the vacuum. For 
the given plate thickness (6w)/vy >d > c/w) 
we can use the expression (21) to estimate the 
quantity W,. If y satisfies the condition (14), we 
can distinguish W, from the transition radiation 
at distances Ry in the range 


6208 / 72c? = Ry S>C/ p. 
/ 0 


Taking the integrand of Eq. (21) at the point w! 
given by Eq. (16) and multiplying by the frequency 


(26) 


interval Aw of Eq. (17), we get for W, the value 


O. 


Vanes R\ [ 268 ar aa ee i) ane meen (@’) 


wu" c sin i 


Onis 


ve 7) 


where 4; and 6, are the roots of the radicand and 
}E(o")| = [ewer | ee du, 
72(w’) 
For a value of Ry that satisfies the condition (26), 
the expression (27) can be estimated in order of 
magnitude as follows, 


2M <> / 1 Oo 
W. =e Cc ye Ro é ? 


where it is assumed that 6w% » <v’>. 
Taking the ratio of Wy, to the kinetic energy 
of the electron, we find 


C29 <U7> 
4 mo* my ae = (2 8) 


The ratio a is given in order of magnitude 
by 


(27’) 


MC d oe L 


W;/W.=— — SS 
3/ Ws <0"? V Ro@o / € => WV Reais © 


(29) 


Though at small distances Ry the energy W3 
of the Cerenkov radiation is much larger than the 
quantity Wp», still, as was pointed out above, its 
value falls off exponentially with the distance. On 
the other hand the part of the Cerenkov radiation 
that corresponds to W, is converted at large dis- 
tances into an undamped spherical wave. 

We can estimate the value of y for which such 
a physical picture can be observed, by starting 
from the condition (14) and noting that the condi- 
tion Rw,)/c > 1 for the applicability of the method 
of steepest descent must be satisfied. Assuming 
for dielectrics 6 ~ 107%, w) ~ 10 and taking 
Rw)/ce ~ 10‘, we get the value y~ 107°. Fora 
plasma, assuming 6 ~ 10%, wy ~ 10!, Rwy/c 
~ iNOS we get y ~ 1Oce 

Assuming B ~ 10, we get for the thickness of 
the plate the conditions 


| sds 10 (dielectric) 10°S+ds 1 (plasma) 

The quantity W, of Eq. (27), like the W3 of 
Eq. (24), has a tendency to increase with de- 
creasing speed of the electron. In this case, 
however, the method that has been presented 
does not apply, since the radiation losses become 
comparable with the kinetic energy Wx of the 
electron [the expressions (25) and (28) approach 
unity ]. 

The transition radiation, which corresponds to 
the quantity W,, has been qualitatively described 
by Garibyan.’ Here we shall estimate its value 
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for B « 1 for comparison with the Cerenkov 
radiation from longitudinal waves. 

It is important to take spatial dispersion into 
account only in a frequency interval close to the 
plasma frequency w,). Since this frequency inter- 
val has been taken into account by the term W,, 
we can make the estimate of the transition radia- 
tion (20) by neglecting spatial dispersion. Then 
Eq. (20) goes over into the formula of Garibyan 
[ Eq. (28) of reference 5 ]: 


sin? §) cos? (} 
1 — 8B? cos? §)? 


26282 ie 
W,= \ a0 
; 


/& — sin? 6) 


(e — 1) (1— 8? aii 
x — —— dw, (30 
V( (e cos 9 + Ve — sin? §) (1 — 8 Ve — sin? 8) oa ) 


setting <, = const ~ 1, €) — 1~ 1 for 0 <wW < Ww) 
and €) = 1 — w/w? for wy) <w <~, we get the 
following estimate: 


W/W, ew, /me>. 


(31) 


It can be seen from a comparison of Eq. (31) 
with Eqs. (25) and (28) that for B « 1 the transi- 
tion radiation is much smaller than the emerging 
Cerenkov radiation that has been produced in the 
medium from longitudinal waves. 
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The altitude dependence of extensive air showers is studied assuming that the absolute amount 
of energy transferred to 7 mesons in collisions between nucleons with energies E > 10” ev 
and nuclei is constant (in the c.m.s.). As is shown, in order to have the results of the calcu- 
lation agree with the experimental data, we must assume that, in secondary interactions of 
particles (other than 7 mesons) which carry away most of the energy in the nucleon-nucleus 
collisions, a constant fraction of the incident-particle energy is imparted to the 7 mesons. 


From the experiments of the Bristol group! we 
can conclude that, in collisions of nucleons with 
energy EN > 10° Bev with nuclei, the absolute 
amount of energy ~ 50 Bev imparted to 7 mesons 
remains constant in the c.m.s. Moreover, the 
total inelasticity factor varies little because of 
the increase of the energy transferred to other 
particles, which we shall henceforth refer to as 
X particles. 

In the present article, the altitude dependence 
of extensive air showers is discussed, taking this 
feature of nucleon-nucleus collisions into account. 
We shall assume that, in collisions of 7 mesons 
and nucleons with Ey < Ep (Ep = 9 x 10° Bev is 
the threshold energy) with nuclei, 7 mesons 
carry away a constant fraction of the energy of 
the incident particle. 

With respect to the character of the interaction 
of the X particles with nuclei, we shall make 
either one of the following two assumptions: 

1. In the collision of an X particle with a nu- 
cleus, an amount of energy whose absolute value 
remains constant is transferred to 7 mesons in 
the c.m.s. whenever Ex > Ep, while a constant 
fraction of the energy of the incident particle is 
transferred whenever EX < Ep. 

2. In the collision of an X particle with a nu- 
cleus, a constant fraction of the energy of the inci- 
dent particle is transferred to 7 mesons (for any 
Ey). 

We shall also assume that the spectrum of the 
secondary particles in nuclear interactions at high 
energies is given by a power law, dn/dE ~ es 
where 6 is a constant parameter. According to 
the data of the Bristol group, 6 = ap for ™ mesons. 
We shall assume the same value 6 = ‘4 for the 
spectra of nucleons and X particles. Neglecting 


particle decay, we then obtain the following expres- 
sion for the number of electrons in extensive air 
showers: 


LT, = Aexp {ys + A(x — Xo)} 


for a “yy «xX — Xp < yo, and where y) = In(E)/€). 
Ey) is the primary energy, € = 0.07 is the critical 
energy for electromagnetic cascade processes, Xo 
is the depth of shower initiation, and a = 2.3 is the 
ratio of the nuclear mean free path (for a single 
interaction) to the radiation length. 

Under the assumption 1, we have sj = 0.7, Aj 
=+ 0.2 for Ey > 10° Bev, i.e., an extensive air 
shower does not attain the maximum, which con- 
tradicts the experimental data’ (Sexp = 1.2 — 1.4, 
Aexp = — 0.4). Under the assumption 2, we have 
So = 1.4, A» = — 0.4. Moreover, the existence of a 
single interacting X particle produced in one of 
the first collisions between the nucleon and nuclei 
is sufficient to obtain these values. This means 
that, regardless of the fact that the number of 
produced X particles may be small in each single 
collision, they may play a considerable role in the 
development of extensive air showers. 

Thus, if in the collision of nucleons with nuclei — 
a constant (in its absolute value) amount of 
energy is transferred to 7 mesons in the c.m.s., 
then, in order to explain the altitude dependence of 
extensive air showers, it is necessary to assume 
that the X particles produced in these collisions 
together with 7 mesons (the majority of the X 
particles being most probably K mesons) carry 
away a large part of the energy imparted to sec- 
ondary particles, and that, in each of the consecu- 
tive collisions, they transfer a constant fraction of 
it to 7 mesons. 

This conclusion is in good agreement with the 
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results of Hayakawa and Ogita® who, assuming that and Pinkau, Proceedings of the 1959 Moscow 


the spectrum of X particles in the showers is International Conference on Cosmic Rays 1, 1960. 
similar to that of 7 mesons at energies < 10° Bev, 2K. Greisen, Progress in Cosmic Ray Physics 

and that it remains constant for energies higher (North-Holland Publishing Co., Amsterdam, 1956), 
than 10° Bev (this assumption is equivalent to our vol. Ill. 

assumption 2), found that the theoretical curve of 3S. Hayakawa and N. Ogita, Proceedings of the 

altitude dependence of extensive air showers agrees 1959 Moscow International Conference on Cosmic 

satisfactorily with the experimental one. Rays 2, 1960. 
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It is shown that the predictions of the statistical theory of multiple meson production remain 
almost unaltered if the conservation of the z component of the angular momentum is taken 
into account in the simplest classical way. The resulting anisotropy in the angular distribu- 
tion of the particles is apparently smaller than that observed in reality. 


It is asserted in several papers on the statistical 
theory of multiple production of particles that the 
anisotropy in the angular distribution is due to the 
restrictions connected with the conservation of the 
initial angular momentum by the particles in the 
final state.! 

However, there is a certain inconsistency in 
this argument. Indeed, when we replace, in the 
statistical theory, the quantum mechanical expres- 
sion for the probability of the process 


W, =\Mb(E—DEx)d(P— Spa) dps... dpn (1) 


(M is the square of the modulus of the matrix 
element) simply by the statistical weight? 


Seay \ 8 (E— Z Ex) 6 (P— 2 px) dpyedpas (2) 


we assume that the matrix element is constant, 
i.e., it conserves angular momentum in a trivial 
way (invariance under rotations ). 

The essence of the above-mentioned assertion 
seems to be that we require an expression for the 
matrix element which, while being invariant under 
rotations, depends on the angle in the way pre- 
scribed by experiment. Such an expression has 
not yet been found. 

Since a consistent quantum mechanical treat- 
ment is impossible, it is of interest to investigate 
a certain classical model, in which the behavior of 
the probability Wp is imitated by the statistical 
weight of a rotating system:° 


Sp =\8(E — ZEx) 6(P — Z px) d(M 
— [rex pa]) dp, ...dpadti... ata’ ‘.) 


this procedure is consistent with the statistical 
theory of Fermi and introduces in the simplest 
classical way angular dependences which are con- 
nected with the conservation of angular momentum. 


The comparison of (3) and (1) shows that this 
is equivalent to the replacement 


M—> Me] = \8(M—Sfraxpal) drs... dtns (4) 


This replacement presupposes that the quantity 
Me] retains some of the characteristic features 
of the quantum mechanical expression ®. 

The calculations with the formula (3) were done 
by using the Monte Carlo method (method of 
random stars).‘ Since only one axis — the z axis 
of the interaction — is fixed experimentally, an 
average being taken over the other two axes, we 
must integrate over all values of the transverse 
components of the angular momentum My, and My 
in formula (4). Then only a single 6 function con- 
taining the z component of the angular momentum 
remains in that formula. Since we have chosen the 
z axis along the momentum of the incident particle, 
M, = 0, so that no new parameters appear in our 
model. 

Integrating formula (4) over the volume of the 
Fermi ellipsoid,” we obtain 


Mo = | (Zire pal) dry... dtp 


x 


= 4 \ da] z\ exp tid [rxpal.} dr 
V 


(J is a Bessel function, plk is the transverse 
momentum of the k-th particle, and R is the 

radius of the ellipsoid, i.e., the effective radius 

of the nucleon). Substituting this expression in 

(1), we can calculate the probability for the produc- 
tion of various systems of particles occurring in 
the collision. 
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The method of random stars also allows us to 
obtain simultaneously the angular and energy dis- 
tributions and the correlations between the direc- 
tions of emission of the produced particles. The 
computations were carried out for collisions of 
nucleons with energies of 10 Bev; together with 
the direct creation of the mesons, we also consid- 
ered the production mechanism going through an 
isobar. We obtained the following results (for 
more detail, see reference 5): 

1. The statistical weights, after normalization, 
are not very different from their values in the sta- 
tistical theory of Fermi, so that the multiplicity is 
almost unaltered (instead of ng = 3.68, one obtains 
3.70). The same holds for the momentum distribu- 
tions. As the energies approach the reaction 
threshold, the cross sections decrease more slowly 
than in the Fermi theory. 

2. The angular distribution is anisotropic. The 
anisotropy becomes weaker as the number of par- 
ticles increases. If we characterize the anisotropy 
by the ratio of the numbers of particles emitted 
into the equal solid angles 0° = 6 = 60° and 60° 
= 6 = 90°, respectively, we find for 2, 3, 4,... 
secondary particles the anisotropy 2.5, 1.29, 1.22, 
... (averaged over mesons and nucleons). The 
experimental values of this quantity are contra- 
dictory and display a wide spread; but they are 
probably higher than our values.° 

3. The angular correlations between the parti- 
cles are also almost unchanged. We call attention 
to the following fact observed by us: the average 
value of the angle 6;; agrees with the average 
value of the angle in the plane of the target Qik; 
both depend only on the multiplicity. This agree- 
ment is also observed in the Fermi model. 

Our result that the physical quantities are 
insensitive to modifications of the statistical 
weight is evidently due to the fact that our cor- 
rected weight ®&,, depends only on the transverse 
components of the momentum, which vary only 
little. If, instead of the Fermi ellipsoid, we choose 
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a volume of a different shape (flat disk, the peri- 
pheral part of an ellipsoid, etc.), Me] changes 
very little, retaining all its qualitative features. 
These calculations led us to the conclusion that 
it is futile to try to explain the anisotropy quanti- 
tatively using the classical analogy. It appears to 
us that this effect can only be explained by a quan- 
tum mechanical computation of the matrix elements, 
even if it be of the most approximate nature. 
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betes Bogolyubov’s method, we treat the possibility of super- fluidity of nuclear matter and 


of He® for the case of realistic interactions between fermions in § states. 


We show that in 


the normal state, near the Fermi surface, repulsion rather than attraction predominates for 


a pair of nucleons with opposite momenta and spins. 


However, because of renormalization of 


the repulsive term in the compensation equation, nuclear matter may become superfluid. The 


reason for the absence of superfluidity for He® 


1. INTRODUCTION 


In recent years there have appeared a whole series 


of papers in which Bogolyubov’s method! is applied 
to the study of the problem of superfluidity of the 
nucleus and of nuclear matter.'~? The essential 
feature of this method is the use of ordinary per- 
turbation theory. However, as was shown by 
Brenig,‘ for an arbitrarily small attractive poten- 
tial the wave function for a pair of nucleons with 
energy near the Fermi surface and with opposite 
momenta has a singularity, so that the use of ma- 
trix elements of the potentials computed using 
plane waves is not possible. 

On the other hand, Brueckner’s theory,°’® which 
takes account of correlations in the many body 
system, cannot be simply combined with Bogolyu- 
bov’s method by replacing the potential V by the 
K matrix, since the latter has a singularity for a 
pair of nucleons with opposite momenta near the 
Fermi surface. At the same time, the correctness 
of the final result of Bogolyubov’s theory, which 
gives such a good description of superconductivity 
in metals, permits one to hope that with some 
modernization this method can also be applied to 
the problem of superfluidity of nuclei. 

Actually, both for Brenig and Bogolyubov the 
Pauli principle plays the main role in the forma- 
tion of the energy gap. But it is included entirely 
differently in the two methods. While in Brenig’s 
method it appears via the singularity of the K 
matrix and the pairing of real nucleons with energy 
close to Ep, in Bogolyubov’s method it comes 
from the compensation of the dangerous diagrams 
when we use second quantization with Fermi quasi- 
amplitudes. 


is given. 


Continuing this comparison, one may hope to use 
Bogolyubov’s theory for studying superfluidity of 
nuclear matter by replacing the interaction poten- 
tial by the K matrix and calculating it so that the 
correlations near Ep are not included twice. In 
particular, the K matrix near the Fermi energy 
Ef can be calculated disregarding the Pauli prin- 
ciple. In the theory of superconductivity of metals 
such a replacement of the potential by the K matrix 
disregarding the Pauli principle gives nothing new, 
since for the relatively weak interactions in the 
metal the matrix element of the potential is not 
drastically different from the K matrix omitting 
the Pauli principle. But in the nuclear case this 
replacement enables us to treat some interactions 
which cannot be handled in the usual Bogolyubov 
scheme, for example the case of an infinite repul- 
sion between nucleons at small distances. 

According to the results of Bogolyubov and co- 
workers,! the equation of compensation of danger- 
ous diagrams has a nontrivial solution, which cor- 
responds to a superfluid state, if: a) the interaction 
is attractive and weak; b) the interaction is attrac- 
tive and localized on the Fermi sphere; c) the in- 
teraction between nucleons is repulsive and highly 
singular, so that the derivative of the matrix ele- 
ment of the interaction, averaged over angles, is 
sufficiently large. 

Interactions between nucleons of type c) are not 
known at present. As will be shown in Sec. 2, case 
b) apparently is also not peace in the nucleus. 

In the work of Solov’ev’ and Dotsenko® on the 
superfluidity of nuclear matter, it is postulated that 
case a) is satisfied, and by means of a formalism 
analogous to that developed in reference 1 they ob- 
tain an energy gap between the superfluid and nor- 
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mal states. From this they conclude that a super- 
fluid state is favored for nuclear matter; however 
no specific features of the nucleus appear at all in 
these papers. 

As we shall show, in the general case of the 
‘“‘normal’’ state a short range repulsion and attrac-— 
tion, for the case of a pair of particles with arbitrary 
relative orbital angular momenta, affect the wave 
function of the pair completely differently, so that 
their influence does not reduce to an effective at- 
tractive potential. 

For the special case of nuclear matter, the cri- 
terion of superfluidity was rewritten by Bogolyubov 
in the form: 


| E(k) —Er|p(r)+ V(r) P(r) = Ev (r). 


If by a Suitable choice of ~ we can obtain E < 0 
from (1), the superfluid state is more favorable 
than the normal state, which is the criterion for 
superfluidity. 

Equation (1) was used by Cooper, Mills, and 
Sessler’ for investigating the possible superfluidity 
of nuclear matter, by choosing trial functions con- 
taining variational parameters. The authors con- 
cluded that there was no superfluidity for their 
class of trial functions. Naturally, however, they 
could not conclude that superfluidity of nuclear 
matter is impossible. Besides, as we shall see in 
Sec. 3, the trial functions used in their work are 
far from the actual solution of Eq. (1). 


(1) 


2. THE POSSIBILITY OF REPLACING NUCLEAR 
POTENTIALS BY AN EFFECTIVE ATTRACTION 


The fundamental difficulty in the analysis of the 
interaction of two nucleons is the simultaneous in- 
clusion of the strong repulsion at small distances 
(which we shall call the ‘‘hard core’’) and the 
short range attraction. 

In most present day work on nuclear theory, it 
is assumed that the forces between nucleons in the 
nucleus are almost the same as the forces between 
isolated nucleons, concerning which we can get infor- 
mation from scattering experiments. This ques- 
tion has been discussed repeatedly in the papers of 
Weisskopf, Bethe, Brueckner et al., who have suc- 
ceeded, by starting from this assumption, in ex- 
plaining a whole host of properties of nuclei.>»® 
There is therefore no reason for supposing that the 
inetraction of nucleons near the Fermi surface is 
different from the interaction between isolated nu- 
cleons and consequently is no different from that 
of the other nucleons in the nucleus. An argument 
in favor of this is the agreement between the para- 
meters of the real part of the optical potential for 
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nucleons having an energy greater than Ep with 
the parameters of the self-consistent potential for 
nucleons with energy below Ep. We shall there- 
fore use the Gammel-Thaler® potentials for the 
interaction. 

In the theory of superfluidity of nuclear matter, 
n-n and p-p interactions are of particular inter- 
est. In fact, because of the large difference in Ep 
for neutrons and protons, a neutron and proton with 
equal and opposite spins and momenta cannot simul- 
taneously lie near the same Fermi surface. But in 
the interaction of a pair of identical particles, only 
the central singlet forces are important for the 
production of superfluidity. In fact, a pair of iden- 
tical particles (T = 1) with even 7 can occur only 
in the singlet state, where the tensor forces are 
equal to zero. In triplet states with J = 1, 3, 5, ..., 
where tensor forces are important, the superfluid 
state is not formed because the interaction of the 
nucleons in this state will be repulsive.® 

In many papers on nuclear theory and super- 
fluidity of nuclear matter, it is assumed that the 
interaction of two nucleons can be approximated by 
an effective attractive potential. We shall show 
that in the ‘‘normal’’ state of nuclear matter such 
a replacement is not possible, i.e. case a) of Sec. 
1 does not occur. 

In the presence of central forces alone, the wave 
function for a pair of nucleons with opposite mo- 
menta and spins, corresponding to a relative or- 
bital angular momentum 1/7, has the form 


pi (r) = jc (kr) + 40 \ Gr(r, 1’) V(r") apr (7") r’2 dr’, 


0 


(2) 


where Gj(r, r’) is the Green’s function. In defin- 
ing the Green’s function, we must consider the fol- 
lowing points, which enable us correctly to select 
the ‘‘normal’’ state. Far from kp one could with- 
out any contradiction combine the Brueckner pro- 
cedure with that of Bogolyubov and replace the po- 
tential V by the K matrix. Near kg, a precise 
inclusion of the Pauli principle leads to a singular- 
ity in the K matrix. Therefore in order not to 
take account of the Pauli principle twice, as pointed 
out in the introduction, we should in this region re- 
place the potential V by the K matrix and disre- 
gard the Pauli principle. Thus for the study of the 
normal state we must construct Green’s function 
which, in the region far from kp would coincide 
with the exact Green’s function, which was found 

in the paper of Brueckner and Gammel,’ and near 
kr would not give a singular K matrix and in 
particular would not take account of the Pauli prin- 
ciple. 
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Starting from these considerations, we choose 
Gj (rx, r’) in the form 


Gi(r, r’) = (pk / 40h? )matkrs ir (kre jexp{— a (rs — a)}, 


where y* is the effective mass, which takes oe 
account the self-consistent field (* = 0.6 m); nj 
and jy are the spherical Neumann and Bessel func- 
tions of half-integral order; a is the radius of the 
core; r,(Yr<) denotes the larger (smaller) of 
r, x’; @ is a variational parameter which takes 
account of the effect of the Pauli principle, and is 
determined from the condition that the total energy 
be a minimum. This parameter is approximately 
equal to the reciprocal of the ‘‘healing distance’’.!9 

The Green’s function (3) satisfies the following 
physical conditions: 1) it describes correctly the 
behavior of the wave function far from ky; 2) it 
gives the correct binding energy of the whole sys- 
tem; 3) for a — 0, the function Gy (rer) goes 
over into the ordinary Green’s function for a pair 
in a medium, in the ‘‘effective mass’’ approxima- 
tion in which one disregards the Pauli principle. 
In this paper, we choose the value a = 0.8 kp in 
agreement with the work of Weisskopf and co- 
workers.'? All the following calculations are done 
for the two cases: a =0 and a@=0.8 kp. 

Let us consider a potential of the type 


co (4) 


Or) — ve. ra” 


In this case we write (2) in the form 


pilr) = in(kr) + 4x\ 6, (7, r°)U (r') apy (r’) 2 dr’ 


saat G; V(r) api (x) v2 dr’. (5) 


Following Brueckner and Gammel,’ to include the 
effect of the repulsive core we make the following 
replacement in (5): 


U(r) (r) = 28(r—a) for r<a. (6) 


Substituting (6) in (5) and using the boundary 
condition ~j7(a) =0, we find for dA, 


j, (Ra) 4 f; ’ yp? dr’. 
eG aaa qe 1a,.0 “hE AON AEA 


From (5), using (6) and (7) we have 


Wer) = Si(r) + 4a Fir, eV (Wer) rede, (8) 


where 


Si(r) = ju(kr) [L — em *— tan A, (a) / tanh, (7)I, (9) 


in which 
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tan hy (r) = jy (kr) / n(n), (10) 
Fy(r, 1’) = Gi(r, r’) — Gi(a, r') G(r’, a)/ Gi (a, a). (11) 


Since kpa < 1 (for the actual density, kp = 1.48 
x 10'3 em7!; a = 0.4 f), expanding tan hy(a) in 

series in kpa and stopping with the first terms, 
we obtain 


tanh) (a) =—kra, tanh, (a) = — (kpa)3/3, 


tan hz (a) = — (kra)®/ 45. 


Starting from the relations we have found, we 
shall give the condition under which one can, in 
principle, replace the nuclear interaction of the 
nucleons by an effective attractive potential. It is 
obvious that the repulsive core is completely com- 
pensated by the attractive potential if the wave 
function ~7(r) can be replaced by the free function 
jy (kr). Actually this condition is a sufficient cri- 
terion for superfluidity, since we then realize case 
a) of Sec. 1. We can express the mathematical 
condition for the criterion formulated above by re- 
placing the quantity ~7(r) in (8) by the free wave 
and multiplying the attractive potential by an as 
yet undetermined function K7(r), which we shall 
find later from the condition that the criterion is 
satisfied. Using (9), we have 


ju (kr) = ju (Rr) — ni (Rr) tan hy (a) e~*"—) 


(12) 


4 40K; (r)\ Fy (r, 1’) V(r) jr(kr')r'? dr’. (13) 
Then using the properties of the Green’s function 
we get for Kj(r), 


K1(r) = nz (kr) tanh; (a) e-2— » [an {Gu(r, r’) 


* 


~~ Anh? ny r) ny (re tanh; (a) e—a(r—@) e—a(r’ -aik 


<V (r') ju br’)? | (14) 
We shall evaluate Kj(r), as given by (14), for 
two limiting cases: when a = r = rp and when 
r— 0, The second case is equivalent to the re- 
quirement that the phase of the scattered wave be 
zero. For the case of a # 0, the function K7(r) 
= (0 for r— «. When we omit the effect of the 
Pauli principle (a = 0), the value Kz(r) > Kf, 
where 


= 


hens a (72 (kr’) tanh, (a) ny (kr’)jr(kr')}V (r') 7°? ar’ | 


tanh, (a). (15) 


It is obvious that in the intermediate range the 

foe) 
value of K,(r) lies between K} and Ky. There- 
fore we should take the larger of these values for 
the condition for replacement of %7(r) by jj (kr). 
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Let us consider the case of 1= 0. As we see 
from formula (12), the effect of the repulsive core 
is largest in this state. For comparison with the 
work of Cooper, Mills and Sessler,’ we choose the 
interaction potential for the nucleons in the form 
eae ies (16) 


ea * 


, .—p(r—a 
Voe wr Up 


where a= 0.4, Vp = 26 Mev, uw = 0.544 x 10% cm™?. 

Substituting (16) in (14) and averaging over the re- 

gion a=r=1/p for k=kp and arbitrary a, we 

get 

(wa)? + 482 
yw? + 4k 


1 -+ pa 


1 + wa + 2aa 


Koa) al 2 (17) 


Ky (a) is a monotonically decreasing function, with 
KO) 112 KG (0.8 ka) eo. 


From this it is clear that the operation of the Pauli 
principle has little effect on the relation between 
the attractive and repulsive forces near kp. For 
a= 0, from (15) we have Ky = 2.1. 

The estimate of Ky which we have given for the 
potential (16) shows that its attractive part is 
9 —11 times too weak to compensate the repulsion. 
Moreover, as we shall see in Sec. 3, near kp, for 
the state of a pair of identical particles with J = 0, 
the repulsive energy is 2.28 times as great as the 
energy of attraction. Such nucleons can be kept 
inside the nucleus only through their interaction 
with other nucleons having k # kp and with nu- 
cleons in triplet states. But for pairs with k=kp 
and in arbitrary relative states (T = 0,1; S= 0,1; 
1 = 0) the introduction of an effective attraction is 
possible only when condition (14) is satisfied. In 
particular it seems that this replacement can be 
made for states near kp, with 1 = 2, since K$ 
= 0.4. 

An attempt to introduce an effective attractive 
interaction potential between nucleons in the shell 
model was made by Bauer and Moshinsky.'! Re- 
placing the effect of the repulsive core by the 


pseudopotential 
Anah? 6 (r)/p", (18) 


and also replacing the attractive potential V by 
— gd (r), where 


—g\e (r) dr = \V (r) ar, 


these authors obtained a total attractive potential 
of the form 
—Anha oir), (19) 


where — a* =a — gu*/4rh?. All the estimates in 
their paper are made with this potential. For the 
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two-particle potentials which are known from scat- 
tering experiments, the relation a* * — a holds, 
so that we can apply (19) for the calculation of the 
interaction energy of nucleons in nuclear matter, 
using the formalism of Huang and Yang,’* who cal- 
culated the energy of the repulsive core with the 
pseudopotential (18). Then the interaction energy 
has the form 


bates Eat 
Pisces tN 


2 In 2) (a’ke)*+...}. 


The total energy of the system is E= T + U, where 
T is the kinetic energy, and has no minimum for 
any value of kp, i.e. a system with such an inter- 
action is unstable. 


3. SUPERFLUDITY OF A SYSTEM OF STRONGLY 
INTERACTING FERMIONS 


Let us apply the apparatus of the Bogolyubov 
theory to derive the criterion for superfluidity of 
nuclear matter for the case of realistic nucleon- 
nucleon interactions. We shall consider only n-n 
and p-p interactions between pairs with opposite 
spins and momenta, which are the most important 
for the appearance of superfluidity.° We write the 
compensation equation, which is equivalent to Eq. 
(1), for the radial non-symmetric case in the linear 
approximation: 

Scape | dw | dh’ h’?S (b, 


XC (k’, Qu)/V A? + F(R’), 


@ (Rk, Qr) — Oe 
(20) 


where the matrix element of the interaction, 
J (k, k’) is defined by the formula 


J (R, R’) = (pe (t), V(r) Pe (r)). 


Here 7,(r) is the wave function of the relative 
motion of the pair: 


(21) 


te (r) = (eft + ery) 2, (22) 


and the sign +(—) holds for even (odd) states; 
A is the width of the energy gap; 


E(k) = RA? /Qu*— ke h2/2y". 
We know that the superfluid state appears when 
there is a nontrivial (i.e., one with C(k, 2) # 0) 
solution of (20). In the general case, the energy of 


a single-particle excitation in the superfluid state 
is given by the formula! 


Ee (k) = V (Et (k))® + C? (k, Q). 


The elementary excitations are separated from the 
ground state by a gap A=minC (Kp, Q). We ex- 
pand C(k, Q) in spherical harmonics: 
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C(R, Qe) = 5) Cim (R) Yim (8, Px): 


(23) 
/=0 m=—1 
From (20) we get 
Ca 4 (O, 6.) 1 fy eons ae ae 
OV im Oe 08) = — yg Ae | res 
<a (Rk, k’) Cae (k’) Aree (8p°, Qe’). (24) 


From now on the calculations will be done only 
for even states (including the odd states does not 
change the final appearance of the formulas ). 

We represent eiK-Y in the form 


eae ny ¥ 


ies 


i! Ie ( (Rr) ae (8%, ze) Y im (os). (25) 


For the function of a pair in an even state, we then 
have 


FP es 1) ji (Rr) py (8, Mx) ia (6,, @r). (26) 
In this case the matrix element of the interaction 
(22) takes the form 


(ya 


i,m 


co 


+ (= 19 jer) fn (BN) VP ar im(Bye Ge) 
(27) 


Substituting (27) in (24), we get equation (20) ina 
new form: 


ban. k’? dk’ : ; 

Cam (B= —y\ pee Ki (hk) Com ('), (28) 
where 

Ki(k, k’) = =| ju (kr) jr (R'r) V (1) Pdr. (29) 


0 
Formula (29) enables us to determine K7(k, k’ ) 
for any potential, when we replace V by the K 
matrix calculated disregarding the Pauli principle 
(a=0). Using the K matrix calculated with the 
Green’s function (3) with a ~ 0 leads to no funda- 
mental change in the result. 

Since Eq. (28) enables us to find Czy, only to 
within a sign factor, it is also impossible to deter- 
mine C(k, Q},) in (23) uniquely. We shall there- 
fore choose A so that we get Eq. (20) in the radi- 
ally symmetric case which was treated earlier by 
Bogolyubov, Tolmachev and Shirkov.! To do this 
we assume that A= <C(kp, 2)>, where the 
symbol <...> means an average over angles. 
We then get for the energy gap, 


i PLL Cim (Rr) Yim (ks Pe) dQ, = —— aq Uo (kr). (30) 


The correction to this value coming from including 
states with higher J values does not exceed a few 
percent, because of the smallness of the matrix 
elements of the interaction in these states. 

Let us apply (28) to the solution of the problem 
of superfluidity of nuclear matter. We consider 
the case of 1=0. First we calculate the matrix 
element (29) for the potential (16). To get the 
matrix element for the core potential, we first re- 
place it by a finite barrier of height Vy and width 
a, and find the wave functions for a pair, for r =a 
and #1 a: 


vA sinh\}r, RKO 


{sin kr — D cos kr}, 


pu (r) = B(Rr)* Rees (31) 
where 6 = [y*h-? (Vy) — h’k?, /u*)]'”. Matching the 
solutions at r=a and Fone the normalization con- 


dition, we get for Vy — ~: 


b (r) = (— 1)? sinhBr/8 cosh Ba, (32) 
Wi (r) = (— 1)? (er) 1sink (r —a), (33) 
where 
0, ka-a(2n+1)/2 ka“7n'n 
p= | n ka =m (2n + 1)/2. (34) 
ieee RG = nase 
The function ~7 has the property (6) which was 
used by Brueckner and Gammel.’ In fact, 
\)  (—1)P mB" sinnbr “0, r<a 
Mo Wi (") = "ys Beosha 1(— 1)? R*B/p, ra 


Applying (32) to the computation of the matrix ele- 
ment of the core potential gives 


Kee 


where p is determined by the value of k’a. The 
matrix element (35) for ka « 1 coincides with the 
matrix element of the core when calculated with 
the pseudopotential (18). Since K, (k, k’) from 
(35) is a discontinuous function having jumps, it 
cannot be substituted immediately in formula (28). 
However the analysis of the compensation equation 
in a form more general than (20) shows that in- 
cluding the points of discontinuity of the matrix 
element (35) gives a zero contribution to the solu- 
tion of the equation. We shall therefore in the fol- 
lowing consider K,(k, k’ ) without the factor 
(—1)P. 

The matrix element of the potential (16) under 
the conditions ka, k’a « 7/2 has the form 


Ky (k, R’) = — 8Vou/m [p2 + (k’ — B21 (uh? + (R’ + 2)°)- (36) 


From (35) and (36) we see that with increasing k 
and k’, the matrix element K, falls off much 
faster than K;. In particular they are equal for 


1)? (4h?/p" tk) sin Ra, (35) 
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k =k’ = 0.71 kp, while for k=k’ ~ 2kp the matrix 
element K, is ten times as great as K,, We may 
therefore assume that the attraction exists only 
over a certain range 0<k=w, 0<k’ Sw. An 
estimate gives K;(kp, kp) = 34.4 x 1077? Mev cm? 
and Ko (kp, kp) = 15 x 10-*® Mev cm’. Thus near 
kp the energy of repulsion of the core in the 
‘‘normal’”’ state is 2.28 times as great as the en- 
ergy of attraction. 

Let us represent the coefficient Co) (k) in Eq. 
(28) for 1 = 0 in the form 


Gil, © 


<k 
% (37) 
Cry OSE 


[o-e) 


For C,(k), we find from (28), 


C, (k) = — (2h? sin ak/mp* hy | dk'Coq (R’)k'2/V A® + 2 (R’). 
: (38) 
Equation (38) has the solution 


C, (k) = — (2h? sin ak/mp" kN)\ dk! C, (k’) k? |W? + E(k), 


0 (39) 
where 


N =1-+ (2h2/mu*) \ dk'k' sin ak’/V C? (kr) + £2 (k’). (40) 


ae 29 


Substituting (39) in (28), we obtain an equation for 
C,(k). Introducing the quantity C(k) = Cy(k)/4r, 
we have 


C(t) =— z\ ak’K (b, b’) ClR)R? VC (Rr) + BR). 
° (41) 
Thus, by choosing the gap in the form 
A= <C(kp, Q)>, we have in fact arrived at a 
radially symmetric equation in Bogolyubov’s form. 
Here in Eq. (41), 


K (k, k’) = Ko (hy k’) — (2h?/Nap") k7 sin ak. 


(42) 


From formula (42) we see that the matrix element 
of the repulsion appears in renormalized form be- 
cause of the slower decrease in k-space of the 
matrix element of the core potential as compared 
to the attractive potential. Since K (k, k’) is small 
near kp (this can be seen from the value of the 
parameter p) we can obtain an approximate for- 
mula by using Bogolyubov’s formalism:! 


NOCH Te ey: p 
ice Gay a 


C (k) = CaS) (43) 


where 
20R sin ak pp 


SL MRE RENE.) aa RT 


p= 2V Ep (h®o?/2u"— Ep), 
¢ fe cme ees Cpe ee 
Ins=— 2 ol Keene | 
0 
x In| 


5 (R’) ae Vo (Rp) se Ee (R’) ae 
CS) i 


= — 0.31, 


(44) 
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A nontrivial solution of equation (43) exists for 
p > 0. In this case we find for the gap A, 


A=C (kr) = pot”. (45) 


The quantity N is of great importance in the 
solution of the problem of superfluidity. N depends 
strongly on w, and the choice of w is difficult. 
However the estimate of the matrix elements given 
above enables us to assume that w is near to kp. 
Then for kp < w<1.5kp, we get p > 0, and the 
superfluid state should occur. In this case, for 
values of w sufficiently close to kp, we can ob- 
tain a wide gap, in particular A ~ 1 Mev (see ref- 
erence 13). Here we should remember that matrix 
elements for the nucleus may differ markedly from 
the matrix elements for nuclear matter. 

Thus we here meet an extremely peculiar situa- 
tion, where in the ‘‘normal’’ state near the Fermi 
surface the repulsion predominates, but because 
of renormalization of the core matrix element in 
the compensation equation, the criterion for super- 
fluidity is nevertheless satisfied. Consequently 
nuclear matter is superfluid not because of the 
anticipated presence of an effective attractive in- 
teraction in the ‘‘normal”’ state, but rather be- 
cause of the specific character of the nuclear in- 
teractions; here the expansion parameter has a 
value p <1, i.e., the condition for convergence of 
the perturbation series is satisfied. 

Let us now show that superfluidity is impossible 
for a system of He® atoms which interact in S 
states. For the interaction potential of the atoms 
we again choose the expression (16), but with dif- 
ferent values of the parameters;’ 


V,=10°K, p=18547, a=25A. (46) 


In this case, because of the very large value of a, 
the matrix elements of the attraction must be cal- 
culated for distorted waves, i.e., by replacing V 
by the K matrix in which we disregard the Pauli 
principle. For the distorted wave in K,(k, k’), 
we use the function (33) with the parameter values 
in (46). For the parameters y* = 1.843 m and kp 
= 0.735A7','4 the matrix element of the attraction 
for small k and k’ coincides with (36), while it 
oscillates for large values of k and k’. We may 
choose t/a as the width of the well. With these 
values of the parameters we get Py = 1.6, po = 0.7, 
and N <1; consequently p < 0 and the superfluid- 
ity criterion is not satisfied. Thus there is no 
superfluidity of He® in this state. 

An investigation of the problem of superfluidity 
of nuclear matter and of He® was carried out by 
Cooper, Mills, and Sessler’ using the method of 
trial functions. On the basis of the potential (16), 
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with the parameters (46) which for He? give a good 
approximation to the exact potential of Brueckner 
and Gammel,'4 they found the required increase in 
the attractive potential and analyzed the super- 
fluidity criterion in the form (1). 

A comparison of the value K = 9—11 obtained 
by us in Sec. 2, with the result of Cooper et al.’ 
for nuclear matter (K = 5—7), shows that these 
estimates do not differ markedly from one another. 
This is a consequence of the fact that the estimates 
in reference 7 were made using trial functions 
close to the functions of the normal state. These 
estimates somewhat overestimate the role of the 
repulsive core, whose influence in the superfluid 
state is drastically suppressed as a result of the 
renormalization. In the case of He’, the estimate 
of reference 7 coincides with ours, even though it 
was actually made with the same omissions as in 
the case of nuclear matter.* 

The similarity of the results obtained here to 
the results of Brenig* confirms the arguments 
made in the Introduction concerning the applicabil- 
ity of Bogolyubov’s method (with the modifications 
made above) to the investigation of the problem of 
superfluidity of nuclear matter, and enables us to 
understand better the mechanism of appearance of 
the superfluid state. 


'Bogolyubov, Tolmachey, and Shirkov, Hospiit 
MeTOA B TeOpuu cBepxmpoBogumocTu (New Method in 


*Our attention was called recently to a paper in which the 
same authors, through a choice of modified trial functions, 
concluded that nuclear matter can be superfluid.** 
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Exact numerical solutions of the basic cascade theory equations, obtained by the functional 
transformation method, are given for small depths (up to two radiation lengths ). 


Ir is well known (see reference 1) that the initial 
equations of the cascade theory can be written in 
the form 


OP (t, E) 
ot 


- 2) T(t, E’) W, (E’, E)dE’ + ( P(t, E') We (E", E’ 


13; 


1e5] 


. 


Ade — \ P96) WB, Bd (1a) 
é 
ME =| Pit, B')W. (E’, B) dB’ 
z 
IE 
me ey (Ee de (1b) 


0 

Here t is the depth in radiation lengths, 

P(t, E)dE is the total number of electrons and 
positrons in the energy interval (E, E+dE) ata 
depth t; ['(t, E) is the analogous distribution 
function for the photons, W)(E’ E)dE is the proba- 
bility per radiation length of creation of a pair with 
a positron energy in the interval (E, E+dE) from 
a photon of energy E’ and We(E, E’)dE’ is the 
probability of an electron or positron of energy E 
emitting a bremsstrahlung quantum in the interval 
(E’, E’ + dE’), also per radiation length. 

The functions We and Wp have in the Born ap- 
proximation, with allowance for the nuclear field 
only in the ultrarelativistic limit for large colli- 
sion parameters which are of importance in this 
case, the following form? 


Ey) dee (ee) eB) de: 


(2a) 
W,(E', E)dE = [(E/E’)? + (1 —E/E’)? 


tg (E/E) (1 B/E) de )e’. (2b) 


In writing down the system (1) we have disre- 
garded the Compton effect and the photoeffect for 
photons, the Rutherford scattering for positrons 
and electrons, pair annihilation, and other proc- 
esses which are not significant at high energies. 
The pair production and bremsstrahlung in the 


field of the atomic electrons is disregarded in (2). 
The contribution of the atomic electrons does not 
exceed 1% of all the effects in the case of heavy 
elements. 

To solve the system of integro-differential 
equations (1), it is customary to use either the 
method of functional transformations or the 
method of moments (see reference 3). The latter 
is approximate in nature and has limited application. 
As regard the method of functional transformations, 
it does permit, in principle, to obtain all the quan- 
tities of interest, but the resultant expressions can 
be calculated analytically only when t > 1. In the 
present paper we obtain exact numerical values 
for the system (1) in the range of thicknesses up to 
t= 2. 

As was shown, for example, in the review by 
Belen’kii and Ivanenko,° the solution of system (1) 
with the aid of the Laplace-Mellin transformation, 
subject to the boundary conditions 


P(t=0,£)=8(E—E,),  T(t=0,£)=0 
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FIG. 1. The Pg curves correspond to the following values 
of t: 1—0.2, 2—0.4, 3-0.6, 4—0.8, 5—1.0, 6— D2 ee 1.08 
8 —2.0. 
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BACT SOLUTION OF THE BASIC CASCADE THEORY EQUATIONS 


FIG. 2. The P’ curves correspond to the same values of t 
as in Fig. 1. 


has the form 
6+/00 


hdr: Eo\s[o+ M1 otk 
DIRS! Bae ce) pe a 
r| 8-200 E C(s) 
} s Ss 
re, Ese \ (3) ea a et)ds (3) 
S—i00 


and explicit expressions for the functions ),(s), 
Ao (Ss), and C(s) are given, for example, in the 
book by Belen’kii.! 

Here o is the coefficient of y-quantum absorp- 
tion. As usual, it is assumed that o is equal to its 
ultrarelativistic limit, og = 0.773. The integration 
in (3) is in the complex plane along a straight line 
parallel to the imaginary axis, subject to the con- 
dition 6 > 0. 

Cascade theory deals also with the quantity 
N(t, E), i.e., the total number of electrons and 
positrons at a depth t with energy greater than E: 


0 ie ek ij tte 


FIG. 3. The N curves correspond to the following values 
of E/E,: 1—0.1, 2—0.2, 3—0.3, 4—0.4, 5—0.5, 6—0.6, 
7—0.7, 8—0.8, 9—0.9. 
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FIG. 4. The I” curves correspond to the foilowing values 


of t: 1—0.2, 2—0.4, 3-0.6, 4-—0.8, 5—1.0, 6-1.2. 


lore} 8-+2co 
N (t, Ey) PUsb dh = 
12; 


2ni 


(By [stken 
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§—ico 


Sat Ae ot ds 
wap ee ee (4) 


Ss 

The energy distribution of the initial electrons 
after passing through a layer of thickness t is also 
of interest. It is found that the well known Bethe- 
Heitler expression’ for the probability that an 
electron with initial energy Ep) will have an energy 
between E and E+ dE after passing through a 
thickness t 


B—r dE E, \t/ln 2-1 t 
Pa G, E)ah = nee) Pa 
is a rather rough approximation. 
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FIG. 5. The P{, curves correspond to the following values 
of E/E,: 1-0.2, 2—0.3, 3—0.4, 4-—0.5, 5—0.6, 6—0.7. 


FIG. 6. Curves P¢: 
1 and 3—from the Bethe- 
Heitler formula (5), 2 
and 4— from (7). t=0.5 
for curves 1 and 2, and 
t = 1 for curves 3 and 4. 
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In order to obtain an equation for Pot within the 
framework of the cascade theory, it is evidently 
sufficient to retain in the right half of (1a) only the 
terms that describe the radiation retardation 


= \ Pe GB) Ws( Ey .b! = E) ab! 
é 


OP, (t, E) 
at 
1B) 
—\ Py (t, E)W .(E, Ede’, (6) 
0 
from which we readily obtain with the aid of the 
Laplace-Mellin transformation 
: $+7co E 
Ss 
Oni E \ (=) e— A(s)t ds, (7) 
8—i0o 
(for an explicit expression for A(s) see refer- 
ence 1.) 


Prey Ce fe ie 
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From (3) and (7) we readily obtain the energy 
distribution function P, of the secondary electrons 
(positrons ) at a depth t: 


Pi, 2) =—1P@, EJ — Pa ele ea) 


The expressions given for P, Pot, P,, N, and 
IT have been calculated with an electronic compu- 
ter accurate to ~1%. The results are shown in 
Figs. 1—6. The plots are given for the ‘‘primed’’ 
quantities, which are more convenient for calcula- 
tion. The latter are defined, for example, as 
P(t, E) = P’(t, E)dE/E, etc. The energy is 
measured everywhere in units of the initial energy 
Ep. 

In conclusion, the author expresses his grati- 
tude to Z. D. Dobrokhotova and B. I. Shitikov for 
help in the solution of the problem, to G. I. Budker 
and V. N. Baier for a discussion of the results, 
and to L. Dobrovinskaya for help in preparing the 
diagrams. 
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We have developed a quantum theory of the transverse conductivity of semiconductors in a 
strong magnetic field, taking the inelastic scattering of the electrons into account. If the 
interaction between the electrons and the scatterers is treated in the Born approximation, we 
obtain a formula for the conductivity in terms of an integral of the retarded two-particle 
Green’s function of the electron system in a magnetic field. We study this formula for the 
case where the electrons obey Boltzmann statistics and where one may neglect the influence 
of their mutual Coulomb interaction on the conductivity. We consider both the classical and 
the quantum regions of magnetic fields and scattering both by acoustical and by optical 
phonons. By comparing the results obtained through solving the transport equation with those 
from quantal calculations in the classical region we show that in practically the whole of that 
region one can apply the transport equation, with a collision operator which is independent of 


1961 


the magnetic field. We determine the dependence of the transverse low-temperature resis- 
tivity, which is caused by the scattering by optical phonons, on the magnetic field. It turns 

out that it may be a step function with many steps. We obtain in the quantum region equations 
for the transverse conductivity in different limiting cases. We predict theoretically resonance 
oscillations in the conductivity which are periodic in 1/H and which are connected with the 
scattering by optical phonons. Maxima in the oscillations may occur when the limiting fre- 
quency of the optical phonons is a multiple of the Larmor frequency. In the classical region 
the oscillations are a small quantum correction to the conductivity, but they are relatively 


large in the quantum region. 


Avams and Holstein! developed a theory of the 
electrical conductivity in a quantized magnetic 
field by solving directly the equations for the 
density matrix. They considered a number of 
different scattering mechanisms, using the Born 
approximation and assuming the scattering to be 
elastic. Argyres and Roth? used a similar method 
to study inelastic scattering. They obtained a 
formula for the transverse conductivity which was 
a sum over the electron quantum numbers in the 
magnetic field, but they did not analyze this 
formula. 

It is the aim of the present paper to ascertain 
the influence of the inelasticity of the scattering on 
transport phenomena in a strong magnetic field. 
We restrict ourselves to Boltzmann statistics and 
consider two characteristic cases: 1) scattering by 
acoustical phonons where the inelasticity is small 
and leads to relatively small effects, and 2) scat- 
tering by polarized optical vibrations, when account 
of the inelasticity may change all the characteristic 
dependences. 


We shall call a magnetic field ‘‘strong’’ when the 
ratio of the diagonal element of the transverse con- 
ductivity tensor to its off-diagonal element satisfies 
the inequality 


Oye Ore (1) 


Only when inequality (1) is satisfied does there 
exist a small parameter which allows us to write 
the expressions for oxx and oxy as expansions in 
powers of the scattering potential. Such expansions 
can, of course, occur only when the Born approxi- 
mation can be applied. If, however, inequality (1) 
is not satisfied, it is, generally speaking, impos- 
sible to expand the expression for oxx ina series 
of ascending powers in the scattering potential, 
even if the Born approximation is applicable. 

We shall differ from references 1 and 2 in 
starting from Kubo’s formula’ for the transverse 
conductivity in a magnetic field. It allows us to 
express 0x, in terms of the electron Green’s 
function in a magnetic field and saves us thereby 
from unpleasant summations (see, for instance, 
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reference 2). Also, such a method is very general 
and makes it, for instance, possible to take the 
Coulomb interaction of the electrons into account. 

The range of strong fields includes the classical 
region where a@ = fQ“/2kT « 1 (Q is the Larmor 
frequency, T the temperature) and the quantum 
region where a@ <1. Although the Boltzmann 
transport equation can be applied in the first 
region, we shall use there also quantum calcula- 
tions. Quantum methods are the only ones which 
can be applied in the second region. 

We have compared in all cases the results from 
the calculations using Kubo’s formula in the 
classical region with those obtained by solving the 
transport equation. This has allowed us to ascer- 
tain when the collision operator in the transport 
equation can be assumed to be independent of the 
magnetic field. It turns out that for the electron- 
phonon interaction this is possible in practically 
the whole of the classical region studied. 

Since we were not aware of any paper in which 
the transport equation was solved for the case of 
electrons scattered in a magnetic field by optical 
phonons at low temperatures, we solved it in the 
present paper. We discovered as a result that the 
plot of the function oxy (H) can consist in this 
case of two horizontal regions and two steeply 
drooping regions. 

We also evaluated the quantum corrections to 
Oxx in the classical region. It turns out that when 
the scattering is by optical phonons these can os- 
cillate and go through a maximum whenever the 
limiting frequency of the optical vibrations wy) isa 
multiple of the Larmor frequency. These oscilla- 
tions are periodic in the reciprocal of the field, 
but in contrast to all other known types of oscilla- 
tions of the static conductivity, they occur in the 
case of Boltzmamn statistics. 

In the quantum region we found the dependence 
Oxx (H) for the case where 2 > wy, and where the 
scattering is by acoustical and optical phonons; 
this dependence is the same as the one obtained 
by Adams and Holstein, ! apart from a logarithmic 
factor. In the case wy >, where we could not 
use the methods of Adams and Holstein, we dis- 
covered a non-monotonic oscillatory dependence 
for oxx(H). As in the classical case, ox, goes 
through a maximum when the frequency wy) is a 
multiple of Q, but what is a small correction in 
the classical limit is part of the main effect in the 
quantum region. 

We studied the oscillations in the classical and 
the quantum regions for the case of scattering by 
optical phonons in ionic crystals. It is, however, 
clear that this effect is caused solely by the pres- 
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ence of a limiting phonon frequency and is inde- 
pendent of the details of the electron-phonon inter- 
action. It can therefore, for instance, also be ob- 
served in the case of scattering by optical phonons 
in atomic semiconductors such as germanium. 

i. We shall assume that the electron dispersion 
law is quadratic and isotropic and that the magnetic 
field is along the z axis. Kubo’s formula, which 
expresses 0x, in terms of the velocity operators 
of the motion of the center of the Landau oscillator, 
is of the form 


Sax = (€%B/2Vo) | dt Sp fetF-80*—H™) X () X (O)] 


= (eB / Vo) | de ¢X (t) X (0). (2) 
Here 8 = 1/kT, » is the chemical potential, # 
=He+t+ Hse + U, U is the electron-scatterer 
interaction potential, Jfg¢ is the Hamiltonian of 
the scatterers, He is the Hamiltonian of the sys- 
tem of electrons including their mutual interaction, 


X (t) = et%tih X (0) eee, (3) 


V,) is the normalization volume, N is the particle 
number operator, and eBF = Tr eB(# UN), 

The operator X commutes with the Hamiltonian 
of the free electrons in a magnetic field. One can 
show by straightforward calculation that X com- 
mutes also with the electron-electron interaction 
operator, and this reflects the law of conservation 
of momentum during two-body collisions. Using 
the equations of motion we get from this (see 
reference 3 ) 


X= Dh y'(r, 9), X1y(r, 6) be 


= a BAW 9) G, VUG 9) ar. (3a) 


Here o is the spin variable and 
p(T, 5) = Dd) as thas (tT, 5) 
As 


is the second-quantized electron wave function. 
The index A labels the orbital states of the elec- 
tron and when we choose the gauge A = (0, Hx, 0) 
it indicates the totality of the quantum numbers 
pz, n, and X;s is the z-component of the electron 
spin. In the chosen gauge X = i(ch/eH) 0/dy. 

The electron-phonon interaction operator U is 
of the form where 

U (r) = Xe by 2% + ct Bt e— iar), (4) 

bg and bg are the creation and annihilation operat- 


ors for phonons with wave vector q. For acousti- 
cal phonons 
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| cq |? = Eo hg / 2V, pw. 


For optical phonons (in polar crystals ) 


P= AlG Vs, (6) 
where according to Davydov and Shmushkevich! 
A = Anh (Ze? x / ay)? | Ma, @o, (7a) 
and according to Krivoglaz and Pekar® 
A = 2nhw@oe? (1 | &co — 1 / &). (7b) 


Here E) is the deformation potential constant, p 
the density of the crystal, w the sound velocity, 
Ze the ion charge, ay the distance between neigh- 
boring ions, y the dimensionless constant in the 
ionic polarizability, M the mass in an elementary 
cell, wo the limiting frequency of the optical vibra- 
tions, and €) and €w the dielectric constant of the 
crystal with and without taking the ionic contribu- 
tion into account. We shall assume that the fre- 
quency of the optical phonons is independent of q 
and that the frequency of the acoustical phonons 

is equal to wq. 

We restrict ourself to the second approximation 
in U. After substituting (3) and (4) into (2) we can 
then replace in the exponents # by He + Hsc and 
average over the phonon variables. Writing the 
remaining term as a sum over the states of the 
whole of the electron system, we get as the result 


Oxy = pee (a) \ d3 qq; | €q |? [Nq Dg (aq) 


+ (Nq+ I) O_, (— @,)], (8) 
where Ng = [exp (Hiwg/kT ) = ii and 
@,(o) = >) exp {BF —B(En—pNn)} 6 (ho — Em + En) 


SOA vr (a) <n oka, |e, (9) 


AX’ ss’ 
Ars.vs (G) =D) v5 (r ) ee (Fr, 9) Prd; (10) 


m and n label the states of the total electron sys- 
tem, and En = (#e)nn- 

To evaluate q(w) we establish the connection 
between it and the two-particle retarded Green’s 
function with the coordinates pairwise equal, 
summed over the spin variables: 


x 


i HGR) Gy 5 Oy HT (Ry S, 
K(rst’st)ah ZSt (3 D9 3 BAEC 


0 , 
(11) 
(the symbol [...,...] indicates a commutator ). 
Writing as before the trace of (11) as a sum 
over the states of the electron system, one finds 
easily the following relation 


O)~p (r’, 5’, 0))>,t>0 


{<0 


co 


(5) Kq(o) = \ Gieve) (ar \ Ge geet a(R ar cir) 
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= \ do’ @, (o’) (1 — e-he'8) (@’ — @ — iv), (12) 
where vy >0, v0. Since $q(w) is real, we get 
from this 


@, (©) = Im Kg (@) / 0 (1 — ef"). (13) 


Larkin® found an expression for Kg(w) fora 
system of interacting electrons for the case H = 0. 
Larkin’s method can easily be generalized to the 
case where H = 0. We can thus evaluate the 
screening of phonon potential. This problem will 
be considered separately. In the present paper 
we shall not take the interaction between the elec- 
trons into account. 

In the zeroth approximation in the interaction* 
K(r, r’, t) = iD) Dy exp {i (ens — evs) £/ TH} 5 (r) Wp, (0) 

uA 


WP, (0’) Wa (0’) (as — Mavs). (14) 


Here €,g is the energy of an electron in the state 
with quantum numbers A and s; ng is the Fermi 
function of €jg. 

For the case of Boltzmann statistics ng 
=exp{B(u — €xg)} and one can sum over 2. 
This leads to 


Ko(cprGt) = 2i- cosh 2,0) 216 @ ari 
SPT A\G (rary it [P= CW or, at fn) 


< Gir, i, ee ity} fyi; (15) 
where according to Sondheimer and Wilson! 
Gers’, = DV) Hr) 

r 
ep (ky Te Lat ‘hs wah pee ees 2 
cetey (saat 7 sinhn ©? 2hy Lins sMin ees 

+ Ay?) + Az®}. (16) 


Here Ax =x — x’,..., 7 =h®y/2, y is an arbitrary 
complex number (Rey = 0), 2 = eH/me, % 
= eH/myc, m is the effective electron mass, and 
my is the mass of a free electron. The phase 
factor y depends on the choice of gauge but always 
satisfies the equation 

Oiint ) a Oot) = 0) (17) 
because K°(r, r’, t) depends only on the difference 
Tae: 

Evaluating the Fourier component of 

K°(r — r’, t) with respect to both the coordinates 
and the time, we find that 


*Expression (14) is linear in n)se This enables us to write 


the conductivity for the case of Fermi statistics in an integral 
in the complex B plane of the conductivity for the case of 
Boltzmann statistics (see the papers by Rumer’). 
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hg: hg’. 
Ky.(@) = 2nV, \ dicdo FSi ee tn! + tag 39 org 
0 
Sy q; 2 eg? B 2 Qt 
X exp ( Tm t as coth asin =F (18) 


Here qi = qe tP ay: n is the electron concentration 
in a magnetic field, and is equal to 


n= 2cosh (“#") 8 ( dat yop, (19) 


sha \20h?B 


Bonch-Bruevich and Mironov’ obtained the function 
(18) using a different method. 

2. We study the expression for the imaginary 
part of (18), which determines oxy by virtue of 
(8) and (13). As H—0 we can write the integral 
over t in closed form and get 


h 2 h2 2 
a Ke @ = eee as (le e—he8) exp | = = ao ’ 
" 20) 


where vy = vV2kT/m is the thermal velocity of the 
electron. This function was obtained by Larkin.° 
We shall use it to evaluate ox x in the classical 
region. 

For calculations in the quantum region it is 
convenient to use another form for Im K% (w), 
which we shall obtain now. Writing the product 
of two sine terms in the expression for the imagi- 
nary part of (18) as the sum of products of four 
exponentials, we find that 
nVo { h®q’, Bcotha 

CX) 


rene (0) foes | Ramona) 
Ps (21) 
qt; , , Fq°, Bcotha 
a \dx a2 { Zar ~ ! 4moa 
0 
hq? hq? 
ees )x ner) = Snel (22) 


We changed here to a new integration variable x 
= OQ. 
Using the well-known formula 


co 


pi 2 yl > ina, (23) 


=—0o 
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we get the relation 


‘Arq? th 
exp ( q; Bco ae 


4ma 
ee) 2 
: qa 
= N Ae 
== | erN+iN« J real (24) 
N=—oo 


and we can use this to write the real part of the 
integral (22) easily in the form 


Ge a [ee) 
ReL(w)= >; eI (ats) Re dvexp 


2 


N=—00 
bil en) a = 2 Fer (HS) 
ee he 2 £4 No—«) | qos}, (25) 


where a’ = ch/eH. Substituting (25) into (21), re- 
placing in the second term N by — N, and using 
(13) we get finally 


2 oo 4 
0 nV, (ee q) eau ( qe 
My (0) = Va Thee oe CXPoeates 5 ee Ty ae 
oe eee sea 
X eXp | got ame (* (26) 


3. It can be seen from the initial equations (2) 
and (3) that in the second approximation in U, in 
which all calculations have been made, the differ- 
ent scattering mechanisms do not interfere with 
one another. The total transverse conductivity is 
thus a sum of the conductivities related to the var- 
ious scattering mechanisms, and it is sufficient to 
evaluate separately each of the terms in this sum. 

We start with the solution of the simplest prob- 
lem: the calculation of the conductivity in the 
quantum region. First we consider scattering by 
acoustical phonons. One can see from Eq. (26) 
that the main contribution to the interaction with 
the electrons comes from the phonons with wave 
vectors q < 1/a. We shall assume that for q ~ 1/a 
the inequality 


(ho /kT)? ~ (hw / akT)? ~ amw? | kT <1 (27) 


which is usually experimentally satisfied, is still 
satisfied. If (27) is valid we can write 


Ng Nqt1 AT | hog. (27a) 


We substitute (5), (26), and (27a) into (8) and 
integrate over q, using the formula’ 


co 


\ e—% Tn, (0X) x™ dx = (— 1)™ b-N — 


da™ 
0 


x [(@—-V @—8)"/Vae—e] (a>d). (28) 


It then turns out that all terms are exponentially 
small compared with the zeroth term and one needs 
only take that one into account. If in evaluating the 
latter we neglect quantities of the order of unity 
compared to the large logarithm, it turns out in the 
final result that oy, depends logarithmically on 
the magnetic field and we find for px the following 
equation 
ic) 2 
— : Be : aS ee = oein| + (=) ik (29) 


2 3 
Oxx - Oxy oxy 


where pg = 1/o, is the resistivity, which is deter- 
mined by the scattering by acoustical phonons in 
zero magnetic field. It is well known that! 


Oa = (4/3V a) ne? t,/ m, (30) 
where the ‘‘thermal’’ relaxation time is 


Tq = 1h* pw? V2 BE? (mkT)". (31) 
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Expression (29) is essentially the same as the 
corresponding result of Adams and Holstein,! dif- 
fering from it only by the logarithmic factor. This 
difference is a natural one, for when we put w =0 
in (26), i.e., we assume, as in reference 1, that 
the collisions are elastic and then integrate over 
qz, the term with N = 0 turns out to diverge for 
small qz. Adams and Holstein removed this diver- 
gence by taking the finite level width into account. 
We, however, have studied the case where it is 
essential to take the inelasticity of the scattering 
into account. We note that it has been shown by 
Skobov!' that when the electrons are scattered by 
point defects oxx also depends only logarithmically 
on H. 

To conclude this section we investigate the in- 
teresting problem of the expansion parameter 
used. The Hall conductivity oxy = nec/H is the 
zeroth term in the expansion in powers of U, while 
Oxx is a quadratic term. One must therefore 
expect that the expansion converges sufficiently 
rapidly if oxx/oxy « 1 [as a matter of fact this 
inequality was used when Eq. (29) was derived ]. 
Also, in our case this ratio is of the order of mag- 


nitude 
Oe nr ae 1 /er\2 
ayy RT TET In| a ae) 


The third factor in Eq. (32) is of the order of 
magnitude of several units, the second factor is 
usually very small at low temperatures, and the 
first factor can be large in strong magnetic fields. 

To determine the expansion parameter by a 
more reliable method, we used the technique pro- 
posed by Konstantinov and Perel’! to evaluate the 
correction of order U* to Oxy. It turns out that 
this correction is proportional to H, i.e., its ratio 
to oxx increases with the field in the same way as 
(32). A very strong field, for which the ratio 
Oxx/Oxy is again > 1, therefore becomes ‘‘weak’’ 
in the sense of the criterion (1) and our theory or 
the theory of Adams and Holstein! can not be ap- 
plied to it. 

However, even before such fields are reached 
it turns out that inequality (27) no longer holds 
when q~ 1/a. For such q it is already impossible 
to use the expansion (27a) for the Planck function, 
and the values q| ~ kT/iw play therefore a role 
in the integral over qi. Klinger’ has shown that 
in that case oxx ~ 1/H’. It can thus happen that if 
inequality (27) is violated before (1), there exists a 
small expansion parameter in the whole region of 
strong fields. 

4. We turn now to a study of scattering by 
optical phonons. We shall assume that fw Bb > J, 
since the quantum limit is practically unattainable 


if the opposite inequality holds, and we separate 
two limiting cases. The first one is that of very 
strong fields, when 2 > wy. In the second, more 
realistic one we have Q < Wy. Substituting (6) into 
(26) and (8) and going over to dimensionless inte- 
gration variables in each term of the series 


vsh@ (/2mQ2,  u=hg?/|N,+8+N]2mQ, (33) 
we find that 


Gxx = ne? (hog8)' [4 V 1mQt, sinh (hw,8/2)]2 >) Cy, (34) 
N 


=—00 


Cy = a\ duu*exp{—a|[N,+6+N|(u/2 + 1/2u)} 


0 


o> (35) 
x \ v du Ty (v/sinh a) (u[N, +6 
0 
+ N|-+ v) exp {—vcoth a}, 
ty == 20 (AG) 2m) Ae (36) 


Here Np is the largest integer contained in the 
ratio wo/Q; 6 = w»/Q — Np. 
We split the sum in (34) into three parts 


No co 
Se Cy ee SC See 
N=0 N=1 N=No+1 

In the quantum limit only the term with N = 0 plays 
a role in the first sum, and all other terms are 
exponentially small in comparison. In this term 
the values v~ J] and |N) + 6dlu~ wf are im- 
portant. If 2 > wy, then S, = 0 and S83 is expo- 
nentially small, and in the evaluation of Cy) we can 
neglect |N) + 6|u in comparison with v in the 
exponent in (35). The integral over v is then 
equal to unity and we can easily evaluate the inte- 
gral over u by using the inequality hw 6S > 1. As 
a result we get 


Pax x Oye i oF, * APs : (3 8) 


Here py = 1/ay is the low-temperature resistivity 
for H = 0, which is connected with the scattering 
by optical phonons. According to Davydov and 
Shmushkevich"* o) = ne’t,/m, where 


1 = Inh? (hia,) ec? (2m) At = teh". (39) 


The dependence pxx(H) given in Adams and 
Holstein’s paper! differs from the one of Eq. (38) 
only by the logarithmic factor. 

If wy >> one can, on the other hand, neglect v 
in comparison with | Ny) + 6 | u when evaluating Cp. 
Then 


Sy = Cy = 2V 1 (ho,B) “ aQay exp {— ho,B/2}. (40) 


In that case, however, the contribution from S, is 
small compared with the main contribution from 
S,.. To evaluate the latter we use an approximate 
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method, which enables us to find oxy apart from a 
factor of order of magnitude of unity. The impor- 
tant values in the integral (35) are v~ N+ cotha 
and u~ 1. The characteristic quantity in S, is 
therefore the sum 
vtu|N,+6+N|~N+N,—N=N,, 
and we take it outside the integral sign. The 
integral over v can then easily be evaluated using 
Eq. (28) and turns out to be equal to (1+ Nye aN 
Performing the summation over N and changing 
the integration variable to u = et we find that 


Sy (402 / ha,8) exp {— ha,8/2} (S2 + S2), (41) 
ae C exp {— a6(cosh ¢ — 1)} 
"his \ 1 — exp {— ad(cosht — | No 
1 — exp {— a (N,-+ 1)(cosht— 1)} 
= een Jac, (42) 


nee . Bey eee Neos 
Ss = \ exp {— ad (coshit 1)} 1 — exp {— a(cosht — 1)}\ ‘ 


0) (43) 
Using the inequality Ny > 1 we get easily the 
following estimate 


Sy = D! (iw,8)"* x? + (hor / 2x) eK, (ad), (44) 


Ss ~ S2/ha,8. (45) 


Here D is a coefficient of the order of unity, and 


JV x/2x exp (—x), (46) 


1G (x) = Veron ds — = ea 


0 


58 Sl 
Gala 


The second term in (44) is a small correction 
to the first one when @6 > 1 (there are then also 
other correction terms of the same order, which 
we do not write down). If, however, @6 « 1, the 
second term in (44) can be very large and deter- 
mines the resonance oscillations of the conductivity 
tensor. 

Only the first term plays a role in the sum 83 
(all others are exponentially small). To evaluate 
it we can neglect u(1 — 6) compared to v in the 
integral (35), and we get 

S3=C_w,41) = 2ae OK, ((1 — 6) a). (47) 
As a result we get 
Orx = Oxx [D+ F(a, 8)], (48) 
where 
of = 2/5 (ne? / mQ2°t,) (hm, /kT) exp {— ho,/RT}. (49) 


Here D is a constant of order unity and the term 
F(a, 6) is negligibly small compared to D if 
a6(1—6) >1. If, however, a6 (1—6) «], 


F (a, 6) = — (3/2 V ho,8) « In [a6 (1—6)}. (50) 
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The first term in the quantum formula (48) is 
the same as the classical expression for the con- 
ductivity, which will be obtained in the following. 
This is natural, for in the case w)/Q > 1 the elec- 
tron states with large values of the vibrational 
quantum number n ~ w /2 >> 1 are important. One 
can evaluate the coefficient D in the classical re- 
gion. It turns out to be equal to unity. 

The second term in (48) describes the specific 
quantum resonance oscillations of the conductivity, 
which can be noticed against the background of the 
classical term when hf | One NQ| « 1. They are 
periodic in the reciprocal of the field and occur 
for the case of Boltzmann statistics, in contrast 
to all other known types of oscillations of the 
static conductivity. Their origin can be easily 
understood. If wy) = NQ with good accuracy, then 
electronic transitions involving the absorption or 
emission of a phonon are possible, during which 
the quantum number n changes by N while pz 
remains almost unchanged. The transition proba- 
bility is proportional to the density of the final 
states, and the total number of transitions for 
electrons with energies within a given interval is 
proportional to the density of the initial states. 
The density of states in a magnetic field near p, 
= 0 has an integrable singularity of the kind [€ 
—ha(n+ %)}'/” (e€ is the electron energy). If, 
however, transitions are possible where only the 
one quantum number n changes, then both singular 
factors depend on the same argument, and this 
leads to a logarithmic divergence of the corre- 
sponding integral .* 

One can remove this divergence, for instance, 
by taking the dispersion of the optical phonons 
into account. More likely to be effective, however, 
is taking the scattering into account without using 
the Born approximation, or taking the electron- 
electron interaction into account. Since the last 
problem goes beyond the framework of the present 
paper, we shall not study here the mechanism of 
removal of the divergence. 

5. We turn to the evaluation of ox, in the 
classical region. From an analysis of the trans- 
port equation in the usual form it is often assumed 
that in this region the conductivity in a strong field 
is related to the conductivity for H = 0 by a simple 
order-of-magnitude relation. Indeed, if for H = 0 


6 = ne*t/m, (51) 


*Because the small q, are important in the oscillations, 
one can immediately determine the coefficient of the oscillat- 
ing term exactly, since one can neglect u|N, + 5 + N| as com- 
to v in the corresponding calculations. 
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where T is some average relaxation time for the 
conduction electrons, then 

Oxy ~ ne2/Q2 wm. (52) 
then Eq. (52) is assumed to be an estimate which 
should yield the correct order of magnitude and 
the correct field and temperature dependence of 
Oxx: It is assumed here that in the classical reg- 
ion the collision operator does not appreciably de- 
pend on H. 

We shall show in the following that even if the 
collision operator is indeed independent of the 
field, the situation is sometimes not as simple as 
that, and (52) may give an incorrect temperature 
dependence. Also, we shall be able to state the 
conditions under which the collision operator is 
independent of the field. To do this we use specific 
calculations to verify that the assumption that the 
collision operator in the transport equation is 
field-independent gives the same formulae for oxy 
as are obtained by replacing Im K® (w) in Eq. (8) 
by its limiting value (20) when H = 0. To find out 
when the collision operator is field-independent, it 
is then sufficient to ascertain when such a substi- 
tution is permissible. 

We start again with the case of scattering by 
acoustical phonons. Substituting (13) and (20) into 
(8) and assuming that mw”? «kT we get the 
formula 


Oxy = (8/3 V x) ne? / Q2mtg. (53) 


It is the same as the result obtained from the 
transport equation and verifies the estimate (52). 
6. For optical phonons we get by substituting 

(6), (13), and (20) into (8) 
ne® (Fic 8) /* K (*) 


= (54) 
Cue = SV mem, sinh(®@o8/2) 2 


where K, is a Macdonald function. ae 
that K,(z) © 1/z if z «1, and K,(z) = V1/2ze” 
for z > 1, we get at high ate (Aw B « 1) 


xx = (4/3 V 0) ne? / mQ?r,, (55) 
with the high-temperature relaxation time 7) 
= Viiw)/KTt. 

At low temperatures (fiw)8 > 1), Eq. (49) 
follows from (54). According to Davydov and 
Shmushkevich,’* on the other hand, we get for H 
= () in the first case (Hw)8 « 1) 


6 = (8/3 V m) ne*x,/m, (56) 
and in the second case (hw f > 1) 
6, = nete2 | m. (57) 


Equation (55) for high temperatures is the eae as 
the result obtained from the transport equation‘ 
and verifies the estimate (52). 
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We know of no papers in which the transport 
equation in a magnetic field is solved for the 
scattering by optical phonons at low temperatures. 
It is, however, at once clear that Eq. (49) gives a 
different temperature dependence, differing by a 
factor 2hw)/3kT from the estimate (52). To ascer- 
tain the cause of such a discrepancy we study the 
solution of the corresponding transport equation 
for the case fw) > 1. 

By methods similar to those used by Davydov 
and Shmushkevich" for H = 0, we consider two 
regions of possible values for the electron energy 
€. In the first region 0<€ < Nw», and in the second 
hwy < € < 2Hwy. Electrons in the first region can 
only absorb optical phonons, as a result of which 
they get into the second region. The probability 
for such a process is proportional to Ny 
~ exp (— hw), i.e., exponentially small. For 
electrons in the second region the most probable 
process is that of emitting a phonon, as a result of 
which the electron gets into the first region. The 
probability for such a process is proportional to 
Ny, + 1, i.e. it is not exponentially small. 

We write down the transport equation separately 
for electrons of each of these two regions. We 
shall write the correction to the equilibrium dis- 
tribution function f)(€) in the form 


[’ = hpx df, / de, 


where fp is the quasi-momentum of the electron 
and the function yx depends only on the energy €. 
The transport equations for the first and second 
region are, respectively, of the form 

A B = 
evE — {Hy (ep)lV = ar \-ar (Not Hew 
— N pr (€p)} 6 (Ep-+q — &p — ho), (58) 


oe \ {Nie " (p — 4) X (Epa) 


4m? 


(p + q) X (Epta) 
evE ——(Hxx (ep) Vv = 


— (No + 1) px (ep)} 6 (&p — Ep—q — 2M). (59) 
Because of the properties of the 6 function, one 
can take xy (€) out from under the integral sign 
and the determination of the right hand sides of 
(58) and (59) is reduced to the evaluation of inte- 
grals of the kind 


1/s e— ho 5/5 
\( (p — q) 5 (&p — Ep—q — hoy) =~ 55 (ser) (a) p. 
(60) 

We used here the fact that in the second region 
(€ — fiw) Mwy ~ kT iw) « 1. 

The other integrals on the right-hand sides of 
(58) and (59) can be evaluated by similar means. 
As a result we obtain the following set of equations 

T,eE/m + (1 — ity) x1 — 2%2/3 = 0, 


— ?/3 (e/A@y) Xa = 9, (61) 


t2eE/m + (1 — iQ) x2 
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where xX =Xx t+ xy, and E = Ex + iky. The quan- 
tity T, is defined by Eq. (39), and 72 = tyV hw /e. 
Moreover, y; =x (€) in the first region and x2 

=y (€ + fiw) in the second region, with €/fiwy 


<1. The correction to the distribution function is 
Let the field E be along the x axis. Then 
2he Bhi 6 
BC oe \ep Te ae ey 


It is clear that there are in this case two relaxa- 
tion times connected with the collision operator, 
and not one: 7,, the period an electron stays in the 
first region, and Tp», the period an electron stays 
in the second region. Depending on the ratio of 
these periods to the Larmor frequency, we obtain 
different expressions for oxy. 

If we use the inequalities €/Nw) « 1 and 
kT /fiw) «< 1, the solution of the set (51) has the 
form 

Re yi = — [t1/ (1 + 9271?)] cE, /m, 


To cE, (2e / 3h) Tr (1 — O21.) °F x 
4+Q2¢2 m 1+ Q7?2 (1 + O24? im 
+ 2°75 + 0°t? (1 + 0%r)) (64) 


Re YX = 


These formulae contain two dimensionless quanti- 
ties, QT; and QT. The presence of two parameters 


causes the peculiar behavior of the function oxx (H). 


We shall consider this behavior in the whole 
range of magnetic fields in the classical region. 
If QT, « 1, the current transferred by the elec- 
trons in the second region is negligibly small, be- 
cause their number is exponentially small then. 
We get for the conductivity the result (57) of 
Davydov and Shmushkevich, where the time 7, is 
not involved at all. 

When the magnetic field is increased so that 


Qn<1<On, (65) 


the electrons have time to describe several revolu- 
tions while they are in the first region and the con- 
ductivity due to them 


Gr rie" | m7 T (66) 


decreases thus in inverse propertion to H’. 

When the field is further increased the contri- 
bution from the electrons in the first region be- 
comes so small that the electrons in the second 
region begin to play the main part in the transport 
of current. If this occurs at such fields that in- 
equality (65) is still valid, the corresponding trans- 
verse conductivity is equal to 

ho 
rT } ; 


(67) 


4 net, (0 2 


Oxe = 3. m . kT 


exp {- 
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It is independent of H, since the electrons have 
only time to describe a small part of a revolution 
during their sojourn in the second region. 

If the magnetic field is increased still further 
so that 1 «QT, « 27j, the electrons will also de- 
scribe several revolutions while in the second 
region. As before they will be the main ones in- 
volved in the transfer of current. Equation (64) 
becomes in that case 
Re yx = — (271) 7 e£,/m, Re %¥o =e — (Q?t,) 71 cE, /m, 

(68) 
and we obtain for oxx Eq. (49). It is clear that in 
this case there is no basis whatever for hoping that 
the estimate (52) is valid, since the conductivity is 
determined by the time 7, when H = 0, and by the 
time T, in the case QT, > QT, > 1. We note that 
Oxy = ne?/m® in the whole range of fields for which 
OT, 1. 

The presence of several plateaus on the curve 
of 0xx(H) is thus not necessarily connected with 
the presence of several kinds of carriers. It may 
be caused by the complex character of the scat- 
tering. 

7. We shall now ascertain when the collision 
operator in the transport equation is independent 
of the magnetic field. We start with the case of 
acoustical phonons and assume that Q > W, where 
@® ~ wVmkT ffi is a characteristic frequency for 
the phonons interacting with the electrons. We can 
then in all terms of the series (26) (except the 
zeroth term, which does not contain 2) neglect w 
in comparison to 2, and we obtain 


[2 S oe ieuine 
N=10 


v _-\} \ v due? cotha] ,, (—_) 


0 


nea? 


SSS SS 
ZV amr, 


me {Leal exp \-0 coth gS =| vIy( 5) do ; 
iy (69) 


where £ = (w/v)? and where the integration 
variable is y = h’q?/8mkT. 

Using Eq. (28) to evaluate the integral over v, 
and summing the series obtained in that way in the 
integral with respect to u, we get 


fee) 


nea? dus exp {— a [4 +. u/2 + 1/2u)} 
- WE bl My le 
Oxx 9 V mmQ2z, | ’ u 1+exp{—a(l + u/2+ 1/2u)y cotha 

ae 4 

" T—exp(—a(i puja fea) 

[oe) 
dy (coth « + &/2y) e 4 
| tes 
\ y (70) 


(1 + Eay~'cotha + a2 /4y2)"2 


i) 
If a « 1, the first integral in (70) can be evaluated 
by expanding the denominators in series. It is suf- 
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ficient here to retain the term of order a. Asa 

result we get 

= sne2 ( 1, ® 
3 V xmQ?r, ie 


Oxx a In : ) : (71) 

The first term in (71) is the integral of the 
series, and the second one the integral of the 
zeroth term. If 34a In(vp/w) « 1, the main 
term in (71) is the same as Eq. (53), which follows 
from the solution of the transport equation, and the 
term with the logarithm is a small quantum correc- 
tion to (53). In that case one may assume that the 
collision operator in the transport equation is inde- 
pendent of the magnetic field. Under conditions 
such that 


*/,aln(v,/w) > 1 >a, (72) 


we could in principle observe the dependence oxx 
~ 1/H, but in practice there is usually no region 
where both inequalities (72) hold. 

We shall not analyze the case © >. We note 
only that here, too, Eq. (53) is valid in practically 
the whole of the classical region, but the quantum 
correction to it may be different from the one in 
(74). 

We turn now to scattering by optical phonons. 
We consider in detail the most interesting case 
when 22 « wy, and show that here, too, we can 
assume in first approximation the collision opera- 
tor to be independent of the magnetic field. To do 
this we come back to the exact Eq. (34). First of 
all we note that the estimates (42) and (43) for the 
sum S, remain valid also in the classical limit. 
Indeed, in the integral (35) the main part is played 
by v~ 1/a + N, but since Ny > 1/a, all calcula- 
tions of Sec. 4 remain valid for most of the terms 
in the sum. The whole difference from the quantum 
limit consists only in the fact that the factor @ in 
the argument of the logarithm does not occur in 
the classical case. 

There remains only to estimate the sums S; 
and S; and to show that the former is negligibly 
small and that one can separate from the latter 
the logarithmic term that leads to oscillations. 
The main part in S, is played by the first N;~ 1/a 
terms (the sum of all other terms is exponentially 
small). In these first terms the essential values 
of v~ 1/a + N~ 2/a are much less than the es- 
sential values of |N) + N+ 6 |u~ No, so that one 
may neglect the first term. The series can then 
easily be summed and as a result we get 


S, = (4/ho,B) Ky (48/2) <Sz. 


When evaluating the sum 83 one sees easily 
that one can, on the other hand, neglect | Ny) + N 
+ 6|u in comparison with v, and this leads to 


(73) 
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Ss; = AS; + 2exp {— ho,8/2}, (74) 


where the logarithmic correction is AS, 
=— 2Zoexp| — hw, /2} In(t— 6) if 1—6 < 1, 
and is negligibly small in the opposite case. 

Substituting the sum of S, and AS; into (34) we 
get Eq. (49) for oxx. Its first term gives the 
classical conductivity and the second term the 
very interesting oscillating quantum corrections 
to it. They can in principle be observed if the 
mechanism which removes the divergence at small 
dz (which was discussed in Sec. 4) turns out to be 
not too effective. We note only that Eq. (50), which 
is valid in the quantum case when a6(1— 6) <« 1, 
requires in the classical region the inequality 
6(1—6) « 1, and contains not In[a6(1—6)] 
but Ino: —=.6') |: 

The ratio Q/w. is thus essentially the only 
parameter in the theory of the transverse conduc- 
tivity caused by the scattering by optical phonons. 
The quantity a, however, is a parameter only in 
small ranges of changes in H near resonances. 

If 2/wo9 « 1, the main difference between the 
quantum and classical regions is that in the former 
case the oscillations are part of the main effect 
while in the latter they are small quantum cor- 
rections. 

We also studied the case hu )B « 1. The result 
is that the collision operator is again field inde- 
pendent. The quantum corrections can oscillate in 
this case, too. 

In conclusion the authors wish to express their 
gratitude to A. I. Ansel’m for useful discussions 
and for his interest in this paper. 
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A new effect of resonance absorption of ultrasonic waves ina magnetic field is studied 
theoretically.* In many respects the resonance mechanism is similar to cyclotron resonance, 
but is related to the spatial rather than temporal periodicity of the field in the metal. The 
calculations are performed for closed as well as for open electron trajectories. The posi- 
tions, widths, and heights of the resonance peaks are determined as a function of the fre- 
quency, magnetic field, Fermi surface structure, magnetic field orientation and direction of 
propagation of the sound relative to the crystallographic axes. A sharp angular dependence 

of the absorption coefficient has been detected. An investigation of the effects under consid- 
eration may yield information on the topology and a number of other important characteristics 
of Fermi surfaces in metals. The results of the experiments are in good agreement with the 


predictions of the theory. 


1. MECHANISM OF RESONANCE ABSORPTION 


Sank oscillations produce ina metal a 
spatially-periodic field. In the presence of a 
magnetic field H(0, 0, H), this periodicity leads 
to a non-monotonic dependence of the coefficient 
of ultrasound absorption @ on H. This effect was 
first explained by Pippard,! who determined the 
period of the oscillations of a from qualitative 
considerations. 

V. Gurevich? developed the theory of this 
phenomenon for closed Fermi surfaces and 
showed that the periodic variation of @ asa 
function of H! can be of two kinds, namely 
harmonic oscillations (which we shall call non- 
resonant) and smooth increments that occur 
periodically. These periodic variations of @ with 
H'! have no resonant character in the sense that 
the relative widths and the forms of the absorption 
‘lines’ remain practically unchanged as the mean 
free path 7 tends to infinity. 

In the present paper we consider an essentially 
new effect of resonance absorption of ultrasound 
in metals. The mechanism of this magnetoacoustic 
resonance is analogous in many respects to the 
mechanism of cyclotron resonance in metals,” but 
is connected not with the temporal but with the 
spatial periodicity of the field in the metal. The 
magnetoacoustic resonance should take place when 

*A preliminary report on this phenomenon was published 


earlier.’? 


the average value (over the period T of the mo- 
tion in the magnetic field) of the electron velocity 
along the wave vector k differs from zero. For 
closed trajectories this can be realized only when 
k is not perpendicular to H. On the open periodic 
trajectories, resonance should be observed also 
when k | H, provided the vector k is not parallel 
to the direction of the open trajectory. 

If the condition k: VT * 27n is satisfied [n = 1, 
2, 3... is an integer, and the bar denotes averaging 
over the period of the trajectory pz = const on the 
Fermi surface €(p) =p], the electron is periodi- 
cally accelerated by the field in the equal-phase 
planes, where it remains for a relatively longer 
time than in the remaining parts of the trajectory. 
Clearly, the longer the mean free path, the more 
effective will be the interaction between the elec- 
tron and the field in these planes. 

The dependence of k: VT on pz is, however, 
quite appreciable. If k-vT is independent of pz, 
then the condition k- VT = 27n will be satisfied 
simultaneously for all electrons. This is precisely 
the case realized on open periodic trajectories, 
when k 1 H and the angle @ between k and the 
direction of the open trajectory is not small, so 
that k- VT ~ kr sin @ > 1. Here the resonance 
effect will be greater than in the case when k- VT 
depends appreciably on pz. The dependence on pz 
leads to a smearing and reduction in the height of 
the resonance maximum. It is obvious that the 
electrons for which k:VT has an extremum with 
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respect to pz will be relatively more numerous 
than the other electrons, and therefore the ampli- 
tude of resonant absorption will be a maximum 
precisely for such ‘‘extremal’’ electrons, although 
its magnitude will be still less than when k: VT 

= const. 

We emphasize that Gurevich? did in fact not 
consider this effect. 

Along with magnetoacoustic resonance, the ab- 
sorption coefficient should be highly anisotropic 
when the vectors k and H become slightly non- 
perpendicular, and also when the vector k deviates 
slightly from the direction of the open periodic tra- 
jectory. The reason for this anisotropy is that 
when k: Vv = 0 all the electrons fall periodically 
into the equal-phase plane and participate effec- 
tively in the absorption, whereas the absorption 
when k-v # 0 is essentially determined only by 
the electrons that drift most slowly along k. This 
circumstance brings about a fast reduction in a. 

The strong angular dependence of the absorption 
when kl H, and the presence of magnetoacoustic 
resonance in this case, are closely linked with the 
presence of open trajectories, and do not take 
place in metals with closed Fermi surfaces. 


2. GENERAL FORMULA FOR THE ABSORPTION 
COEFFICIENT 


Let us turn to a quantitative examination of the 
problem. As was shown by Gurevich’ and Akhiezer, 
Kaganoy, and Lyubarskii,‘ the coefficient of absorp- 
tion @ is connected with the rate of dissipation of 
energy Q by the relation 


a = Q/W, Q= 1 \ dev |x2|d(e 1), (2.1) 
where Q is the dissipation function, x6 (€ — Uo) 
is a small non-equilibrium addition to the Fermi 
distribution function fy, v(p) is the collision 
frequency [v = tas where t)(p) is the time be- 
tween collisions ], dtp = dpxdpydpz = eHe ‘dedtdp, 
is an element of momentum space, €(p) is the 
energy, v = 0¢€/8p is the velocity, t the time of 
motion along the orbit, — e is the charge, py is 
the electron end-point energy, h is Planck’s con- 
stant, and c is the velocity of light. 

The time t is determined by the equation of 
motion of the electron in a magnetic field” 


dp/dt = — (e/c) [vH]. (2.2)* 


The quantity W is the energy density in the sound 
wave 


We = pw? | u?|, (2.3) 


*[ vH] = vx H. 
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where p is the density of the metal, w = ks is the 
frequency, s is the speed, A = 27/k is the wave- 
length of sound, and u(r, t) = Up exp (iwt — ik-r) 
is the displacement vector. The definition (2.1) of 
the absorption coefficient is certainly valid for w 
< v, which is assumed to be satisfied. 

The solution of the linearized kinetic equation 
for the function y has the form?’® 


t ty 
i \ dirg (¢.) exp || (v — ikv) dt’ |; (2.4) 
—oo t 
G= Attn — CE'V, Ain = Din (P) — Chind, 
4 \ drpnd (€ — Uo) ‘ \ dt 5 (€ — fo), 
Un = 271 (Ou;/Oxp, + Ouy/OX;), 
eE’ = cE — (e/c) (uH] — V7 (dir) Win. (2.5) 


Here Ajk(p) is the deformation potential, 
which determines the variation of the dispersion 
law in the field of the acoustic wave: 6€ = Ajkuik, 
where uj, is the deformation tensor. In order of 
magnitude we have | Aix! ~ | Aik! ~ Ho. The quan- 
tity <6€ > =<Ajg> Uj, represents the change in 
the chemical potential of the electrons in the field 
of the sound wave. The small terms connected with 
the Stewart-Tolman effect and the change in the 
temperature can be neglected.‘ 

The electric fields induced by the ultrasound 
should be determined from Maxwell’s equations 
(the field components transverse to the wave 
vector ) and from the conditions for the elec- 
troneutrality of the metal, j-k = 0. For this pur- 
pose it is necessary to calculate the current 
density 


j = —2eh? \ dtpvx5 (© — Uy). 


We shall not deal, however, with the determi- 
nation of the electric fields, since it can be shown 
(see reference 2) that in the range of the values 
of H concerned here the field make the same (or 
smaller) contribution to the absorption as does 
the deformation potential, which in turn is known 
only in order of magnitude. These fields are con- 
tained in @ only through the slowly varying func- 
tion g, the form of which does not influence 
essentially the features of the investigated 
effects. 

Substituting the expression for y in the dissi- 
pative function and integrating by parts, we 
readily obtain 


= hW7 Re \dtpg"x8 Cie (2.6) 


where g* is the complex conjugate of g. 
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Magnetoacoustic resonance takes place when 
the trajectories of the electrons in momentum 
space are periodic in t. The motion on the closed 
trajectories is always periodic. Periodic open 
trajectories occur on open Fermi surfaces when 
the vector H lies in the erstallographic plane.*! 

Let us calculate the coefficient of absorption 
for the case when Tp « 1, and max {kvT} » 1. 
This system of inequalities is equivalent to 


[NGS OT ee 


We can therefore calculate @ by the method of 
stationary phase. It is readily seen that the sta- 
tionary phase points in the integrals with respect 
to t form a line of points k- v(t, pz) = 0 on the 
Fermi surface. Simple calculation leads to 


(2.7) 


a ~ eHh ?=W ct Re \ dpz >) oa 


* * 
+ 0<tg<T —w<ig<t,be 8h als 
tp 


x exp [| (v — ig) de |; 


tg 


(2.8) 


co 
5 gee ‘pore 
\ Gvexp[—si4g 0 — -1q_ tI. 


Ja = (2.9) 


Here q = k-v, the points tq (pz) are all the solu- 
tions of the equations q (tq, pz) = 9, qq 

= dq (tq) /dt, q% = d’q (tq) /dt”, and gq = g(t). 
The summation with respect to tq is over all the 
tq in the interval (0, T), while the sum with re- 
spect to tg denotes summation over all the roots 
tg = tq, while the first term of the sum, tg = tq, 
should be multiplied by ‘4, a fact designated by 
the prime. Integration with respect to pz is over 
those values of pz for which solutions of the equa- 
tions q(t, pz) =0 exist. 

We have retained two terms in the exponent of 
formula (2.9) for Jq, for qg (pz) can vanish in 
certain important cases (see Sec. 3, item B). 
The term with q% can be neglected if eve 


> eZ tes In this case . 
Ja = (2n/\q),\)"exp(—+ misa), Sa=9,/|9,|- (2-10) 
In the opposite limiting case 

Ja = (6/\qal) 1 C/s) 3. (2.11) 


Equation (2.8) can be transformed to 


aby = (eH 2h°We) \ dp. Ae ay 


a2= Ay = Oy, 
0<ty<T 


a, = (eH /h®Wc) Re (dp. [1 — exp (2ai8 — 2n7)J7 


7B 
x » od >» 


“ golpeXxp [\ (v—ig) dé]. (2.13) 


0<tg<T * 0<tg—tg<T 
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Here 27(y — iB) = T(v — iq). The bar denotes 
averaging over the period T: 
ce 
—— \ pat. 
0 
Contributions to @ are obviously made by all 
values of pz. It is therefore easy to show, by 
using the expression (2.10) for Jq, that Q@, coin- 
cides with the absorption coefficient for H = 0, 
obtained by Akhiezer et al.': 


a, = ah W \ dt, ||? (e —u,) 6 (kv) ~ Np,w/psv, (2.14) 


where N is the density of the electrons in the 
metal. 

The resonance effects, like the sharp anisot- 
ropy of the absorption, are due to the presence 


of the resonance factor B (pz) =[1 — exp (27i8 
— 2ry))}. 


3. RESONANT ABSORPTION OF ULTRASOUND 
ON CLOSED TRAJECTORIES 


Let us consider magnetoacoustic resonance on 
closed trajectories, for which vy = Vy = 0 and vz 
~ 0. When ky = 0 the function B(p,) has a series 
of peaked maxima. For fixed values of the mag- 
netic field and of the frequency, these maxima cor- 
respond to values pz = pzgn for which B (pzn) 
=kyzv,T/27 =n (n is an arbitrary integer or zero). 

The values of pgn do not occur, generally 
speaking, when £(p,) has extrema. However, if 
H and w are suchthatatsome value of n the condi- 
tion B (pz) = n is satisfied for a value of B (pz) 
which is extremal with respect to pz, then the 
maximum of B(pz) will be considerably broader 
than the others, and its contribution to the integral 
will be greater. Let us show that this maximum 
leads to resonance oscillations, and not merely to 
increments in the absorption coefficient, as stated 
by Gurevich.? These increments, as will be made 
clear in what follows, pertain to the edges of the 
resonance line and describe its asymmetry. 

A. The absorption near the extremum points 
Pg of the function B (pz) has the form 


sole 
Seale Re \ dpz{l1—exp 
Hi sees 


a 


cH 
he’We 


x (2niA 4-113" (p2-—ps)? —227)}, (3.1) 
where 


A= Bas? = Wy Dae | Nee L, 


onlrl<1, Aa = | gat 
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and the small quantities v(tg — tq) have been 
neglected. 

Expanding the exponential in a series and inte- 
grating, we obtain 


; lo 
tA, |2 


a= (eH/2hWe)|B"\-"?| >) alae“) M, 
ty 


—1/, 


Wl = 1 (7? ab A?) /2 liv? o- Az) ae aN (3.2) 
The values of all the functions are taken at pz 
=pg, and o = |6"|/6". 

Using (2.10), we obtain the following estimate 
for the height of the n-th maximum: 


(3.3) 


=1 2 1 2 Tine 
On —~ Oy (Rr) ah eoe 


The relative width of the n-th maximum is An ~ Y 
or, expressed in terms of the magnetic field, 
AH/Hy ~ (k1)7!, is independent of n and is deter- 
mined by the range. The greater /, the narrower 
the maximum and the higher the peak. Figure 1 
shows schematically the dependence of the reso- 
nant absorption on H. With increasing n, the am- 
plitude at the maximum decreases as nee 1.Ce5 
varies linearly with the field (Hy © H,n‘'). 
d(H) 
| 
FIG. 1. Approximate 
course of resonant ab- 


sorption vs. magnetic 
field for B” < 0. 


The form of any individual resonance line is de- 
termined by the factor M. Its maximum, of value 
eee yee oe is reached when A = — ny ie i.e., 
is shifted somewhat with respect to A = 0. 

The sharp jumps in the absorption coefficient, 
referred to by Gurevich,’ pertain in this case 
actually to the edges of the resonance lines, and 
correspond to the limiting case IA | >> y of the 
general formula (3.2). These jumps describe the 
asymmetry of the resonance lines away from 
resonances when oA >0 we have M®# y|A |°/2 
and when oA < 0 the value of M is on the order of 
|A|-”? and is |A|/y > 1 times greater than when 
oA > 0. 

In evaluating the integral (3.1) near resonance 
we have assumed that the numerator, which con- 
tains the rapidly oscillating function exp { iAq (pz) }, 
varies slowly over the interval d5pz ~ pg (kl)7”. 
This assumption is justified if ap/ay ~ (kry)7'/” 
> 1, i.e., in the case of sharply pronounced reso- 
nance. In other words, sufficient sharpness of the 
resonance ensures the correctness of the limiting 
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formula (3.3) If the inequality @y > @ is not sa- 
tisfied sufficiently well, then the resonance maxima 
will be shifted somewhat and ‘‘diffuse.’’ In principle 
it is possible to take this effect into account by de- 
termining more accurately the positions of the sta- 
tionary points in the integral with respect to pz. 

B. We proceed to estimate the contribution due 
to the limiting value pz =pzlim. The latter is 
that maximum (minimum) value of pz on the 
closed Fermi surface (Fig. 2) for which a unique 
point k-v = 0 exists on the curve pz = Pz lim: 
€(p) =p. For the sake of simplicity we consider 
a convex surface €(p) =o) with a symmetry 
center. When | pz! <|pz lim| the electron tra- 
jectory has only two points tq (t; < t,) at which 
k-v(t) = 0, and there are no such points at all 
when | pz|> 1|pz jim!. The contribution from the 
limiting value must be estimated with caution, for 
when pz = Pz lim we have qq = 0 and expression 
(2.10) cannot be used for Jq. For. small Apz 
= Pz lim — Pz we have qy ~ |Apz |”. 


FIG. 2. Schematic form 
of electron trajectories and 
line k-v = const on closed 
convex surface €(p) = py. 


The resonant part of the absorption coefficient 
can be written as 


eH 


| gia + GoJo exp (— 1Ag,) |? 
We Re \ dp: 


4 — exp (2niB — 2m) 


nc 


(3.4) 


We have neglected in the numerator the small 
quantities v(tg — tq), and replaced exp (27if) 
by unity. 

Let us consider a case when 8),,, (d8/dpz )lim 
~ 0 and |A| = [8]; —n| « (27). The relative 
width of the interval 6pz/pz ]jm which makes an 
appreciable contribution to the integral is on the 
order of (|A| + y)(kr)'. Here 


| g¢/qa'|~r (Spel Pz lim)" <1, 


and expression (2.11) must be used for Jg. 

In this case the function B(p,) is ‘“‘sharper’’ 
than exp (— iA;), since A»; (pz) = A, — Ay 
changes over the interval 6pz ~ (kr) ‘pz Jim. 
Recognizing that g1J, = go9J_ when pz = 


Pz lim> 
we obtain for small |A| and y 


eH 21 ( 6 
Q]im=-sc 
lim 3/43 Wc ea Realy 


Pa (1/,) {1+ 3 arctg 4 _ (3.5)* 


*arctg = tan’. 
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where o = (8’|/8’)jim. The factor preceding the 
curly bracket is of the order of ay (kr), 
Formula (3.5) describe periodic increments in the 
absorption coefficient, viz. the value of the expres- 
Sion in the curly brackets is 2 when oA > 0 and 
[A| > y, and is small (~ y/|A|) when oA< 0. 

The plot of a vs. H, given by Eq. (3.5), has a 
sawtooth shape with the ‘‘tooth’’ height decreasing 
with decreasing field. The magnitude of each jump 
is 

_ _2eHT? (fs) | g [°6” 
3A°We |B’ || 9" |" 


e=a,(kr) “— oH. (3.6) 
The absorption increases with increasing H if B’ 
< 0 and with decreasing H if B’> 0. Ona closed 
convex Fermi surface, in particular, B’> 0 and a 
acquires increments when the magnetic field is de- 
creased. 

The dependence of the derivative da/dH on H 
should display resonance peaks 


Hda/dH ~ «a, (kr) “ox/(y? + A®), (oer) 


with an amplitude at the maximum amounting to 
(da /dH)max ~ 0 (VH)' (kr)? and with a posi- 
tion determined by the condition Bjjy =n. 

In the case of a quadratic dispersion law, as 
for any convex closed surface, 8B’ does not vanish 
anywhere, and the resonance oscillations take 
place on the da’/dH curve and are connected only 
with the limit point. 

For a non-convex Fermi surface, the limit 
point may coincide with the ‘extremal’ point at 
some inclination of the vector k relative to H, 
hes Blim may vanish. In this case resonant 
oscillations can occur* when y (kl)!/4 « 1: 


6 /sp2 (1/5) eH | g?| 


3.8 
3h2We | B” \'/2 | q’” [?/s ( ) 


tm = 
Their amplitude is treater than in the case (3.3): 
On [Oe = (er\ ale Ce o'Hiy / P 


The relative shape and width of the resonance 


curve is the same as in case A. 
C. Let us estimate the contribution to the ab- 


sorption from the points pzn at which £8 (pzn) 
=n, and B’(pzn) ~ 0. Near these points, when 
inequalities (2.7) are satisfied, we have 


Re B(p,) = 16 (B — n). (3.9) 


Consequently, the contribution of the points pgn 
is given by the equation 


*When this inequality is satisfied, the ‘“‘sharpest’”’ is the 
function B(pz), and Eq. (2.11) must be used for Ja. 
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neH  y-1/, 
ba = Fy 2) | dpb (B—n)|Yealg,[ 
” Adon to 
x exp (—misa/4 —iAg)) (3.10) 


| 
| 


Integration with respect to p, is carried out in the 
vicinity of those points (|pzy|< |pz jim!) at 
which 8 (pz) =n, B’ = 0, and qy = 0. 

It is seen from (3.10) that 6@ has no resonant 
character. The value of the non-oscillating part 
of 6a@ is on the order of a, and the amplitudes of 
the individual oscillations are of the order of 
a) (kr)! and less than the amplitude of the reso- 
nance or of the jumps in the absorption. When the 
number of terms in (3.10) is large, 6@ is an irreg- 
ular function of H, owing to the large number of 
oscillating components with periods and amplitudes 
of the same order of magnitude. 

Along with these singularities, the coefficient 
of absorption should also acquire smooth incre- 
ments, connected with the extremal values of pz 
(with pz max ona closed convex surface), which 
were investigated by Gurevich.’ 

D. We investigate finally the sharp anisotropy 
of absorption when the vectors k and H deviate 
little from perpendicularity. We consider for 
simplicity trajectories on which k-v = 0 at two 
points. The absorption can be represented as a 
sum of a monotonic and an oscillating part: 


Oma niw \ dt,d (© — uy) 6 (kv) | 22] 7 (7? + B22, (3.11) 
dose= eH (nch?W)1 Re \ dpzt (x2 +B)? giged woe **, (3.12) 


where 8B =k,V,T/27, and kz =k sing. When ¢ 

=0, 8 = 0 and Amon ~ %%y', ose ~ mon (kr) 
~ aoy (kr). This case was investigated by 
Gurevich.?, When g « (kl)! the average displace- 
ment of the electron in the direction of sound propa- 
gation is small (|8| «vy), and the absorption has 
the same form as when ¢ = 0. 

In the angle interval (kl yl«g« (kr)! the 
number of electrons with |8| < y, and hence the 
absorption, is klp times smaller than when 9 = 0. 
In this case the formula for @pon is obtained 
from (3.11) by making the substitution y (y? + B?)! 
— To (6): 
mon= th 8W-1 \ dep | g?| 6 (kv) 5 (B) 8 (@ — Ha) ~ oy (Brg). 

(3.13) 

The ratio of the ‘‘speeds”’ of the variations of 
(7 + B2)7! and of exp (iA,;) in (3.12) is important 
for the estimate of Qo. The oscillating factor 
near the central section, where A»; (pz) has an 
extremum, changes appreciably in the interval dp; 
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~ po (kr) '/*, and (77 + B2)7' changes over a dis- 
tance 6p, ~ py (kly)'! (po is the characteristic 
momentum of the electron). 6p, is proportional 
to the number of electrons for which | A,, (pz) 

— Ao;(0)| <1, while 6p, is proportional to the 
number of electrons with |8| =< y. When 6p, 

<«K 6p) [i.e., 9<« (y/kl)'/*] application of the 
method of stationary phase yields Age 

~ ayy (kr)'/*. The period of oscillation is the 
same when ~ « 1 as when ¢ = 0, and coincides 
with the extremal diameter of the Fermi surface 
in the direction of k x H. In the opposite limiting 
case, 6p. « 6py, we can replace y (y" 4k Bye by 
75 (B) and ogc ~ Amon ~ M% (kr). 

Thus, the monotonic part of the absorption 
falls off at small g much more rapidly than the 
oscillating part, and when (y/kl)'? «<@ « (kr)! 
the amplitude of the oscillations is comparable 
with the value of Qmon (remaining, naturally, 
smaller than the latter). With further increase in 
gy, the nonresonant oscillations are replaced by 
the resonant oscillations investigated above. The 
latter take place, generally speaking, for all 
> (kr) "|, and particularly also when 7) 
= 1/2(k || H). However, resonance will occur for 
gy = 7/2 only when the curve vz = 0 is not plane 
and consequently does not coincide with the curve 
Vz =Pz = 0. If the two curves coincide (for 
example, in the case of quadratic dispersion), 
then the oscillations will take place only when 
| 7/2 —o| > (kr)'. Near g=17/2 (|1/2 —¢| 
<(kr)') the oscillations vanish, and a = qd, il 
the range of fields under consideration. 

All the foregoing statements regarding closed 
surfaces holds true for closed trajectories on 
open Fermi surfaces. 


4, SINGULARITIES IN THE ABSORPTION OF 
ULTRASOUND ON OPEN PERIODIC 
TRAJECTORIES 


Most metals have open Fermi surfaces.°”®»? 
When the vector H lies in the crystallographic 


FIG. 3. Line kev =0 ona 
‘‘corrugated cylinder’’ type of 
surface. a-0<0,, b—O0= %, 
c—6> 6, (@ is the maximum 
angle of inclination of the ‘‘cor-: 
rugation’’ to the cylinder axis). 


plane, the open trajectories are periodic. Since 
the electrons absorb sound most effectively when 
entering the equal-phase plane, an important role 
is played by the position of the lines k-v = 0 on 
the surface €(p) =o. Figure 3 shows the lines 
k:v =0 ona surface of the ‘‘corrugated”’ 

cylinder of revolution type for different angles of 
inclination @ of the vector k to the cylinder axis 
x. When @ < 6) (4 is the angle of inclination of 
the ‘‘corrugation’’ to x at the parabolic point) 

two closed non-intersecting lines k-v = 0 

(Fig. 3a) exist in each cell of the reciprocal 
lattice. When 6 = 6) they are in contact (Fig. 3b), 
and when @ > @, they go into two open periodic 
curves, which are symmetrical about the plane 
passing through k and x (Fig. 3c). In the general 
case these lines are not planar, with the exception 
of 0)=0'-and 0/2. 

For a planar network of ‘‘corrugated cylinders,’’* 
when the vector k is parallel to the cylinder axis, 
the lines k*v = 0 represent an aggregate of closed 
and open periodic curves (Fig. 4a). As the vector 
k is tilted away from the cylinder axis, the closed 
and open lines come closer and become tangent at 
a certain orientation of the vector k (Fig. 4b). 
Further deviation of the vector k causes the lines 
k-v =0 to be closed (Fig. 4a). On the open tra- 
jectories we have Vx = 0 and|¥,T| = cbx/eH, 
where by is the period of the open trajectory in 
momentum space in the direction of x. 

On the closed trajectories we have Vx = Vie Ot 
The limit between the open and closed trajectories 
is a self-intersecting curve passing through the 
saddle point, at which the effective mass and the 
period T become infinite logarithmically.® 

If the vector k makes, with the direction x of 
the open periodic trajectory an angle much less 
than (kl)~', the expression for @ has the same 
form as in the case of closed trajectories when k 
1 H (see reference 2). The period of the oscilla- 


*Such a surface is similar in its topological properties to 
the Fermi surface in tin.!° 
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FIG. 4. Lines k-v = 0 on a surface comprising a planar 


network of ‘‘corrugated cylinders,’’ a) line 1—k directed along 


the 100 axis; 2—along the 001 axis; b) k in the (010) plane. 
The figure shows the instant of tangency between the open 
and closed lines k-y = 0. 


tions is determined by the extremal dimension of 
the open trajectory in the k x H direction (for a 
‘corrugated cylinder’’ — by the height of the 
‘‘corrugation”’ on the axial section). 

When the vector k deviates from the xz plane 
(H || z), the open surface is equivalent to a closed 
non-convex surface, and the analysis given in 
Sec. 3 is fully applicable. 

When k | H, the contribution to absorption from 
the open trajectories diminishes rapidly as the 
vector k tilts away from the x direction, since 
the quantity |6| = (kcb,/27eH) sin 6 (6 is the tilt 
angle) never vanishes for all the electrons on the 
unclosed trajectories. Consequently when (kl) 
«< § <« (kr), both the monotonic and the oscilla- 
ting parts of the absorption from the open trajec- 
tories are (kl@)’ times smaller than when @ = 0.* 

When @ > (tar Va resonant oscillations are 
produced. Unlike the closed trajectories, resonant 
oscillations take place also when k1 H. Since 6 
is independent of pz, it is possible near resonance 
to take Re B(pz) * Yir(y3 + A”) ]"! outside the 
integral sign in (2.13), and the absorption will have 
the form 
eee Ao 


eHyo ; 
Yo + A 


= (4.1) 
nh®We (2 + A®) 


\ dp. bs glee, 6 
to 


where yp is the characteristic value of y (pz). 
The integration in (4.1) is over the layer of open 
trajectories, on which there are points tq. Itis 


*When the vector k makes with x an arbitrary small angle 


«[k > (kl)“*], then the period of the oscillations is determined 


by the extremal dimensions of the trajectories in the y direc- 
tion when k < (y/kl), and by the dimensions of the trajecto- 
ries with B@z) = (T/2m)(kyVy +k Wz) =0 when k > (y/kl)”. 
We note that even at small x these periods can differ greatly 


from each other. 


seen from (4.1) that at resonance ay ~ ayy! and 
is comparable with the non-oscillating part of the 
absorption on the closed trajectories. In this case 
the resonance is ‘‘sharper’’ than on the closed 
trajectories with kz = 0, since the average dis- 
placement | vyT | is the same for all the electrons 
and there is no additional averaging over pz. 

On these resonance oscillations are super- 
imposed oscillations of relatively small amplitude 
[~ avo! (kr Nees) from the central section (for @ 
< 0) in the case of a cylinder) with a period AH”! 
= | 27ec7! (kxApy — kyApx)o|, and oscillations 
from the self-intersecting trajectory (saddle 
point) with two periods (the periods are different 
on the sides of the open and closed trajectories ), 
and with an amplitude which is roughly (kr)? 
times as small as the amplitude of the resonance 
oscillations. The phase of these last oscillations 
has a logarithmically slow dependence on the 
field.* 

The resonant oscillations vanish when k | H 
at an angle 6, of between the vector k and x 
such that the angle k-v = 0 shifts on the closed 
trajectories. In this case the analysis carried out 
in the preceding section is fully applicable. 

The amplitude of the resonance oscillations de- 
pends quite sharply on the angle y between the 
vector k and the plane kl H. The results given 
above are valid when ¢ « (kl)™'. In the region 
Cpa y << (kr )"! the amplitude of the resonance 
has at the maximum an order of a) (kry)"! and is 
kl times as small as when y= 0. In the angle 
interval (Y)/kl)”? «@ « (kr), when 6 < 6, the 
amplitude of the resonant oscillations from the 
central section is comparable with the amplitude 
of the resonance, similar to what takes place on 
the closed trajectories (see Sec. 3, item D). In 
the region of angles g > (kr)7!, resonant oscilla- 
tions take place, along with periodic increments in 
the coefficient of absorption, similar to those that 
exist on closed trajectories when k = 0. 


5. ANISOTROPY OF THE ABSORPTION ON OPEN 
PERIODIC OR STRONGLY ELONGATED 
CLOSED TRAJECTORIES 


Trajectories of this type are as a rule insigni- 
ficant in the absorption of ultrasound. Exceptions 
are the almost-periodic trajectories with a period 
on the order of the reciprocal-lattice period. In 


*In view of the smallness of the amplitude of the oscilla- 
tions connected with the saddle point, we do not give the 
exact formulas and limit ourselves to the remark that we must 
remember in the calculations that T + ~ logarithmically near 
the saddle point. The estimate in the text is valid if y, Inkr<1. 
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order to make the following arguments clear, let 
us consider a specific example of a ‘‘corrugated 
cylinder’’ surface, when the vector H is almost 
perpendicular to the axis x of the cylinder. 

In addition to the closed trajectories contained 
within each reciprocal-lattice cell, there exist 
strongly elongated closed trajectories, ' which in- 
clude ~ 7! cells of the reciprocal lattice (~ is 
the angle between H and the plane perpendicular 
to x). When k is perpendicular to the x axis, 
then the strongly-elongated trajectories have only 
two points with k-v =0. When y « r/J, the time 
of motion of the electron between the neighboring 
points where k-v = 0 is considerably greater than 
the time of the free path, ty). In this case the 
H-dependent contribution to the absorption from 
the considered trajectories is exponentially small, 
and the coefficient of absorption from the strongly 
elongated trajectories is the same as when H = 0. 

When r/l <j «1 and k1 H, dog is on the 
order of a (Ir) (kr)/2y?, and the order of magni- 
tude of the period of oscillations is ~7' times as 
small as in the case of closed Fermi surfaces. 

Let k be directed parallel to the x axis, and 
let qj >0 when 0 <tg <T/2 and qq < 0 when 
T/2 <tq <T. The number of points with k-v = 0 
on a strongly elongated closed trajectory is of the 
order of ~'. To estimate the sum under the inte- 
gral sign in (2.13) let us calculate 


p 


0<tj<tj<T/2 


tj 
S= gig J iJ, EXP [\ (v — iq) dt | een 5.1) 
ty 


The remainder of the sum is of the same order as 
S. Confining ourselves to linear terms in y~ 
<« (kr rae we obtain 


ty 2 
te: _ {A+ Ap (l—j) 
aa en i a, 


(lL —j =2n+ 1) 


(ES Le 


tj 
where A(pz) ~ kr; n is an integer. 
Using (5.2) and replacing summation over tj 


and tj in (5.1) by integration with respect to j and 
1, we obtain 


S~p?| gd]? (1 + e/4) {(2iA — ny) 


+ (2iA — ny)? (1 — e%4-*7)}, (5.3) 
With the aid of (5.3) we can readily estimate the 
contribution to from strongly elongated trajectories. 
The results of calculations are listed in the follow- 
ing table: 


| @ <(Rl)-} CRs Rai GUN) 
4 mon /% Ur (kr)-2 | (kr)? 
hose /%o (l/r) (Rr) “le (kr)*/2 U-1 (kr) 
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If the vector H is tilted away from a crystallo- 
graphic plane with small rational indices (nm0) 
(Jn? +m? «J/r) by an angle less than (EDs 
then the open trajectories make the same contri- 
bution to the absorption of the ultrasound as the 
strictly periodic trajectories. 


6. CONCLUSION 


Magnetoacoustic resonance can be used to re- 
construct the topology and the form of the Fermi 
surfaces in metals. 

a) The presence of resonant oscillations of the 
non-harmonic type when k 1 H is connected with 
the existence of open periodic trajectories for a 
given direction of H. The observed resonances 
at k-H = 0 are evidence of the non-convexity of 
the Fermi surface, i.e., of a sharp deviation of the 
dispersion from a quadratic law. 

b) If open periodic trajectories exist for a 
given direction of H, then the diagram of the rota- 
tion of the vector k in the plane k | H should dis- 
close a sharp maximum when the vector k is 
parallel to the direction of the open periodic tra- 
jectory. This maximum is the principal (greatest) 
one and its position is independent of the magnetic 
field, whereas the position of the lateral maxima 
shifts with changing H. For closed trajectories, 
the absorption is almost isotropic when k | H, and 
there are no resonant oscillations. 

c) To determine the form of the Fermi surface 
we can use non-resonant oscillations of the har- 
monic type, the period of which is determined by 
the extremal dimensions of the Fermi surface in 
the k x H direction. Owing to the sharp anisotropy 
in the angular dependence of the amplitude of the 
nonresonant oscillations due to the open periodic 
trajectories, it is possible to determine the ex- 
tremal dimensions of the open and closed trajec- 
tories separately. 

The experimental researches of Galkin and 
Korolyuk" on single crystals of high-purity tin at 
w/2m = 220 Mc/sec have shown that resonant non- 
sinusoidal oscillations exist when k 1 H. All the 
main characteristics of the experimental curve 
(periodicity in the reciprocal of the field, vanish- 
ing of the oscillation phase, dependence of the width 
and height of the maximum on the field) confirm 
fully the theoretical deductions.'! Galvanomagnetic 
measurements”’!’ show that the Fermi surface of 
tin is open in the (001) plane. The period of the 
reciprocal lattice as calculated from the period of 
these oscillations is in good agreement with the 
known crystallographic data (see reference JR 

Recently Morse and co-workers determined the 
extremal dimensions of the open Fermi surface of 
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gold and silver in the (111) plane from the periods 
of the nonresonant oscillations. Their data are in 
good agreement with the results of galvanomagnetic 
measurements, the de Haas — van Alphen effect, 
and others. 


Thus, an investigation of the absorption of 
ultrasound in metals ina magnetic field, along 
with galvanomagnetic and other effects, is a good 
method of reconstructing the topology of Fermi 
surfaces in metals. It yields not only the direc- 
tions of the open trajectories, but also the anisot- 
ropy of the diameters and hence the form of the 
extremal sections on the Fermi surface. The ab- 
sorption of ultrasound is more convenient than the 
other high-frequency properties of metals in that 
it is a volume rather than surface phenomenon, 
and consequently the need for a perfect surface 
finish is eliminated. 

In conclusion, we are grateful to L. D. Landau, 
I. M. Lifshitz, M. I. Kaganov, and V. L. Gurevich 
for a discussion of the results of this investigation. 
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A set of coupled integral equations for the S and P pion-nucleon scattering wave amplitudes 
at small energies is deduced on basis of the dispersion relations for forward and backward 
scattering and the unitarity condition. The contribution of the cut in the nonphysical region 
is taken into account without applying the analytic continuation by the Legendre expansion. 
The integral equations include NN-annihilation amplitudes, which are explicitly connected 


with the presence of the m7 -interaction. 


1, INTRODUCTION 


OEVERAL authors'® have recently attempted to 
solve the problem of strong interaction at low 
energies on the basis of the two-dimensional dis- 
persion relation proposed by Mandelstam.’* They 
used from the very outset the dispersion relations 
for the partial amplitudes. The scattering ampli- 
tudes in the nonphysical region were obtained by 
means of an analytic continuation of the Legendre 
expansion from the physical region, which becomes 
invalid on the boundary of the region, where the 
spectral functions do not vanish. 

Efremov, Meshcheryakov, Shirkov, and Chou! 
have shown, however, that the higher partial waves 
in the Legendre expansion cannot be neglected. In 
particular, if the contribution from the nonphysical 
region is not cut off at high energies, then the co- 
efficients of the higher partial amplitudes even 
diverge. 

In the present paper we derive a system of 
coupled integral equations for the amplitudes of 
the S and P waves of pion-nucleon scattering at 
low energies, using the dispersion relations for 
the forward and backward scattering and the 
unitarity conditions. The dispersion relations for 
the forward and backward scattering have the ad- 
vantage that the scattering amplitudes in the non- 
physical region can be expressed directly in terms 
of the amplitudes of the crossing reactions without 
the use of analytic continuation. The problem of 
the violation of the Legendre expansion does not 
arise here. It is very possible that taese integral 
equations will permit a more accurate evaluation 
of the contribution due to cutoff in the nonphysical 


region. The dispersion relation for the backward 
scattering, together with the integral equations, 
contains the amplitudes of the annihilation reaction 
N+ N—a7+ 7, so that the influence of the m7 
interaction can be taken into account. 

The integral equations obtained should be solved 
simultaneously with the integral equations for the 
annihilation N+ N—a7+ 7. Quite recently, 
Efremov, Meshcheryakov and Shirkov® obtained a 
system of integral equations for the scattering, 
under the assumption that the NN annihilation 
proceeds in the low-energy region predominantly 
via the S and P states. They have also used the 
advantage of the dispersion relation for the back- 
ward scattering.’ Their system of integral equa- 
tions has an interesting feature in that it can be 
solved without knowledge of the NN annihilation 
amplitudes, provided the mz scattering phases are 
known. 

The integral equation derived in the present 
paper is suitable for the case when the real part 
of the annihilation amplitude in the states with 
higher moments cannot be neglected compared 
with the annihilation amplitudes in the S and P 
states. 

In the second section of the present paper we 
investigate the locations of the singularities of the 
forward and backward scattering amplitudes. 

In Sec. 3 we write out the dispersion relations 
for the forward and backward scattering, and give 
the connection between the amplitudes of the S 
and P waves, on the one hand, and the forward 
and backward scattering amplitudes on the other. 
In Sec. 4 we derive integral equations for the am- 
plitudes of the S and P waves. The results ob- 
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tained are compared with those of Chew, Gold- 
berger, Low, and Nambu. 


2. REGION OF VALIDITY OF THE LEGENDRE 
EXPANSION 


The notation used in the present paper is 
standard. For convenience, however, we shall 
define it in this section. 


As is well known, processes of the form 

I. m(p,, 4) + N (ps) mA oq (8) (3a), 
II. 1 (po, B) + N (ps) > (— pr, &) + N (— py), (1) 
il. N (ps3) + N (pa) => St (— Pz, 0) -- ™(—= 3, 8) 


are described by a single Green’s function. Here 
ma, N, and N are respectively the pion, nucleon, 
and antinucleon. The p’s inside the parentheses 
denote the corresponding four-momentum vectors, 
directed inward; a and £ are the isotopic spin 
indices. 

In the momentum representation, the Green’s 
function has the form 


OT ae s, t) ++ +i (p, — p2) B*(s, s, t)} 


— [ts, Tal {— A (s, S, t) + —i (p; =93) Be (Ss, 3) we 
where 
BFP Se Po) = — (Pac Pa)" 
s=— (Pi + Pay = = (PE>F ps)”, 
t = — (pi + P2)? = — (Ps + Pa)’, Paths aio 


(3) 
(m is the nucleon mass, and the pion mass is set 
equal to unity). Only two of the three variables s, 
S, and t are independent here. 
The invariant functions A* and B+ satisfy the 
following relations: 
Ae (960) ce A*(s,s,2), B= + B* (s,s, t). 
(4) 
According to Mandelstam, 4 they also satisfy the 
following two- eeu orona dispersion relations 


(ereet ae 


At (s,s, t)=— ds’ ( Fee 
aioe? ae inh Ps ke (s’ —s) (s’ —s) 
at 
{ G3 (st) 
te [a | ee je —5 
m-+1)? 4 
co co 
ee ays (s’, t’) 
= ds’\ at’ ——=>———__; 
i 4 a 4 ie = s) (t’ — t) 
+ See ee 
B (Ss, 5, t= eed ge 
oo ©0 oe ra 
iP ok , big (ss!) 
9 ds’ ds = 
le 2 ls {faeces 
rt ne eg (i =s)G s) 
re Pe 8 (Si) 9) 
4 , , 13 
ee ds'\ at i 
(m+1) 4 
he aga b+ (s’, t’) 
te | 4 \ 4 aap 3) 
(m1)? 4 : ; 
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where a* and b* are spectral functions, and g is 
the renormalized rationalized aN -coupling constant. 
To facilitate the analysis we introduce the fol- 
lowing variables in the center-of-mass system: k 
and ® _~ momentum and scattering angle for reac- 
tion I; k and  — momentum and scattering angle 
for reaction II; p, q, and 6 — respectively the 
nucleon and antinucleon momentum, the pion mo- 
mentum, and the scattering angle for reaction III. 
We then have the following relations for reaction I: 


S= m=? + 1+ 2k? 4+ 2V (m? + k) (1 aeiiee) 
ene) 2V (m= +R) (1, (6) 
t = — 2k? (1 — x), x =cosQ, 
The corresponding relations for reaction II are 
s =m? + | — 2k8x —2/ (m? + B) (1 + 8), 
S = m2 +- 14+ 2h? + 2/ (m2? +B) (1 +B), 2 
= — 2k? (1 — x), x =cos OD, 
For reaction III we have 
s= — p?>—q + 2pqz, s= — p?—q? — 2pgqz, 
t= 4(m?> + p?)=4(1 + 9”), Za COs, (8) 


It is known from experiment that only small 
values of the momentum are significant for 7N 
scattering at low energies, and the other states 
can be neglected. As indicated in reference 7, to 
determine a small number of partial amplitudes it 
is sufficient to have dispersion relations for only 
several fixed values of the angle. Thus, in the 
energy region where all the states except S and P 
can be neglected, we need dispersion relations for 
two angles only. The most suitable angles are © 
=0 and @=7. 

The forward scattering for reaction I is deter- 
mined by the condition 


P= 0) (9) 


which determines also the forward scattering for 
reaction II. The backward scattering in reaction I 
is determined by the condition 


ss = (m? — 1)?. (10) 


Simple calculations show that (10) determines also 
the backward scattering in reaction II and the 
forward and backward scattering in reaction III. 

In Fig. 1, condition (9) is represented by a straight 
line while condition (2) corresponds to the 
hyperbola and to the ellipse. 

The branch of the hyperbola in region t = 4 is 
connected with the backward scattering in reac- 
tions I and II. The second branch, in the region t 
> 4m? is connected with the backward and forward 
scattering in reaction III. The ellipse, on which s 
and 5 are complex, corresponds to the pea 
region of reaction II, where 4=% = 47, 
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« 2 
s-(m~1) 


-m*+t (m1? g 


A*(s, cos ® = 1) == \ ds' (A. + ——) AF’, 1), 
ar 


= 2? ge | F | 

B* (s, 1)=—2_F See ds € 
1 re 

a ies ) Bi (s',1). (11) 


St Be 


A* and Bt have been determined by Mandelstam‘ 
and coincide with the imaginary parts of A+ and 
B+ in the physical region of reaction I; s, is de- 


FIG. 1 fined as 
The dispersion integral for the forward scat- span 2s. (12) 
tering is taken along the line t= 0. The scatter- We can also calculate directly the dispersion 
ing amplitudes for reaction I in the nonphysical relations for the backward scattering. The posi- 
region are directly connected with the amplitudes tions of the singularities and of the cuts for this 
for reaction II in the physical region when cos ® case are shown in Fig. 2. From this follow di- 
ee ions ye) Cone a One Seco: sary. rectly the dispersion relations (the pole terms 


For the backward scattering the dispersion 


are separated, the integration contour is chosen 
integral is taken along the curve given by Eq. (10). 


as shown in Fig. 3): 


The scattering amplitudes of reaction I in the non- " es Az is — 0) 
physical region are connected not only with the As) cos O= =!) ds’ — ara s 
backward scattering in reaction II, but also with ae ee sti 
the scattering amplitude of reaction III when cos ® osre ds’ ree & 
=+ 1. Inasmuch as the unitarity condition for re- : 0 —m?+1 + 
action III, as was shown by Mandelstam,'! is ana- rs =i ae \ =— ( + \ as’ Sl ak 
lytically continued in the region 4 =t =4m?, no Seer eoe a neat aay! = ; ae. 
further analytic continuation is necessary in this BG af : + — a L iat ds’ wal As ary 
case, too. RN Ee Oe ns esi 
The singularities in the cuts of the forward and ee o 
backward scattering amplitudes for reaction I in ae 08° {\ \ \ 
the complex s plane can be obtained by projecting ° Se oii 
the curves of Fig. 1 on this plane. The singulari- ee , Bz (s’, —1) 
ties of the forward scattering amplitudes are well a \ | ds Rerun ae (13) 
known; the cuts of the backward scattering ampli- as 
tudes are shown in Fig. 2. The position of the ABs ands B} are also given in Mandelstam’s 
poles is also well known and is therefore not paper. They coincide with the imaginary parts of 


shown in Fig. 2. 
I 


3. DISPERSION RELATIONS FOR FORWARD AND 
BACKWARD SCATTERING SS 


The dispersion relations for the forward scat- 
tering have the form FIG. 3 
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A* and B* in the physical region of reaction II 
and III respectively. The contour g, is a Semi- 
circle in the upper half plane and is followed 
clockwise, while the contour g_ is a semicircle 
in the lower half plane and is followed counter- 
clockwise (Fig. 3). s_ is defined as 


= (m2 — 1)? /s, 


(14) 


The signs preceding IN By and Aca Bae which 
appear in the integrals, must be determined with 
allowance for the signs of the small imaginary 
parts of S and t in the dispersion relations (5). 
Let us illustrate the determination of the sign 
proceeding Nes in the integral over the contour gy. 
For backward scattering t = — 4k*. On the semi- 
circle in the upper half plane, s has the form 


Spe 0 Gi x. (15) 


It is readily shown that 


Imt = (16) 


{(m? — 1)? — p*} sing. 
Thus, t has a negative imaginary part outside the 
semicircle in the upper half plane and a positive 
imaginary part inside the semicircle of the upper 
half plane. The sign in front of A} in the integral 
over g, should be negative, in contradiction to the 
result obtained by MacDowell.” 

The dispersion relations (13) can be recast ina 
form similar to (11). The integrals in (13) are 
actually taken along the curve ss = (m? — 1)*. In 
some of these it is convenient to make a change of 
variables 


s = (m®— 1)*/s (17) 
In particular 
(m—1)? Zip co - ae 
A; (s’, —14 SS Aa=(Si) — 4) 
a= ds’ ues ae \ ‘fe eee 
6 (m1)? Pee (18) 
0 —m*+1 = ae 
4 eae | ES AR = (Sicily) 
ee | ce 
at os A Ss s’—Ss 
—mr+y —oo 
Applying relations (4) to (18), we obtain 
(m—1)* i co BO 
A> (s’, —1 A= (s’, — 4) 
Wk gee 1 a eee 
, Ss 7 . iS —s 
Aa (m't1)? (19) 
° = (9 eet 1 
AS ,— 1 = , ¢ (s ? ) 
A ds’ 3 (s ) fae a \ d s 3 = 
° s’ —S IU Ss G4 as 
—m+1 —oo 
In a similar manner we obtain 
ase) eae eas Breas 
an ds Gas = =F a S a eli ? 
(m+)? 
eee ee!) 


Sais © 
& 
i) 
icy 
| 
& 
I 
te 
a 
ce? 
Q. 
| 
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We recognize further that the integral over g, 
is the complex conjugate of the integral over Si 
for physical values of s. Therefore (13) can be 
reduced to the following form: 


co 
. 


+ il 4 5 
AS) ds | ~ _ = a ) aé(, = 1) 
: 1 YP =G 
(m-+1)? = 
2 Aree a ae 
— == tf 3 ? mi 7 
- Re| ds oe \ ds | = A 
us —co 
= 4 
SE s/ es } Ag (s — Mh 
2 9 0 
B* (\ ae ee Ft 
(s, ) (P38 " pe “i 1 \ ds S 
(m1)? 
4 } ae Dea eee (oder) 
— 2- = Be Ss =| Pn ! 3 
eee TS; ) ae) ds yo 
ml 


(21) 


If we can neglect the D wave and the higher 
waves, then the amplitudes of the S and P waves, 
£5 4.(8)> fy (Ss), fp, » (Ss) can be readily ex- 
pressed in terms of the forward and backward 
scattering amplitudes 


FE, () => FE, D+ G, —}, 
ie (s) ar ee (s) 
| fy, (8) 2 FE (s, 1) —FE(s, — 1) 


2 AC eae, 0) 


(22) 


The expressions for ft and ree have been ob- 
tained by Chew, Goldberger, Low, and Nambu 
(CGLN)?? and have the following form 


ee ea 


V3 i) (V S==m) B= (8, x)}, 


fr (Ss, x)= 


81 
E— 


=({— A*(s, x) + (Vs + m) B*(s, 2)}. 
(23) 


iG =a 81 Vs 


Here E is the nucleon energy in the c.m.s. 


4, INTEGRAL EQUATIONS 


The problem now consists of expressing AG 
and B; in terms of the imaginary parts of the 
partial ces of the ™N scattering, and ex- 
pressing Nee and Be in terms of the imaginary 
parts of the NN ne amplitudes. The ex- 
pressions for NG and Bj can be obtained directly 
from (22) and (23): 
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= AE (s, 1) VEE" Im fhe, (8) + fr, (9) 


a E+ m 
—VS=P tm {fils) — Fal , 
Fa Wes Em im{fiy,(8) — 3fin,(s)} 
— Ve" tm {fii (s) —finfs)\, 


| ue 4 (ona re 
aq BE (s, 1) = palm {Fi s) + Bhan (s)| 


il 


elt, Vat — fi,(a)}, 


Be (s, ae I) a a m Im {Fss,(s) — 3fp.,(s)} 


+ a Im fh,(8) — fay, (9))- (24) 


In order to express Re and Be in terms of the 
scattering amplitudes of reaction III, it is first 
necessary to obtain a relation between the values 
of s and x =cos ® for reaction I, and between t 
and z = cos @ for reaction III. It follows from (6) 
that for backward scattering 


t=2(m?+ 1)—s— (mn? — 1)? st. (25) 


It can be shown that on the integration contours in 
(21) 


z= (s— s)/4pq = —1. (26) 


The NN annihilation reaction was pvestlenice by 
Fraser and Fulco.” It is easy to express Neg and 
Bs in terms of the partial wave amplitudes fl J 
of NN annihilation with a definite helicity, 

where I and J denote respectively the isotopic 
spin and the total angular momentum of the NN 
system. The signs + and — pertain to two 
helicity states. Taking into account the unitarity 
condition for reaction III, we obtain after simple 
calculations 


8 apc 
hace) = eS (+ 5) VIG 


Im f(t) — Im fe" , 
As(s, —I)=4n 2 (F 4 + der 


J—odd 
{- SV IF #1) im f(t) + Im rea 


Be, Sl) = ee (J+ s\)V IT 1) 


(pq) f(z), 


By(s, —1)=20 YY (S45) V ITF 1 (pqy' mp2). 


J— odd 
(27) 
We have here on the contour g_(0 =@g = 7) 
Sin? — 1nd = 2m? 41) (m=) cos 
rq = + i(m® — 1)sing, (28) 


and for —-~ <s=—m’?+1 
¢ =2(m? + 1)—s—(m?— 1)?s* 
pq = 4 {(m* — 1)'s —5). (29) 


It is interesting to note that on the contour g_ the 
quantities A} and Bj are real, and Aj and B3 are 
pure imaginary. 

The first few terms of the expansion (27) may 
be sufficient to represent AS and By adequately 
for values of t not much greater than 4. This re- 
gion makes an appreciable contribution to the dis- 
persion relations. It pertains, however, to the 
nonphysical region of reaction III, which is not 
amenable to experiment. The actual number of 
terms that should be retained should be established 
during the process of solving the integral equation. 

Introducing the notation 

io i 1 eee | 

OVS mn, Ka(S, 8) oe 
we obtain from (11) and (21) — (24) equations 
which, in conjunction with the unitarity condition, 
yield integral equations for ™N scattering. For 
the amplitude {sip (s) we have 


fi) == Ps, Gra (5) = Ue (s) alg (s), 


CNet ipa og ee 


16nV s m? —s§ m? — s, Hips =e 


co — os 
Neos = 1 ds’ { Em Vs +YVs I fe (s’ 
St 7 7 = 1 
ie Hd SLE em Bas * 


E Ss ay eae 
pee EYE tm fins’) —Imf(6' yh}, 


2m + o' —w 


em Ey+m ¢ , , se ! 
s,(8) = + geye dur (3K. (s’, s) MES —" Im fp (s' 


oak Gags) eee Im fs,,(s’) — 2+“ 1m (ff, (s’) 


— fin,(s’)]}, 


a5 PETA ee , i? ny mer 
MEO == saya) BS 1KeC, \4sen ae 


ok (s', s) 8; (s=— De 22 Re i 5 LAs (s Sa) 


+ @BE(s’, =1)}}. (31) 


The quantities NG and BP in the equation for 

Ig, (s) should be replaced by the Spo reestone 

in i). The corresponding equations for fp (s) 
in p (s) have the form eh 


INTEGRAL EQUATION FOR 


as + =e 
fo,(S) — fps,(s) = Pee S)e lpn ays) oe lays, (Gs) 


ate Il Lees) 


Phy, (8) = EE me | 


160 Vs =< 
Be — gare )} ) 
Bo ,0=—— | ee {Fen inyZ 
(m1)? oaks 
oe ray Im fix,(s)° 
lz, _»,(s) = tye | asfor: s) aes 


Bt (KGa) | Ima) 
4 oO" Im (fp,(s’) — foy,s') |b, 
E—m 4 a 


~~ 46n Vs x | 


My, -y,(8) = 


+ (Vs +m) Kz (s’, s) Br(s’, —1)I 


ds’ 
s’—s 


+ 2Re \ 
ge 
Th , A + 
e equations for the amplitude fp, p (s) have 
the form 


fz, (s) = PA,(s) + 14,(8) + UA,(s) + A, (6), 
te @(E+m) ,f 4 4 
Fx, ian Vs & bao ir } 


eet a EtmVE+VS oo 
i \ vy—sE +m 27s Im fo.,(s'), 
(m1)? s 
Eee 4, Pe ee ee ee 
Mp3) — = 120Y s Hes eS oD ae Im fo,,(S') 
+K(, BESS! mis) 
“se + , =e 7 
ima) — ta) 
If, (s) = —2 HIS, (s). (33) 


Equations (31) — (33), in spite of their un- 
wieldiness, are rather simple. Each of the am- 
plitudes is the superposition of four terms: Pt, 

I+, I+, and I+. The term P*# is the contribution 
from the poles, while I*, I+, and IlI+ are the con- 


tributions from reactions I, I, and III, respectively. 


Since these equations contain the amplitudes of 
reaction III, they should be solved simultaneously 


with the integral equations for the NN annihilation. 


It is interesting to compare Eqs. (31) — (33) with 
the corresponding CGLN result.’° The main dif- 

ference lies undoubtedly in the fact that our equa- 
tions contain the terms IIIs4)., Wp4.\_3/2 and 


| ds = Kats, 8) Ab = 1) 


=A; — 1) SV S23) Bs, —Dit. 
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Is, »» which are completely missing from their 
equations. These terms clearly represent the ef- 
fects of the mm interaction, since the Im i 
vanish within the limits of the two-meson approxi- 
mation for the unitarity condition if the m7 inter- 
action vanishes. 

To compare the pole contribution and the con- 
tributions from the regions of reaction I and II, 
We can nope Im fs, » and Im fp, » compared 
with Im fp, ,. and discard terms of order (w/m)? 
compared with the principal term, as was done in 
the CGLN paper. We then have the following ap- 
proximate expressions for Pee Ts and TS 4/2: 


Pi (ss) — ar (( 7m ese am) 


co 


be 2m? dw’ ya ro) in 
FAC) aS x Vs \ Rk (1 Oy Di ) Tm Fs), (s’), (34) 
We Gye: oe: reo fous @ + (9 
2 nV s : Re Dig 5m) im Foy, (s ). 


The approximate equations for Pp 
iF and IIs eS 
P1/2,-3/2? Dijeeeseo 


Poy, (8) = — > {( Tae ! FF ) (1 i 


+ 4 ° 9 he 4 4 
Jou, "2 (s) oe S \ dw rap) S Sean + 7) Im fy, (s he (3 5) 
al 


(oe) 
We Te es 4 4 ey 
py. _y,(8) z= = a do k® (5 + @ =) Im Finy,,(S ) 
where f is the renormalized pseudo-vector 
coupling constant, defined as 


-3/2? 


f? = g? / 16nm?. (36) 
The approximate expressions for Pb, pe Ib, je? 
and Ip, / have the form 


Po.) (8) =  2f?R?/30, 


au 1 Ae 2 (| 4 + a 
If, ()—\ do (ss +=) Im fi) 
L 


‘[-erer] 


2(@ + 0’) 


ae pa) 1 dw’ 
Mpy,(8) + mt \ o + 0’ {1 1 Bee 
1 


(37) 


20 2040 im fs (5), 


m omk’? Pay, 
Thus, the pole contribution and 5, 2,-3/2 are 
exactly the same as given by CGLN, ’within the 
limits of the approximation made. 

Is, 9? Ug, 9 and Up ip 23 differ from the cor- 
responding CGLN expression in terms of order 
w/m. But Ip; , and IID; , are different from each 
other. In fact, no subtraction was made in our 
Eq. (33). If the subtraction is made at w = 1, then 
the term Ips , becomes analogous to their results, 
but Ip; 2 remains different. This probably will 
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lead to some changes in the behavior of the (3, 3) 
resonance. 

I take pleasure in expressing my gratitude to 
D. V. Shirkov, V. A. Meshcheryakov, and A. V. 
Efremov for numerous useful discussions, and 
also to the participants in Professor Bogolyubov’s 
seminar for interesting comments. 
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A method is developed for calculating cross sections of various processes involving fast po- 
larized electrons, which can be described by two-component spinors. Some helicity proper- 
ties of the electrons are elucidated. The pair-production cross section in electron-positron 


collisions is found. 


ly the limit of very high velocities polarized elec- 
trons can be described by two- rather than four- 
component spinors, as is done with the neutrino, 
except that the electron can be polarized either 
parallel or antiparallel to the direction of motion, 
while the neutrino is always polarized antiparallel. 

The use of two-component spinors to describe 
the electrons greatly simplifies cross-section cal- 
culations for many processes involving high-energy 
polarized electrons. It is to such a description, to- 
gether with an elucidation of some helicity proper- 
ties of the electrons, that the present work is de- 
voted. 

1. Let g and x be two-component spinors de- 
scribing fast electrons polarized parallel and anti- 
parallel to the direction of motion. They satisfy 
the Weyl equation 

Lo Aaa ae : 


x 
p. 


(1) 


— 


ae Oseue. 
p. 


where the o p are four independent two-by-two 
matrices, namely the three Pauli matrices and the 


unit matrix multiplied by i: 


e871), S. = (3, —i). 


t 


These matrices satisfy the commutation relations 
(2) 


The o, matrices form a complete set of two-by- 
two matrices. The completeness condition can be 


written 


+ —+ 
Bea ee Oi) 


po’ vp 


26 y, 


(3) 


(tensor notation is used here for the spinor in- 
dices ). 

The ou and o, matrices are related by equa- 
tions of the form 
oe (4) 


ro sat 
E6,,€ — On» EO, a Op. ; 


where ot is the transposed matrix, and € is a 
metric tensor related to the antisymmetric of the 
Pauli matrices, € = ioy. 

We shall call particles satisfying the first equa- 
tion in (1) R-particles (for right-handed helicity ), 
and those satisfying the second equation, L-parti- 
cles (for left-handed helicity ). 

It is only in the high-energy limit that the equa- 
tions for helical particles can be of first order, 
and then the helicity and polarization become iden- 
tical. In the more general case which includes 
also relatively low velocities, the equations for 
helical particles can be only of second order! and 
there is no simple relation between the helicity 
and polarization. 

2. We perform a plane-wave expansion 
and x, writing 


2 on @ 


p(x) = Dlar (p) ue (p) 2 + 8 (0) Ya(—P)e“ 
VV» 


%(%) = aa 2 [ay (p) ux (p) e?* + bf (p) oz (— pye?*], 


where p=(p,i€), €=|p|, and ap(p) and br(p) 
are the destruction operators for an R-electron 
and the creation operator for a R-positron with 
momentum p (and ay,(p) and by,(p) are the cor- 
responding L-particle operators). We assume the 
amplitudes u and vy to be normalized according to 


we (P) Ua(P) = ¥R(— P)Oa(—P) =— P/2€, 
- = + 

tts (p) dx(p) = 02 (— p)oe(—P) = p/2e, 

te (p) uz (p) = 0 (— p) oz (—p) = 9, (5) 
where w is the Hermitian conjugate spinor, and p 

- + + ; : a 

= OyPy» P= SuPy- One then easily obtains the fol 
lowing commutation relations for the ¢ and x 


fields: as 
{P (%), gp (x’)} = — 16_ (x a ; 


{x (x), %(x’)} = — is, (x — ¥’), 
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Here we have written 
Ao (x), 


| e’Pssgn (po) 6 (p*) dtp. 


5_(x) = —iSy Oe 6, (x) = i6y aa Ay (x), 


Ao (x) = oan 
The remaining commutators vanish. The last of 
equations (6) indicates the kinematic independence 
of the ¢ and x fields. 

The Green’s functions for the fields are given by 
the relations 


(0|Te (x) 9(x')| 0) = s(x — 2’), 
CO Ty (x) x (’) [09 = oh (% — ¥°); 
=e. é + 0 ; 
(= = (Sy Ox, NG (4) tenn (ei ty Ox, Kae) 
¢ i ef PX 
AS (2) = — aae| gop dP 


In momentum space these Green’s functions may 
be written 
— ip|(p? — i8), 34. (p) = ip/(p? — i8). 

We write the Heisenberg-representation equa- 
tions for the interacting electron-positron and 
electromagnetic fields in the form 


6. (p) = 


oe 


d + ao = 

iS, Oe P + ALP = 0, iS, Ges Xt Sn Ank = 0, 
DA, = — Ge oe las (7} 
where the current densities of the R and L parti- 


cles are defined as 


Sux (x)]. 
(8) 


R(x) =—Lele(x), (1, ix (x) = Le [x(e), 


Conservation of if and ih follows from Eqs. (7). 
Under a space reflection jR goes over into J, 
and vice versa [which is related to the sign differ- 
ence between the two equations of (8)]. The scat- 
tering matrix is of the usual form 


S=Texp(i \ (£8 (x) + LF (x)) dx), (9) 


where oa) and h(x) are the interaction La- 
grangian densities for the R and L particles in 
the interaction representation, namely 


GCSE nnn cay seca cane eo hele: © 


38. Proceeding by perturbation theory, we may 
expand the S-matrix as a power series in the 
coupling constant e, and represent the individual 
terms of the series by Feynman diagrams. Then 
in the momentum representation we have the fol- 
lowing rules for constructing the mathematical 
expressions corresponding to these diagrams. 

To every incoming free electron line belonging 
to an R particle of momentum p there corresponds 
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a two-component spinor amplitude up(p) or 
VR(— p) foran electron in the initial state or a 
positron in the final state, respectively. The am- 
plitudes UR(p) and Vp(- Pp) correspond to out- 
going lines belonging to an electron in the final 
state and a positron in the initial state. For L 
particles the same free electron lines correspond 
to the amplitudes u;(p), vz(- Pp), UL(p), and 
VL(-—p). Free photon lines with momentum k, on 
the other hand, correspond as usual to the ampli- 
tudes e,/V 2w ( (where e,, is a polarization unit 
vector satisfying ey, = = i jc 

2) To internal electron lines for R particles 
with 4-momentum p correspond propagators 
o£(p), while to internal L particles correspond 
propagators of(p). Internal photon lines corre- 
spond to the functions Diip(k) =— iS up /(k? — id). 

3) Vertex parts at which R-particle electron 
lines converge correspond to the matrix e04,6(p 
— p’ +k), while those for L particles correspond 
to e010 (p —p’ +k). 

The rules for constructing the expressions for 
the matrix elements are the usual ones, the ex- 
pressions for the individual elements of the dia- 
grams being ordered in the direction opposite to 
that of the electron line. The expression obtained 
for a Feynman diagram according to these rules 
is then multiplied by (— 1 )D*15 1 ( 27r)4(-k), where 
n, k, and Z are the number of vertices, internal 
lines, and closed electrons loops, respectively, 
and 6p is 1 or —1 and arises because of the anti- 
symmetry of the electron states (cf. Akhiezer and 
Berestetskil. ’) 

4. As an example of a cross section calculation 
involving high-energy helical particles, consider 
electron-electron scattering in the center-of-mass 
(c.m.) system of the colliding particles. 

We note first that the vector nature of the elec- 
tromagnetic interaction preserves helicity along 
the electron lines. Let us use the rules given 
above to write the expression for the matrix ele- 
ment of the direct scattering process of electrons 
with different helicity: 


(2s) 


Male otee to oe 
ie (pr — 1)? 


e UR (q1)5 Sullr (1) up (qo) Syl (Po) 


which, using Eq. (3), can be written 


ee 21 tte (91) te (D2) te (Go) Ur (Pr). 


Now making use of (5) and calculating some simple 
traces, we obtain the following expression for the 
square of the absolute value of the matrix element: 


(2x)* 


(l 
> = Gite (P192) (41P2)- (10) 


|Mri/ 


PNGH NER GY hie Cr RON 


The expression for the corresponding exchange 
diagram is obtained from (10) by interchanging q, 
and qj. In view of (5), the cross- product term be- 
tween the direct and exchange diagrams vanishes 
in this case. 

From (5) we may arrive at the following general 
conclusion: the product of two matrix elements 
will vanish if they correspond to diagrams which 
differ in the helicity of at least one electron line. 
This follows from conservation of helicity along 
electron lines. 

Direct calculation will show that if the particles 
have the same helicity, the square of the matrix 
element is 


2 Cae i 
| Miz ? = (pi — qt et (9192) (PiP2)- (107) 
Having obtained the product of matrix elements 
for the direct and exchange diagrams, we can ar- 
rive at the cross section in the usual way. 
The final result for the cross section is 
dope = 2, do (tant +cot*2), do, = S do sins, 
Similarly, one easily obtains the cross section 
for electron-positron scattering in the c.m. sys- 
tem: 


dor “=3 4 


(sin* A + sin“ ay 

dor, = = do cos? eet 
We remark that electrons and positrons of differ- 
ent helicity do not undergo scattering by means of 
virtual annihilation. 

Equation (10’) can be obtained from (10) by in- 
terchanging p,; and —q,, and in general we have 
the following rules. 

1) Consider an electron line no parts of which 
are described by a propagation function, and as- 
sume we have an expression for a quadratic com- 
bination of matrix elements of any process involv- 
ing such an electron line with given helicity and 
with initial and final momenta p and q. If we in- 
terchange p and —q, we obtain the corresponding 
expression for a similar process, but involving an 
electron line of opposite helicity. 

2) Consider an electron line containing sections 
described by a propagation function, and assume 
we have an expression for a quadratic combination 
of matrix elements of any process involving such 
an electron line with given helicity and with initial 
and final momenta p and q. If we interchange p 
and —q and change the sign of the momentum in 
the electron propagator, we obtain the correspond- 
ing expression for the time-reversed process, but 
involving an electron line of opposite helicity. 
Here by time-reversed process we mean the proc- 
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ess in which the order of events along the electron 
line is reversed. 

Both of these rules follow from CP invariance 
of the theory. 

The second rule simplifies the calculation of 
the Compton cross section. In the c.m. system, 
we obtain the following expression for the scatter- 
ing cross section of polarized photons by helical 
eens: 


dsp = do | (cos? 4 


-9 ) 
! 2 22) | 2 2 
t COS 5 ) ene) 2ete? 4 (eies)" 


(Rye2)? )? (Rei)? ' 
&* cos# (6/2) | 


eF (kye2)? + 2 (er€2) (Rie2) ce 
& cos? (0/2) : 

where @ is the scattering angle, and kj, e,, ky, 

and e, are the photon momenta and polarization 

before and after collision. 

We note that reversal of all particle helicities 
leaves quadratic combinations of matrix elements 
invariant. This is because the ¢ and g matrices 
satisfy the same commutation relations, namely 
those of (2). 

5. Let us now consider inelastic electron-posi- 
tron scattering with the emission of a photon, in 
the c.m. system. The matrix elements correspond- 
ing to the Feynman diagrams for an R electron 
and an L positron are 


Vi as Ts ae UR (41) Gute (P1) OL (a) oh Ur (9a) 
ay 
Mgt = AT tee ( Gh) Sutte (Pa) Oc (— Pa) € 405404 (— 9), 
a \ dics fh = - 
Ms = Vie a UR(G1)C% 5, UR (P1) UL(— Pz) 5.0L (— 92), 
RE eee) on, » 
M, TiVo ' 242 2 UR (qi) Sytty ut p (P1) OL (—Pz2) 5.0L (— 42), 
where r= py — Gy) To = P2 — G2, M1=— 4, —k, ay 


=-—p,+k, a3=q) +k, y= p;—k, and py, pa Gt, 
and q, are the electron and positron momenta be- 
fore and after collision, while k and e are the 
momentum and polarization of the emitted photon. 
We are not considering annihilation diagrams, 
since their contribution at high energies and small 
scattering and emission angles is negligible be- 
cause of the large denominators corresponding to 
virtual photon lines. 

Using relations (3) and (5) and calculating the 
traces, we obtain expressions for quadratic com- 
binations of the matrix elements in the form 
p — 20) oo ene 
20 fot 2oriat 


| My" [271 P292e (24101012 


= 


ae Ae) ae C7), Pa (241%192% — 24192) ], 


See (2n)@ 1 
6°18 


(230)8 
20 riod 


[24 1gaP2€ (2P1%2%2e 


[My P= 


44 
Zoro, 


— ape) — C714 (2P1%2Pa%2, — 4512), 
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Ye, = 
(anys SH (2m0)8 n 
5) 205 Dmriqty2 878182 
40) Poeds 4011705 1 


2Re (Me m3") 


X (Pi%2P2e + P1P2%2e— Pre P2%2) (4rda%e 


+ G11 G2 — 421941). 
The corresponding expressions for matrix ele- 
ments 3 and 4 are obtained from (11) by inter- 
changing q, and — p; and py and — q;. The cross 
terms between the matric elements are calculated 
just as simply, and we obtain 


RL 
. 2n)8 S43 
9 MRE RE = ie 
a Ve 20 Ttaoede 
2m)8 1 
= ee [ 9ye Age — J 4AsGoe 
Door? ator Par fue Ue ae (91.92% 91% 32) 


ae 
— Pi Pore (42% %3€ — 1%392e) + > C” Dy P2 (G1%1Ja%s 


F Gx %3G2% — qxgo%2s) , 


(anys SP 
e 20 2.2.2.2 
per 


eid (Po%aP1e 
2 dor? Pata oo P2%4P1 


2Re (MR“ME") 


+ Py P24 — Py%aP2€) (Giqa%1€ + 91%142e—Go%141€). 
L and skL are obtained 
by interchanging p; and — q; 


The expressions ee sk 
from SRL and sRL 
and p, and — q» (and changing the signs of all the 
a’s). 

Rules 1 and 2 can be used to obtain expressions 
for the quadratic combinations of matrix elements 
when the colliding particles have the same helici- 
ties. We need remark only that the expressions for 
the Se are obtained from the Tee by inter- 
changing p; and — qj, while those for Se are 
obtained from the ay by interchanging p» and 
— Q2- 
tained from the Sie j24 by interchanging p; and 


The expressions for the Sia 14,23 are ob- 


— q; and changing the signs of all the @’s. 


Summing over the polarizations of the emitted 
photon, we obtain an expression for the differential 
cross section for radiation in the RL and LL 
cases. In the RL case, which is the only one for 
which we last exhibit the expression, one obtains 


dor, = dodo —  ( —)? {I2e (e—@) z 


a 


+ @ (2e—oy’ +. — 20 (e—w)y’| 
cea sin? 9 


(4—cos§)? 
1 sin? Q’ 
r “48? (e — wo)? 2 (B (1 + cos 9’)? 


(1 + cos §)? 
sin 9’ sin 9 cos @ 
P Tos OV + a + [2e (e — w)z (2e(e —o)z 


+ @ (28 — wy’) y — 2w (e — w) y’)} 
x (V ABD — 2C cos p 


sin? 9’ 
fe (A (4 — cos 9’)? 
sin 9’ sin 9 cos @ 
Cc (1 — cos 9’) (1 — cos §) ) 
sin? § 


+ B 


1 — cos 9’ cos 9 ; 
sin 9’ sin 9 yh (12) 
= (2e? — 2ew + w?)/e(e —w), B= (28? — 2ew + ow?) / &?, 
= (2e — ow)? /e(e —o), = (2e — w)?/e?, 


y =1—cos#’, _y=1—cos8, z=1—cos6,, 
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“g g i - 4" g = Doe ‘ q' -g" Hi 
9) ‘\/E 4 el 4, ig 4a 


6’, 0, 0. are the angles between k and qp, k and 
—p, and q and —p, while ¢ is the angle between 
the (— p, k) and (q», k) planes. 

The maxima of dopy, occur when 6, and @ are 
about equal to zero, and when @, is about equal to 
0 and 6 about equal to 7. At these angles dopy, 
= doz, ,,- Integrating (12) over small 6) and 6, 
with a lower limit in 6), equal to [2m?/e («-w)]”” 
and that for 6 of order of magnitude 
(mw/e (€ — w))!/* (where m is the electron 
mass), we obtain, with logarithmic accuracy, the 
formula first obtained by Garibyan.? 

Integrating (12) in the region 6. ~ 0 and @~7 
with lower limits (2m?/e?)!/ and about 
[mw/e (« — w)]'/*, respectively, we arrive at 


doe ~ 2ra (1-2) m2 — ©), ry = — : 


(13) 


The radiation described by (13) is due to the recoil 
electron. 

6. Finally, let us consider pair production in 
fast electron-positron collisions in the c.m.s. sys- 
tem 

Let pj, py, dy, G2 be the electron and positron 
momenta before and after collision, and let q’ and 
q” be the momenta of the created pair. The region 
of angles which makes the largest contribution to 
the cross sections is determined by the minima in 
the denominators of the matrix elements, and cor- 
responds to small angles of emission for both the 
created and scattered particles. The figure shows 
those diagrams which contribute most strongly to 
the cross section in the region of small angles 
about the direction of pj. 

Because the phase volumes for q; and q’ are 
equal in our region of angles, the diagrams differ- 
ing by exchange of qy and q’ give the same contri- 
bution as do the direct diagrams pictured here, and 
thus we can take them into account merely by mul- 
tiplying the cross section we get by 2. 

The contribution from the cross terms between 
these diagrams and the exchange diagrams, as 
well as between diagrams 1, 2 and 3, 4 may be 
neglected as the maxima of their matrix elements 
do not overlap. One may also neglect pair produc- 
tion by virtual annihilation of the colliding parti- 
cles, because of the large denominators of the vir- 
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tual photon lines. Finally, the diagrams in which 
the pair is created by the positron give no contri- 
bution to our region of angles. 

The matrix elements corresponding to diagrams 
1 and 2 for the collision of an R and an L particle 
and the creation of a pair of L particles are 


- iy a ae = 


rd » (25)8 es 
M,=—i 2252 UR (91) Sp%SyU R (Pi) UL (—Ps)50 7 
1 ages b 


X (= qo)utr (q’)5,01 0); 


_ % (21)4 - + - + - = 
M,=—i at oe (91) Op%25,u p (1) (— Px)5p0 1 

x(— qe) ur (q') 6,01 (—q"), 
where r=q’ +q”, rp =p. —Qo, G4 = dad oc. 
and Q@»)= py — q’ —q”. 

Using (3) and (5) we obtain the following expres- 
sions for the quadratic combinations of these 
matrix elements: 
(2x)8 2 
rtrtot €7€ 8086” 


| M, P=i 7192917" (2p20419'cr, — 22pq"), 


|M |? 4.2% (230)8 2 ” Y ’ 2 / 
2|° = iho eee” 91P2P19" (242%29' a, — 5929 ), (14) 
2Re (MM) = 2a __4 


pacaata? 87 16208'€” 


X {(02919" 2 + 22419" — P29"Gr%e) (P19'Ja% 

+ P1924’ %2 — 42 P1%) + (919292 +919" dame 

— 429" Gi%2) (P19 P2%1 + PiP 24’ % — P29’ P1%) 

— Pao (9 %s (P19 9r%1 + P1919’ — 919’ Pr) 

+ 919" (P19 O1%e + P1291 — py1q"or2) 

— Gi %e (P19'q" ty + 19"G'e — 9’qQ"py%)]}. 
The corresponding expressions for production of a 
pair of R-particles are obtained from (14), ac- 
cording to rule 1, by interchanging q’ and q”. The 
quadratic combinations for equal helicities of the 
incoming particles are obtained from the above by 
interchanging py, and —qp. 

Writing the expression for the differential cross 
section in the usual way, integrating over the vari- 
ables of the scattered positron (corresponding to 
eliminating the 6 function of the momentum vari- 
ables) and the angle variables of the created posi- 
tron, with a lower limit equal to (2m*/e? yt/ ewe 
obtain the cross section for small angles of scat- 
tering and production in the form 

a? perv, fee EROS 
do ri = 4r2—, dip, d6,9 dé 2 e+e 
ae sin? %p or 

‘s 92+ 6'2—26:0'costp (8 + 976? + 27810" cos *p)” 
where n= (€’ + e”)/e,, and «= « — & — €”. Inte- 
grating over ~, 6, and @’ with lower limits of 


dene Br depo’ do'order = 


order m/e, we find, for « — ¢ — e€” > e + & (re- 
membering the exchange diagrams ), that 


2 ’ Nv , nn” 
dori = 4r2% gees AEROS) 


& 
en fl 
On (e’+e")2 m m(e— e’—e") * 


(15) 

In our case of small angles, dort =doLL-. To 

find the total cross section let us integrate (15) 

over €’ and €”, with the condition € — €’ — &” 

> €’ + €” and lower limits of order m. We obtain 
& 


G 2r2 © Ins 
Sal. —— Snes 
RE on a ie 


Let us now evaluate the contribution from dia- 
grams 3 and 4. The matrix elements in the RR 
case of the colliding particles and creation of an L 


pair are 
oO + 5 + 
Ms=—i Pepa? UR (41) Sp (P1) UR(— Pz) SR 
1 2°3 


= ee = 
X (= qa) (4') Su%435,0 1 (— Q"), 


__, (2n)* - + = 
My = — ban UR (91) Spr (Pr) OR (— Pro) SW R 
1 2°74 


— — oa a 
X (— qa)ut (9') 5y445,.02 (— 9"), 
where ry = py — Gy, To = Pp — G2, M3 = — (py — Gy 
— q’),and a, = py — qy — q”. Using (3) and (5) we 
arrive at 


(20)8 2 Re 
| Ms |? = rf riod ee,e,0'e" 929 Prd (291%3P2%3 — 42412), 
(230)8 2 Pe et 
| Mal? = hod ee ,e,0'e" 419 P2d (242%4P1%4 — %2)192), 
* 2m)8 4 ’ , 
2Re (M3M,) = aes {(P2q'Pi%a + Pig’ Po%a 


A A 2,2 e286, 808'8" 
TyPy%ga, “ <ih2 


— PrP 29%) (919"92%s + 929"G1%s — 91924"Os) + (929 Pima 

+ p19 Ja% — P1929’ 4) (919 Pots + P29"Gi%s— P29" as) 

+ P22 [P1%4 (9199's + 99" G1%3— 419 '9"%s) 

= Pi’ (919% 3a + F1%39" 4g — 91%4q"et) 

+g’ 4 (919 Pr%s + P19"Gi%s — P1919"%s)]}. 

If we now use rule 2 we can find the corresponding 
expressions for creation of an R pair. The ex- 
pressions for the RL case of colliding particles 
are obtained from the above by interchanging pp» 
and —qp. 

Writing out the expression for the differential 
cross section and integrating over the variables of 
the scattered particles [one integration eliminates 
the 6 function of the momentum variables, and the 
second is taken over angles with lower limit equal 
to 2m%ee«,)'/], the expression we obtain for 
small angles of the created pair is 
2e"2de'de” 

(e°-+ 2%)? 
sin? @ 
* (6799 079" 2878790” cos g) 
In our region of angles dopR = doRpy- Integrat- 
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ing over and 6’ and 9” with lower limits of order 
of magnitude m/e, we find for é’ > «” (recalling 
the exchange diagrams), that 


Re a2 e, de’de” & e” 
dSpR& 8r2 a cana. ait hoe 
To find the total cross section we integrate (16) 
over e’ and €” from m to ¢. We finally arrive 
at 
2 
Orr 272 — In?—. 

For @’ and @” close to 7, the total cross sec- 
tion is of order of magnitude Soe In (e/m), 
whereas when @’ = 0, and @” is near 7, it is of 
order of magnitude rian. 


In conclusion I express my deep gratitude to 
Professor A. I. Akhiezer for his great help in the 
work, to Professor V. B. Berestetskii and Profes- 
sor I. Ya. Pomeranchuk, as well as to P. I. Fomin 
for interest in the work. 
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REMARK ON THE VARIATIONAL CALCULATIONS OF THE POLARIZABILITY 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 246-248 (January, 1961) 


It is shown that in constructing the trial function for the variational calculation of the polari- 
zability of an electron in an excited state it is necessary to take into account the orthogonal- 
ity of the perturbed wave functions. The polarizabilities of the excited states of an electron 
in a hydrogen atom or a one-dimensional infinitely deep potential well calculated with account 
of the above-mentioned orthogonality condition are in satisfactory agreement with the exact 


values (approaching them from below ). 


‘Tae formulas of Kirkwood! and similar variational 


formulas for the polarizability have been derived 
without taking into account the orthogonality of the 
perturbed wave functions. These formulas, there- 
fore, give values for the polarizability of excited 
states of the electron which are far too high. It can 
be shown that the variational values approach the 
exact values from below if the trial function is 
properly chosen. 

The variational problem of finding the polariza- 
bility aj = —- 2K” for the i-th state of the elec- 
tron must be formulated in the following way: 


E® = J [p|min = \ pO) (H, — E) pO de 2) wiPewinde 
(1) 


with the condition 


| w@rpirdr = 0, (2) 
which follows from the normalization of the per- 
turbed function 7j;, and 


| peopiordr Bs nod \ pOpOdr = za/ (EO — EM), — (3) 
which follow from the orthogonality of the function 
~; to the functions ¢, corresponding to states with 
energies lying below that of the i-th state. [We 
assume that the polarizing field is oriented along 
the z axis. Formulas (1) to (3) are written in 
terms of real functions, for convenience. ] 

The Euler equation for the functional (1) with 
account of the subsidiary conditions (2) and (3) has 
the form 


(Hy — EP) y= (e—2 w+ Day. (4) 
It is easy to show that Aj = pee = Zijs Ap = 9, SO 


that (4) coincides with the known perturbation theo- 
retical equation for yet ‘ 


If, instead of looking for an exact solution of 
Eq. (4), one solves the variational problem approx- 
imately by substituting a trial function gj; with 
variational parameters in (1), one must require that 
y; satisfy conditions (2) and (3) for arbitrary values 
of these parameters. For gj one often uses an ex- 
pression of the form 


pi = [fi — (Faee JH, (5) 


where fj; is a function of the variational parame- 
ters, and 


(Fada = | wm Fapwar. 
However, expression (5) does not in general 


satisfy the conditions (3). Instead of (5), it is rea- 
sonable to use the expression 


2 = [fe — (Fc PO + Dycindp, (6) 
k 


where 
Cih = Zik| (Eo % E\)) — (fa)an- 


Expression (6) defines a set of admissible trial 
functions. Substituting (6) in (1), we find 


+ (grad fi)" 
+2 >} cul(EO — E®) fit zle + Dich (EW — EP). (7) 
Rk k 


E? <J [plmin = 2\(2 — 2x) 4 


Choosing fj = ajz, where aj is the variational 
parameter, we obtain, instead of the Kirkwood 
formula 


(8) 


Ge 42 en) 


the new variational formula* 


*Formula (9) can also be obtained by averaging, according 


to Vinti,? the denominators of only those terms in %j 
= 23/(z,)°/(E® — Ef) which correspond to transitions to a 
k 


state which lies above the i-th state energetically. 
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170 


a, = 4[ 22, — (zu)®* — Dien)? |'/ [1 +2 DEP EP) en)? 
k 


k 
— 2 3) en)? /(EP — EP). (9) 
R 
In Table I we compare the values of the polari- 

zabilities pjn,m Of several states of the hydrogen 
atom calculated with the help of formulas (8) and 
(9) with the corresponding exact values (see, for 
example, reference 3). Here Qpjn.m i8 the polar- 
izability of the state characterized by the parabolic 
quantum numbers ny and n, and the magnetic 
quantum number m. 


Table I 
ooo A100 oor A200 A110 A101 Qoo2 
By formula (8) | 4 | 196 | 144 | 2916 | 2916 | 2450 | 1296 
By formula (9), 4 148 | 144 | 1402 | 1590 | 1477 | 1296 
Exact value 1 4.5 | 168 | 156 | 1620 | 1744 | 1620 | 1377 


In Table II we make an analogous comparison 
for several states of an electron moving in an in- 
finitely deep potential well of width 1 = 10 atomic 
units (Q@, is the polarizability of the state charac- 
terized by the quantum number n). The exact 
values of @, were found by the methods of refer- 
ence 4. In both tables the polarizabilities are 
given in atomic units. 


Table 
| ‘i | ia | i | ‘i 
By formula (8) UP acl 199.7 241.5 Alstee 0} 
By formula (9) 42,7 —14.0 —8.5 —5.3 
Exact value 43.9 —13.1 —7,8 —4.8 
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It is clearly evident from Tables I and II that, 
in contrast to the Kirkwood formula, the new varia- 
tional formula gives in all cases results which do 
not exceed the exact values of the polarizability 
and are, moreover, in satisfactory agreement with 
the latter. 

This formula can be used for the calculation of 
the polarizability of a many-electron system, re- 
garding the polarizability of the system as the sum 
of the polarizabilities of the individual electrons. 
The resulting values of the polarizabilities of 
atoms and ions are much closer to the values com- 
puted by the method of Sternheimer’ than the usual 
variational values. 

In conclusion we note that the account of the 
orthogonality of the perturbed wave functions 
should be important not only in the derivation of 
the variational formulas for the polarizability, but 
also in variational calculations of other physical 
quantities in second order perturbation theory, as, 
for example, the Van-der-Waals forces. 


1 J. G. Kirkwood, Phys. Z. 33, 57 (1932). 

2J. P. Vinti, Phys. Rev. 41, 432 (1932). 

31. D. Landau and E. M. Lifshitz, Kpanstopas 
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4M. N. Adamov and I. S. Milevskaya, Doklady 
Akad. Nauk SSSR 109, 57 (1956), Soviet Phys.- 
Doklady 1, 399 (1957). 

°R. Sternheimer, Phys. Rev. 96, 951 (1954). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 249-255 (January, 1961) 


A method is proposed for passing from Bloch’s kinetic equations for the density matrix to the 
equations for the macroscopic magnetic moment of a nuclear system consisting of interacting 
spins. The method is applied to the problem of three equivalent particles of spin y, coupled 
to each other by dipole-dipole interaction. The solution of the equations obtained is given. 


‘Tae Boltzmann equation for the density matrix of 
a spin system!~? is used for the description of nu- 
clear magnetic absorption in the general case. 
Wangsness and Bloch have shown‘ that in certain 
cases Bloch’s phenomenological equation can be 
applied to the case of noninteracting spins. In this 
paper we shall give a method for passing from the 
equations for the density matrix to the system of 
equations for the expectation values of the spin 
functions in the general case. By eliminating from 
this system all the spin functions other than the 
components of the macroscopic magnetic moment 
we can obtain an equation analogous to Bloch’s 
phenomenological equation containing higher deriv- 
atives with respect to time. Although, apparently, 
it is not possible to make the transition to the mac- 
roscopic equations in the general case, nevertheless 
in one special case it turns out to be possible to 
establish certain properties of the relaxation ma- 
trix for a system consisting of an arbitrary number 
of interacting spins. Moreover, investigation of 
specific problems by means of these equations will 
perhaps facilitate the understanding of the physical 
meaning of the relaxation coefficients in the equa- 
tion for the density matrix. 

For the description of the transition to the mac- 
roscopic equations we shall need the differential 
equation for the expectation value of the spin func- 
tion similar to the one obtained by Wangsness and 
Bloch in the discussion of a noninteracting system 
of spins. We shall start with the general equation 
for the density matrix for a spin system? (here 
and subsequently we shall use the notation intro- 


duced by Bloch): 


(gus |g’v’) + i(go][E, o]|g’v’) = (go|T (s)|g’0’), 
(gv|P(s)|g’0') = > » (QehehAT TP. (vy'v"a’”’) (g 
p 070" 


— DP, vu" fo} |g’ a. DP, im) — ae (vv’’’v"0") (gu | fo} | gu’) 
— Veg (v'''v'v"0") (gv | 6| g’v'”’)}, 
re, (vo'v'o"”) = x S| ma (f) mw (fp) P (f) (ge, ful Gg 


+ p, 0"; f—p,u')(g' + p, 0’; f — p, wu’ | G| g’0',fu) df. 
(1) 

Here (gv|o|g’v’) is the density matrix of the spin 
system; g, v are the quantum numbers of the 
states of the spin system; f, u are the quantum 
numbers of the states of the heat reservoir; 7,,(f) 
is the density of states of the heat reservoir with 
quantum numbers u; P(f) = exp (— fif/kT); G is 
the operator describing the interaction of the spin 
system with the heat reservoir; E is the interac- 
tion energy of the spin system with the external 
magnetic field H. 

In order to simplify the subsequent presentation 
we shall consider a spin system consisting of 
equivalent particles of spin I coupled by dipole- 
dipole interaction. Then G has the form 

Ey SMa UVa M eer 
COGS 
where s and t are numbers specifying the parti- 
cles, 


ie => VPS ENE 


(2) 


—+ (sli tis li), 1s = 18 lie + Teel? , 


- ees 
[42 _ tlt; Foe = —V */gCo (1 — 3.cos? 6,4), 
. +1 
Ba —=+Cysin 0.,c0s 9,.e° -*, 
3 : +2i9 
er SS Gs sin? 6.4e st 


LiL 
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where Cgt = Ry /rit, and @5¢ and Pgt are the 
angles specifying the orientation of the vector Igt, 
between the positions of the particles s and t. 

We note that each term in the sum (2) induces 
transitions only between levels which are separated 
from each other by Tw(w = yHp). 

On substituting G in the form (2) into the ex- 
pression for ee we obtain 


>, D3, st’ (gu | Lee | g 


©, SE, St” 


+ to, 0”) (g’ + 


Dre 
Pea = 


o, 0" |Ts1| g’0’), (3) 


(f) ny (f — to) P (f) (ful Pst | f — vo, u’) 


Orr = > 3h. 


a 


x (f — To, u’ | Fsv| fu) dj. (3’) 


On taking into account the remark made with re- 
spect to the operators Tae, we obtain 


Si (go | |g + 10, 0") (g + 1, 0"|Q/g’0’) 
: (4) 


(here Q is an arbitrary spin operator). This re- 
lation enables us to write Eq. (1) in operator form 


SLE, c]= So Oh, or Deeg oliy 


tase, St 


te edae se) oe 
= Ist I 314/5 —* Ol st Ts}, 


= (go| Is°Q| g’v’) 


(5) 


where 8 =fiw/kT. Then on multiplying both sides 
of (5) by the spin function and on obtaining the ex- 
pectation values of the spin functions we can obtain 
the following equation 


d<Q>/dt=—iMIQED+ YP Ob, se Ua 1Q, [oe] 
Sashes es 
Ee la > Quis), (6) 
where 
<Q> = Tr (Qs). 


If into this equation we substitute in place of Q 
the operator for the magnetic moment M, then on 
the right hand side we obtain the expectation value 
of a certain polynomial in the spin operators of the 
system under discussion. On substituting now into 
(6) these polynomials in place of Q we shall obtain 
a system of coupled equations which will contain 
expectation values of certain spin polynomials. It 
can be easily seen that for a finite number of spins 
under consideration the degree of the polynomial 
will be finite, and consequently the system of equa- 
tions will be finite. Since for any spin system it is 
possible to obtain an equation analogous to (6), * 
then by the same method it is possible to obtain a 


*Bloch® has obtained such an equation in the most general 
form in the case of an arbitrary external magnetic field. 
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system of macroscopic equations in the most gen- 
eral case. The number of linearly independent 
equations in the macroscopic system of equations 
will in the general case be of the same order as in 
the equation for the density matrix. However, in 
certain cases the number of spin functions related 
by the equations to the components of the magnetic 
moment may be greatly restricted by the conditions 
of the problem, while the system of equations for 
the density matrix contains the complete amount of 
information with regard to the spin system and, 
consequently, will be more complicated. 

By eliminating from the system of the macro- 
scopic differential equations of the first order all 
the spin functions with the exception of the magnetic 
moment we shall obtain an equation of high order 
with respect to the time derivatives, and nonlinear 
in the field. In the absence of an alternating field 
the equation for M,, for example, must have the 
form 

Ad) Mz 
a” 


(N—1) M, M,— M° 
te f+... =0, (7) 
N 
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where T,, T,... Ty are expressed in terms of 
the relaxation coefficients ®, while N is deter- 
mined by the number of equations in the macro- 
scopic system of equations. The form of Eq. (7) 
clearly demonstrates the well known fact that the 
relaxation process for the components of the mag- 
netic moment of a complex spin system is, gener- 
ally speaking, described by a large number of 
exponentials. 

The macroscopic equations assume their sim- 
plest form in the case of a system of equivalent 
nuclei, when the relaxation coefficients do not de- 
pend on the index t. This occurs, for example, in 
a liquid with a sufficiently short correlation time 
Tc. Moreover, we shall assume that the tempera- 
ture is sufficiently high to satisfy the condition 
B «<1 (this is almost always satisfied). In this 
case Eq. (5) for the density matrix assumes the 
form (cf. for example references 2 and 5) 

ds 


a= — LB, 6] + 


ma Oe, ve Use, W547, 6 — ool]. (8) 


cst Se” 
Here gp is the equilibrium density matrix. 

The coefficients bot, s’t’ [ef. formula (3)] no 
longer depend on w, since we assume that wt « 1. 
For the expectation value of the spin function we 
obtain starting with Eq. (8) 


d <Q) /dt = —i<[Q, E]}) + S(Q), 


Dee, ve (KU, 1Q, [et — CUS, 1Q, Teel )>o}s 

(9) 
< > denotes averaging with respect to the equili- 
brium density matrix. 


MACROSCOPIC EQUATIONS 


As is well known (cf., for example, Ayant’s 
paper®), the coefficients Oot g/t! are the quantum 
analogue of the spectral density of the correlation 
function of the quantities Poe. Assuming the mo- 
tion of the medium to be classical we can evaluate 
these functions when the molecule (the spin sys- 
tem under discussion) undergoes Brownian rota- 
tion. Such calculations have been carried out by 
Aleksandrov’ and by Hubbard.® By utilizing their 
calculations we can obtain in our case 


D5s, Oil SS (shy ea} 10ryrey (1 — sin? 9) = Dy “oe. (10) 


where # is the angle between the vectors rg; and 

g/t. It may Ze seen from this expression that the 
coefficients S¢¢ <’t7 do not depend on rt and S(Q) 
may now be written in the form 


S(Q) = > Dg st [CX sz, st (Q)> — (Xe, se? (Q) ol, 


Sins ho 

Xs, (Q) = Dy Ue (Q, (Fl. 
We now show that Xgt,5’t?(Q) transform under ro- 
tations of the coordinate system in the same way 
as @. In order to do this we consider the rotation 
of the coordinate system about any two axes (a 
rotation about a third axis may be expressed in 
terms of the rotations about the other two axes ). 
We introduce Sy = exp (— igI,) the operator for 
the rotation about the z axis through an angle 
and Sg = exp (— i@ly) the operator for the rotation 
about the y axis (here I=Zgl,). Then, on taking 
into account the rules for the transformation of 
the spin operators Ix, ly, Iz, it may be easily 
shown that 


SiSe =e lg, SoluSe = ya q,, (9) Ist, (12) 
p. 


(11) 


where the following relations are satisfied by the 
T i 
Gy (6): 
q= (8) = 47 (6) = qer(—®), gg (— 9) gk (8) = Sa- (13) 
pe 


By utilizing (12) and (13), we obtain 


SoXst, StL (Q) (Fe — X st, sit (SoQSo™ ys 

Sevwsts StEs (Q) ee = Xst, Sok (S°O Soule 
Thus, under the rotations Sy and Sg the spin func- 
tions Xgt,s’t’(Ix,y,z) transform in the same way 
as Ixy yz. Since Xst,s’t/(1) is the operator fora 
vector quantity, the commutation rules of I with 
this quantity are known.® By using them we obtain 


Sika a CD = 11a, 7H] (14) 


(y is the gyromagnetic ratio for the nuclei under 
consideration). On substituting into (9) the vector 
spin functions in place of Q we obtain on the right 
hand side the expectation value also of vector spin 
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functions. As a result, the following system of 
macroscopic equations is obtained: 
N 
dx, dt = (x) — Li (xj —x9)/Ty, 
/=1 
ihe =o eee tne (15)* 


where x; = M; xj for j # 1 is the expectation value 
of a vector spin function (x° is the equilibrium 
value of Xj ), such a function can only be a linear 


combination of quantities of the type 


(l(a lanaa(la lee 


N is the number of linearly independent equations 
in the system (15), which is determined not only by 
the number of particles, but also by the nature of 
their position with respect to each other; the quan- 
tities 1/Tij consist of linear combinations of the 
relaxation coefficients ®gt,s’t’. 

In the case when the system (15) contains only 
one equation for M we obtain the usual Bloch equa- 
tion with T; = T». 

In solving the system (15) it is very convenient 
to utilize the matrix form of notation. Such a form 
of notation has been utilized, for example, in the 
papers by Jaynes? and Bloom” in investigating 
Bloch’s phenomenological equation. If we introduce 
the matrices 


Hy 0 —Ht 
B= iy | 0 —H, -) 
== eae 1/.H+ (0) 


100 
{ { 
= (010), 


ie 1H 001 


(16) 


where, as usual, x7 = Xjx+ ix jy, H* = Hy + iHy, 

then the system (15) can be written in the form 
(Gtp+B)X= 7X. (17) 

It may be easily, seen that the matrices 1/T and 

B commute. This fact greatly simplifies the solu- 

tion of (17). Indeed, in this case one can immedi- 

ately obtain the general solution of (17) (similar to 

Jaynes’ paper’) in the form 

x 

i 


t 
X (t) = u(t, 0) X (0) +{ule, dak 


u(t, t') = Rpt exp {— =} 
t 


R(t, t’) =exp {—\ B (”) de"}. 


t’ 


(18) 


From this last expression it may be seen that the 


174 


determination of the operator R(t,t’), associated 
with the external magnetic field, reduces to the 
similar problem for the Bloch equation. The eval- 
uation of the operator exp [—(t — t’)/T] reduces 
to the purely algebraic problem of the diagonaliza- 
tion of the matrix 1/T. 

As an illustration of the preceding discussion 
we consider the derivation of the macroscopic 
system of equations and its solution in the case of 
a molecule containing three protons which have the 
same gyromagnetic ratio and which are separated 
from each other by the same distance r (CH; 

— group). The correlation time in the medium is 
assumed to be small,* Tew «<1. We shall start 
with Eq. (9) and expression (11) for 8(Q). Since 
in our system the distance between any pair of 
particles is equal to r, while the angles between 
any pair of vectors joining any one particle to the 
other two are equal to # = 60°, then it follows from 
formula (10) that 


Ho heen? shyt, 


Ds, S bages {_ 1/,, See ) QD) Me . (19) 


If in (19) we also take into account the fact that 
Sele lO le LE LO. =X (Q), 
gst ists 3 


where 
ee hee tae, fol) iene atone, 
yD Ee tee I= >j1;, 


then we can obtain for S(Q) the following expres- 
sion 


S(Q) = {2 | (Xu, st (Q)> — (Ket, (QDo] 


st 
— £[<X(Q>—<X Qo] - 
Then by utilizing the commutation relations 


evict epee [als 


2 

Dae hee BIT i 
t=1 
we evaluate Xgt st(yI) and X(yI). As a result of 
this we obtain for S(yl1) 


S (71) = — (M— M®)/T,, + x/T 2. 


5, Le] = (Ise + Iie); 


Here 
M=1<(D, x=1<s), = (GP — Z)L 
a 10®, Wel 
We have chosen the spin functions s in such a way 


*The problem of the relaxation of the magnetic moment of 
such a system was considered in references 5 and 7. 


No Na ORS T 


that its expectation value with respect to the equili- 
brium density matrix is equal to zero. Then, on 
substituting into equation (9) Q = ys and on evalu- 
ating the commutators, we finally obtain the follow- 
ing system of equations 


—_ Mo 
a y[M H)— +7 


dx M—M° x 
pel Beg Ton T 22’ 
where Lig ae = 50/16, 1/T 99 = 1708/4. 
If from these equations we eliminate x then the 
equation for the magnetic moment will have the 
form 


(20) 


2M d dM 2 

My S(M HW) +7(5-4]— 7M ADH] 
1 1 \ dM M — M® 
a a F*) dt TESA 


{4 4 vy 
+1 (7 + x)(M H]— 7 IM HI, 


where 1/T’ and 1/T” are the eigenvalues of the 
matrix 


( A 


eee 
—1/Ta A 


1/T22 


By utilizing the matrix form of notation we can 
easily obtain the solution of the system (20) in the 
case of ‘‘slow passage’’ (the stationary solution 
when the external field is of the form Hy = H, cos wt, 
Hy = — Hy sin wt, Hz = Hy) and of the spin-echo 
signal (external transverse field consists of a 
series of consecutive pulses at the resonance fre- 
quency ). In both cases the solution may be written 
in the form 


M = 


T'T" as 


Tu — Me 
(Te) Tia Mr — = Mr-| ’ (21) 


i ig 

where My is the solution of the phenomenological 
Bloch equation for the corresponding problem (cf., 
for example, references 9 and 10). 

It may be seen from formula (21) that by deter- 
mining experimentally the relative contribution to 
the relaxation of the times T’ and T” we should 
obtain the same ratio given by 1 = (Ty, — T’)x 
T”/(Ty, — T”)T’, both in the slow passage exper- 
iments, and also in methods associated with the 
spin echo technique. In the example considered by 
us 1 ~ 1/200, and, therefore, it will hardly be pos- 
sible to observe two relaxation times in experi- 
ments based on utilizing the solution (21). 

The author wishes to thank Professor N. S. 
Sokolov, and also I. V. Aleksandrov for discussions. 
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ISOTOPIC INVARIANCE IN PROCESSES INVOLVING ANTIHYPERONS 


Vos. GYUL’KA 
Submitted to JETP editor July 23, 1960 


J. Exptl. Theoret. Phys. 40, 256-261 (January, 1961) 


A number of relations between cross section for reactions involving antihyperons is derived 
on basis of the isotopic invariance hypothesis. Some additional relations between the cross 
sections arise if interaction of and K mesons with baryons predominates in states with 


definite isotopic spin values. 


‘Tue experimental investigation of processes in 
which antihyperons participate is of great interest, 
since it can be useful in the gathering of various 
information concerning interactions between ele- 
mentary particles. As indicated by Amati and 
Vitale,! to obtain antihyperons it is advantageous 
to use the reaction 


Klee NE VSL Ne (1) 


which can occur in a K-meson beam extracted 
from an accelerator. Its threshold energy is on 
the order of 4 Bev, and K mesons of such energy 
can be obtained in nucleon-nucleon collisions. It 
can be assumed that various processes in an anti- 
proton beam, for example of the type 


p+N—>Y,+Ys. (2) 


can be used to obtain antihyperons (particularly 
low-energy ones ). 

Assuming that experiments with antihyperons 
will become feasible in the future, we obtain here, 
on the basis of the charge-invariance hypothesis, 
several relations between the cross sections of 
various processes in which antihyperons partici- 
pate. An experimental verification of such rela- 
tions would enable us not only to judge whether the 
charge-invariants hypothesis can be extended to 
include phenomena involving interactions of strange 
particles (in particular, antihyperons ) but also, 
should this hypothesis prove correct, to obtain 
some information on the interaction between ele- 
mentary particles in states with definite isotopic 
Spins. We consider here several reactions that 
are expected in the collision between antihyperons 
and nuclei having isotopic spins 0 and le 

1. Let us consider the reactions 

Sttdon+w+kKt, W4+d-p+nw- Kt, 

>n+t n+ Ke, >p+n-+ Ke. 
> Ppt eri ICG, 
The corresponding charge-symmetrical reactions 


have equal cross sections. Reactions with =* anti- 
hyperons were considered in detail by Amati and 
Vitale! and by Matinyan and Khutsishvili.? We 
derive here a few additional relations, including 
the cross sections of the reactions induced by 
neutral 2° antihyperons. 

Assuming charge invariance, we can show that 
the following equations hold true: 


ds (2* > nx°K°) = do (2° —> px“ K°), 


do (S* > nw K*) + do (3* > pn K°) 

= do (Z* > nn°K°) + 2do (2° —> pn°K?). (3) 

When experimental data on the cross sections 
of the reactions induced by negatively charged =* 
antihyperons become available, these relations 
will yield information on reactions induced by neu- 
tral 5° antihyperons, which are very difficult to 
investigate experimentally, because of the short 
lifetime of the 5°. 

In addition to the inequalities established in 
reference 2, we can derive also the following: 


ds (2* —> nn°K°) + do (2° px°K®) > 2% do (* > nak), 
do (3* — pn“ K®) + = do (&* > nn°K°) > ds (2° —> pn°K°), 


ds (2° —> px-K*) + do (E* > px-K°) > +-do (E*—> nw K°). 
(4) 
We note that one of the relations in (4) is the con- 
sequence of the other two. In addition, 


| {2 do (2* — p(n) n*K°)}"* — {2 do (2° > pnK®)}"" | 
< {do (2° paKk*)y"* < (2.do (Z*— p(n) n* K%)}"* 
+ {2.do (2° — px®K°)}", 

| {2 do (2* > p(n) x*K°)}"* — {do (2° > pu“ K*)}"*| 


< {2ds (2° —> puK)}"* << {2.do (3* > p(n) m*K%)}" 
+ {do (2° —> pa-K*)}"" , 
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| {2ds (0 =< pm°K)}"2 —{ds (=° Eat pm K*)y""| 
< (2.do (2* — p(n) n*K)}"" < (2.do (S°— pK} 
++ {ds (2° px“K*)y"*. (5) 


If the interaction of the m-N system in the state 
with T = 2, predominates, a new relation arises 


do (3*—> nn°K°) = + ds (2° —> px°K?), (6) 
We can consider analogously reactions of the 
type 
B+d>N+K+K. 


The charge invariance leads to the relation 
ds (E> pK*K®) > +-ds (& > nK*K’). (7) 


At the present time the experimental data ap- 
parently point to a strong interaction of the K-N 
system in the state with T= 1. In this limiting 
case we obtain 


ds (=” — pK*K°) =5 ds (S- + nK'K°). (8) 


2. We now consider the reactions accompanied 
by the creation of two pions, for example 


Bo dN ae n+ K. 


We construct the wave function of the final state 
with T = 1 from the wave functions of the system 
of two pions with t, = 0, 1, and 2, and the wave 
functions of the K-N system with t,= 0 and 1. If 
At) is the amplitude of the transition into states 
with isotopic spins t, and t,, then the amplitudes 
of the reactions have the following form 


M (ese —Kipr x) = ae A 
4/2 pat 2 
(Gq) eat eG) An, 


reo 


Mi => Kenna) = 


M (2+ > K° px n°) = 


\ 8 


M (ae Ee K°px°n ) — 


at 
> = eet 0 1 
M (3+ K°nant) =(4) AL—5 
= tae 
M (St Kena'ar) = (4) A+ y 
ie 
1 1 
( =) 1 
i Yy fy 
M (3* > Ktnn-n°) =+A}+(4) Ai—(<) of (9) 
If, as is customarily done, the summation is 


carried out over the states of the 7 mesons, we 
obtain from (9) the inequalities 


ds (3* —> K°px-n°) + do (= viva) 
> 4d (Bt Kp), 

do (St > K°nntn-) + do (2* > K°nn x?) 
> ido (X*— Ktprsr), 


M (8 > Ktnx°n7) = —+ Ad 


(10) 


which could be verified experimentally. 
If the K meson and the nucleon interact only in 
the state with t = 1, an additional relation appears 


ds (3* > K°px-n°) = do (Bt Ktna-n°). (11) 


If the pions are produced in states with even 
orbital momentum (we refer to their relative mo- 
tion), then the following equality holds 


do (3* — K*na-n°) = ~ do( Sy? => K pn o, )i (12) 


The wave function of the final state with T =1 
can also be constructed by considering the func- 
tions of the subsystems (7K) and (17M) with iso- 
topic spins t = ¥, and %/. In the limiting case 
when the interactionof the m-N system in the state 
with t = dp predominates, we obtain 


2 = as 2 = cae 
5 ds (2* > Ktan-n®) + = do (X* > K*pra) 


+ do (X* = K°nnn) = = ds (2* — K°nn n°) 


+ do (3* > K°pn°n) 


= do (SK pa) = do (3 > K°nn n°) 

= 1 dso(X*— K°nnn*) + = do (2*— Ktnwn’) 

s2do (= Kopm n°): (13) 

If suitable experimental data become available, 
relations (10) — (13) will enable us to obtain infor- 
mation on the cross sections of reactions with one 
and two 7° mesons in the final state, which are 
very difficult to identify experimentally. 

The foregoing analysis can be readily general- 
ized to include heavier nuclei with zero isotopic 
spin (provided the isotopic spin is a good quantum 
number for such nuclei). 

3. As in the case of nucleon-antinucleon colli- 
sions, we can expect in the interaction between 
antihyperons and nucleons the annihilation to be 
accompanied by the creation of at least two 1 
and K mesons. Such processes will naturally take 
place also in interactions between antihyperons and 
nucleons bound in the nucleus. 

We have already considered some of these re- 
actions. However, in collision between antihyper- 
ons and nuclei, in addition to these usual annihila- 
tion processes, so-called ‘‘unusual’’ annihilation 
can take place, due to the absorption of part of the 
mesons produced by the remaining nucleons as a 
result of the elementary act, in analogy with the 
nucleon-antinucleon annihilation considered by 
Pontecorvo.! Thus, the following processes are 
possible 


Abd optkK, P4tdon+K, Ut 4ad—-n PR. 


along with the corresponding charge-symmetrical 
reactions with equal cross sections. 
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The isotopic invariance leads in this case to the 
equation ds (2° > nK*) = +.do (Et —nK?). 
Interest attaches also to an experimental investi- 
gation of the inverse reactions, for this will afford 
a check on the spins of the A and = antihyperons, 
inasmuch as the ratio of the cross sections of the 
direct and inverse reactions contains the factor 
(2Sy + 1)/(2Sy — 1), where Sy and Sy are re- 
spectively the spins of the nucleon and the antihy- 
peron. 

Let us consider now several reactions of the 
‘‘unusual’’ type, caused by the interaction between 
antihyperons and nuclei that are isotopic doublets 
(for example He® and H’), i.e., reactions of the 
type SE xXt av EW EK: 

Denoting by A,3 and Aj; the amplitudes of the 
transitions in the states with T= 1 for the K-N 
system, and by Ap, the amplitude with T = 0, we 
obtain £ 
M (X" — ppK*) = Aj, 
M (2* > nnk"*) = = Ay3— > Ay+ Se An, 
M (=* —npK°) = = Ays+ = An, 
M (Bt pK) = 2 Ay— 4 Ay—(4)"* Avy, 
M (30 ppK°) = (2)" Ais + (4) Au—(4)" Ao 
M (2° pnK®) = be 3) A ae 
M (Z— npK*) = (2)" Ast (2)" Ant (4)" dn. (14) 
Assuming the cross sections over the states of the 
nucleons, we obtain on the basis of (14) the well 
known equation? 


do (2-—> ppK*)+ do (* — pnK°) + do (2* > nnK*) 


= 2[ds (3° — ppK®) + do (Y= pnK*)]. (15) 
Using the expressions for the amplitudes 
M (=v — ppK*), M(5* — nnK*), M(5° — ppK®), 


we obtain 
| (ds (B*— nnK*)y"* — {do ("= ppK)y""| 
< {2ds (Se + ppK)}"" < {ds (S* — nnk*)y"" 
+ {ds (2° > ppK*)y", 
|{2d (2° ppK))"* — {do (* — nnK*))"*| 
< {do (E> ppK*)y"" < {2do (2° — ppKy)"* 
+ {ds (2*—> nnK*)y”, 
| {2ds (2° — ppK)}"* — {do (2 > ppK*)}""| 
< {do (2*¥ > nnK*)}" < (2de (So —> ppK)y"" 
+ (do(S—>ppKyy"", 
Analogously we can establish the following in- 
equalities 


ds (2° —> ppK°) + do (Z* > nnK*) > + do (2 — ppk*), 


23 
ds (X°—> ppK°) + do (3° pnK*) > 2 do (3 — pp’), 
do (S* = = 


— nnk*) + do (3* = do (S- — ppk*. 


V. A. SL YUL KA 


With the aid of experimental data on the interaction 
between charged antihyperons, we could obtain 
from relations (16) and (17) information on the 
cross section of the reactions induced by neutral 
z° antihyperons. 

A similar analysis can be readily extended to 
the case of heavier nuclei (Li’, Be’), for which 
the isotopic spin is a good quantum number. 

An interesting example of ‘‘unusual’’ reactions 
of processes of the type 

Dds 2A) Ka 

The isotopic invariance gives rise to the rela- 
tion 
do (3* > U-K*K®) = do (Zt DKK?) + do (29> X°K*K?). 

CLG 
If the K meson and 2 hyperon interact only in ne 
state with T = wh then 
do (Z*—> BKK): do (B*—>E-K*K®): do (° > DKK) 

alee (18) 
In the opposite case of interaction in the state with 
jee Yo, 
do (2*—> D°K°K®) : do (D* —> 2-KtK®) :.do (D9 —> D°K*K?) 

== 125345 (19) 

If, according to Gell-Mann and Pais, all the 
baryons are isotopic doublets 


ae il 
N, = yo |? yo = V2 (A° —= 2°), 
29 1 
No= he (NO JE SD) 
e La V2 ( 


we have the approximate relation 
ds (+ > D°K0K0) ~ do (D* > A°K°R?), 
the accuracy of which is 
6= (Mzs— Ma)/Mz~7% 
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RAMAN SCATTERING OF LIGHT IN SUPERCONDUCTORS 


A. A. ABRIKOSOV and L. A. FAL’KOVSKII 
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Submitted to JETP editor July 25, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 262-270 (January, 1961) 


A computation is carried out of Raman scattering upon reflection of light from the surface of 
a superconductor. The distribution with angle and frequency of the scattered light and the 


absolute magnitude of the effect are found. 


‘Tue most interesting and important properties of 
superconductors consist of the special aspects of 
their behavior in an electromagnetic field. In par- 
ticular, high-frequency impedance measurements 
provide the possibility of explaining directly the 
characteristic features of the electronic energy 
spectrum of superconductors. The presence of an 
energy gap A in this spectrum leads to the absence 
of absorption (at T= 0) of radiation having a fre- 
quency less than the threshold frequency, equal to 
2k. 

In addition to these experiments, which involve 
measurements at various frequencies, Khaikin and 
Bykov! made an attempt to investigate the electron 
spectrum using the Raman scattering of light in 
superconductors. The distribution of frequencies 
of the satellites, given sufficient intensity, might 
be measured by spectroscopic methods. The 
fundamental difficulty with this experiment lies in 
the extremely small amount of scattering. Toa 
significant degree, this is associated with the fact 
that the skin effect, enables the light to penetrate 
only into a very thin surface layer of the metal, of 
the order of 10™° cm. In Khaikin and Bykov’s ex- 
periments, no satellites were found. 

The question naturally arises: what increase in 
sensitivity is required for the successful perform- 
ance of such an experiment, and what overall pat- 
tern is to be expected for the phenomenon? The 
present calculation was undertaken with this as its 
object. 

Our goal is to derive the distribution with fre- 
quency and angle of the light reflected from the 
plane surface of a superconductor filling the semi- 
infinite volume z>0. For simplicity, we shall as- 
sume T = 0, and limit ourselves to the case in 
which the incident and reflected waves do not make 
too large angles with the normal to the surface 
(sin? 9, sin? 9’ «|e|, where «€ is the complex 
dielectric constant); the latter limitation is 


of small significance in practice, since |€| ~ 10 
for the majority of metals in the frequency range 
of interest to us. We shall assume that the fre- 
quency of the radiation falls in the optical region. 

1. Let the incident wave be characterized by a 
vector potential 


A (Z, y) == Ap exp (iRozz + ikyyy — iwt) + compl. conj. 
The field which this wave generates in the metal 
we shall designate by A,. Under the influence of 
this field, the system of electrons can undergo a 
transition with the emission of a quantum Ag (out- 
side the metal there arises as a result a field Aj, 
corresponding to a quantum having frequency w’, 
direction in the interval dQ} and a given polariza- 
tion). 

Let us introduce a reflection coefficient do, 
which we shall define as the fraction of the energy 
falling onto the surface of the superconductor (the 
latter, it is clear, is equal to (27)! Gt | Ay |?w? 

x cos 6, where © is the area of the surface and t 
is time), which is reflected into the range of 
angles of dQ’ and frequencies dw’.* 

Rather than solve this problem, it is simpler to 
find the probability of a transition of our system 
with absorption of a quantum w’. In accordance 
with the principle of detailed balancing,” if the quan- 
tity 

dW = B*(a’, 2’) Vo"?dw’dQ’ / (2x)° 
represents the desired probability for the transi- 
tion of the system (with V the normalization vol- 
ume), then the probability for absorption of the 
quantum is B (w’, 2’) = B’(w’, 2’). The energy of 
the emitted quantum must not exceed the excitation 
energy of the system; i.e., in the present case, 
Ww = Ww! >.0, 

Normalizing the amplitude of the secondary field 
outside the metal with the aid of the relation 
(27)71| At |? w/2V = w’, we obtain 


*Here and in what follows h=c=1. 
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FIG. 1 
wo'dW (2m)? [B~ (@’, Q’) / St] w7dQ’dw’ 


~~ 


(1/20)StA2w? cos @ | Ay |? [AG [? cos 00? (2st)? 


(1) 

In the quantum field theory technique the quan- 
tity B (w’, 2’) can be determined from the rela- 
tion 

B(o'2’) = 2 |Syol? 

J 

where Sj, is the scattering matrix element cor- 
responding to a transition from the ground state to 
the state j, and the summation proceeds over all 
possible states attainable by absorption of a quan- 
tum. The problem is thus reduced to the calcula- 
tion of the elements of the S-matrix for electrons 
in an external field A, + Aj, bilinear relative to 
A, and Aj. 

In order to find the relation between A, and A} 
and the corresponding fields outside the metal, one 
can make use of expressions obtained from the 
theory of the normal skin effect in a normal metal, 
since in accordance with our assumption the fre- 
quency of the light lies in the optical region. (Since 
w >> A, the distinction between normal and super- 
conducting metals is not significant here, while in 
the optical frequency range the skin-effect ina 
normal metal is normal. ) 

2. We shall find the elements of the S-matrix 
in which we are interested by using a quantum 
field-theoretical technique developed for applica- 
tion to superconductors by Gor’kov.*? The quantity 
A entering into the equations for the functions G 
and F clearly depends on the external field. To 
take proper account of the corresponding effects it 
will be more convenient for us not to write down 
the equations for the functions G and F, but rather 
to investigate the various Feynman diagrams for 
normal electrons having the interaction Hamilton- 
ian: 


Hy; = ie/m) [Ae (x) + A} (x)) (Ve — Vx) B (%’) P(X) [erg 


+ (€?/m) Az (x) Aj (x) sp* (x) tp (x) 
+ = gept (x) (ap* (x) px) p(x), 


i.e., incorporating the four-fermion interaction 
that leads to superconductivity. 

We shall introduce, as was also done in the 
paper by Abrikosov and Gor’kov,* graphical repre- 
sentations for the functions G, F* and F (Fig. 1). 
As stated above, we are interested in S matrices 
bilinear in A, and A}. The simplest Feynman 
diagrams are represented in Fig. 2. The effect of 


A’. (An ABRIKOSOV and L.A: FAL’KOVSKII 


, 4 & A \" KS i | iE 
ip vai fe) fe UY 
a b c 
FIG. 2 


the magnetic field upon A is manifested in the fact 
that along with the simple diagrams of Fig. 2 there 
appear the more complex diagrams represented in 
imieR, Bo 


nf fbw¥ di bo 


FIG. 3 


Let us evaluate all diagrams of the types set 
forth. We shall demonstrate first that of all the 
diagrams in Fig. 2, only the diagram 2a is effec- 
tive. The small contribution of diagrams of the 
types 2d and 2e follows directly from the form of 
the function F(p):° 


F (p) = ihe? —B — 


Since the frequency of the light w >A, we have 
F(p+k)~A/w*. Taking into account the fact that 
each peak with a single potential is proportional to 


A? + id). 


(e/m) pA ~ (e/m) poA, 
it is not difficult to see that the ratio of these dia- 
grams to the diagram 2a is of the order of 
Api /w’m <« 1, 

It is possible in similar fashion to demonstrate 
that the summed contribution of the diagrams in 
Figs. 2b and 2c is also small. Actually, when 
summed these diagrams are proportional to 


G(p+k)+ G(p—k) = 1/0 — 1/o’. 


In what follows we shall be interested principally 
in frequency changes of order A, and, in any case, 
small by comparison with the fundamental fre- 
quency. In view of this, the summed contribution 
of b and c has the relative order of magnitude 
(w—w')/w<« 1. 

For the same reason, diagrams of the type 3b 
are small by comparison with diagrams 3a. Dia- 
grams 3c can be eliminated if a transverse gauge 
is chosen for both fields; i.e., k- A, = k’- AS = 0. 
This develops quite analogously to what occurs in 
the derivation of the equations for the electrody- 
namics of superconductors, since the transverse 
gauge of the vector potential makes it possible to 
omit consideration of the variation of A with the 
field. Let us, indeed, consider a loop with a single 
electromagnetic vertex. This is proportional to 
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J G(p) G(p+k)(p-A)d‘p, or to a similar expres- 
sion containing F functions instead of G’s. From 
symmetry considerations it is clear that this inte- 
gral will be proportional to k-A = 0. 

Let us now investigate in more detail diagrams 
of the type 3a. Each of these diagrams will be 
large only for the case in which the order of the 
small constant g will be compensated for by a 
large value for the integrals arising from the loop. 
It is not difficult to see that the largest integral 
will be that having two parallel G lines (Fig. 4), 
which will be of order In (wp/7), where 
7] = max (w — w’, A, v|k —k’|), and wp is the 
Debye frequency. In view of the fact that 
g ln (wp/A) ~ 1, it is clear that all of the dia- 
grams in Fig. 3a will be equally effective. 

At this point, however, it is necessary to make 
a reservation. In each of the diagrams 3a there 
must be at least one loop which does not yield a 
logarithmic integral. This is the loop with the 
electromagnetic vertex. In view of the fact that at 
this vertex the electron arrows must be directed 
to one side (the combination ~*~ enters into the 
Hamiltonian), the corresponding loop cannot have 
the same form as in Fig. 4. More precise analysis 
shows that diagrams of the type 3a are significant 
only in the most immediate vicinity of the ‘‘thresh- 
old’? value w— w’ = 2A (cf. below); over the whole 
range w — w’ — 2A 2, A, they may be neglected. 
Below, we shall consider this particular case. 
Changes which arise in the neighborhood of the 
threshold point will be indicated in the discussion 
of the final result. 

3. We are thus left with only one diagram il- 
lustrated in Fig. 3a. The corresponding element 
of the S matrix has the form 
Sip = —i\ ¢ jl (€/m) (Aa (x) Aa (2) Pa (2) Pa (x) | 0> ate. 


Inasmuch as we are not interested in the final state 
of the electronic system, we shall find the summed 
probability for all probable processes (for the 
given fields), which is proportional to 


Di Sho == AeA (Ad (2) Aa (#')) (As (x) Aa (2) 


x Cpe (21) ha (8) WS. (2) the (x)> dxdt. (2) 


The mean over the ground state of the four # 
operators, which enters into Eq. (2), may be re- 
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duced to the sum of the products of pairs of ~ op- 
erators: 


etka us i + + , ’ + 

(Wa (%) Pa (*) he () Pe (x)>= Capa (%) He (X)> <tha (x ) pa (x)> 
= Cee (X) spe (x)> <a (') ahs (x) 

(means of the type <¥% (x’)Vq (x’) > = N can be 

neglected, since they do not depend upon the coor- 

dinate, and yield zeros when substituted into (2). 
The expressions entering here may be found by 

the same method as the functions G and F in 


Gor’kov’s theory.* For an infinite superconductor 
we find 


(We (1) Ye (2)> = bap | 058 (© + ep) eee) EF, 
eae - Pa 4 
Ya (') WB (x)> = bap | up6 (@— ep) e199 E., 


, < ip nO 
Cia (x) Yo (x)> = — Tap | upvpd (© — ep) ef —9 Ee, 
Wa () 5 (2)> = Tap | pty (€ + 9) eM) To 
Here 3) 


p= (€,p); e=VR+ A, Ep = 0(|p|— Po), 


Oe =( + §p/€p), p= = —€p/ Ep); 


Iqg is a unitary antisymmetric two-row matrix. 

In the present case we are dealing with a super- 
conducting half-space. For this the expressions 
for the means of the operator pairs differ from the 
corresponding functions for an infinite space.* At 
the surface, the correlation functions must satisfy 
the appropriate boundary conditions. We shall 
limit ourselves here to the case of specular reflec- 
tion of the electrons from the boundary. In this 
case the correlation functions fall to zero for z= 0 
Ori = 0. 

In place of the functions (3), it is sufficient in 
this case to take the differences ®(z — z’) 

— @(z +z’), which satisfy the same equations as 
the functions (3), as well as the necessary boundary 
conditions. Upon substitution into (2) we find that, 
with an accuracy up to insignificant corrections of 
order a/d, where a is the inter-atomic distance 
and A is the wavelength of the light, the problem 
reduces to that for an infinite superconductor. For 
this, the potentials A,, Aj must be extended sym- 
metrically into the region z < 0, while the factor 
’, appears before the integral in (2). 

Substituting the expressions (3) into the integral 
in (2) we obtain 


*Strictly speaking, this applies also to the evaluations of 
the various diagrams carried out above; it can, however, be 
shown that all results remain correct in the presence of a sur- 


face. 
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=| 5) ef * A ot ; : a me 
Ma Ovo = me (Aa (x) A*,(x )) (Ag (x) As (x)) e (p—p')(x—x') 
/ 
ei eee. ey ee en eee 
Ri eine nee joe + &p) 8 (8" — ep") oars 
dp’ 


x 


(4) 


where t represents time; the functions f(q) and 
R(qz,) have the form 


soe Oxi! = pox (S\ R (a2) f (4) da, 


dp ope 


®p — p44) hneceae ' 88 p1g 
(5) 


R (qz) = |[AvAs (gz)1 7° (6) 


The symbol [A,A$(qz)] represents the Fourier 
component of the product A) (x)-A$(x,; i.e., 


Aa (x) Ag (x) = \ [AAs (ge) dae / 22. 


The projections of the vector q, with the excep- 
tion of q,, are equal to the corresponding differ- 
ences in momentum and frequency between the 
incident and reflected quanta: qx = kyx — kjx, dy 
= koy — koy, Q) = w — w. 

4. Let us compute first the function f(q). In view 
of the fact that €p > 2A, the integral in (5) is differ- 
ent from zero only for q) > 2A. This was to be ex- 
pected, for q) = w — w’ is the energy transferred 
to the electronic system, which cannot be less 
than 2A. The integral (5) is fundamentally depend- 
ent upon the relation between v |q| and gp. For 

the case v | q | > qp the integral over d’p 
= (2mpi/v)déd cos 6 may be replaced by 
(a) 


6d) 


amps 


v*|q| 


(§=§(q9), §& =§(9+ 9))- 


Terms in €&’ in the expression under the integral 
sign vanish. After this we proceed to integration 
over de and de’. 

As a result of all these simple operations we 


obtain : 
Lo = pote CF + 4) ECR SR) 
qoA 


—-2A 
epee Creer ork 
where E and K are complete elliptic integrals. 
In accordance with (4) and (6), the function f(q) 
is unique and depends on A. At the transition to 
the normal metal, therefore, only this function 
changes. As A— 0 we find 


(7) 


To\G) = pode; 2300 aye (8) 


In what follows we shall see that the presence 
of the factor 1/|q| in £(q) leads to the appear- 
ance of a large logarithmic integral over dz. «lf 
do — 242A, then in the region v|q| « qp the in- 
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tegral (5) does. not depend upon |q|. Therefore, 
the region v|q| > qo is the principal region of in- 
tegration over qz. 

In the close vicinity of qg = 2A a special situa- 
tion arises. Analysis of Eq. (5) shows that the 
range of values of v | p | for which the integral in 
(5) is proportional to 1/|q| is determined by the in- 
equality v|q| = va? — 4A2. At the same time, how- 
ever, as has already been mentioned above, all the 
diagrams 3a assume significance in the vicinity of 
Qo = 2A. 

Analysis of these diagrams, which, is too cum- 
bersome to carry our here, shows that the lower 
limit of the logarithmic integration over qz never 
falls below A, while in the immediate vicinity of 
qo = 2A this limit increases; this leads in the end 
to the elimination of the logarithmic integral, and 
then to the reduction of the whole effect to zero. 

In view of all that has been said, we can right up to 
the extremely close vicinity of the point gg = 2A, 
make use of formula (7), and consider v|q| > qp. 

5. Let us now go on to the calculation of the 
function R(q,). If we take yz as the plane of in- 
cidence, and if the field outside the metal is 


A (Zz, y) = Agexp (éRozz + iRoyy 


imt) + compl. conj., 


where kyz = & cos 9, and kyy = w sin 6, with 4 
the angle of incidence, then within the metal the 
field will have the form 


Az (2, y) = Az exp (iky2z + iksyy — iwt) +compl. conj., 


where kjy = Kpy, and kyz = w ve — sin? 6 (€ is the 
complex dielectric constant), while that value of 
the radical is chosen for which Im ky, > 0. From 
Maxwell’s equations and the boundary conditions at 
the surface it is possible to express A, in terms 
of Aj. It is necessary here to take account of the 
already-adopted condition k,: A, = 0. 

a) If the incident wave is so polarized that the 
electric field is directed along the x axis, then the 
field will have the same orientation within the 
metal as well. In this case, the potentials are 
directed along the x axis, and the relation 

2cos § 
Ve —sin? § + cos 9 


Ase (9a) 


Aovx) 


holds. 

b) If in the incident wave the magnetic field is 
directed along the x axis, then the vector poten- 
tials A) and A, lie inthe yz plane, and 


2 sin 9 cos 9 A 
22 e cos @ Ve—sin' 6 sin? 0 O(yz) » 


__ _ 2cos § Ve — sin? § 
ecos § + Ve — sin @ 


(9b) 


O(yz2) + 
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The index (yz) indicates that the vector Ay lies in 
the yz plane. The same formulas connect AS with 
A>. 

In what follows, we shall investigate those 
angles @ (and 6’) for which the condition |€| 
> sin’g is fulfilled. In this event the expressions 
simplify; in particular, in case b) one may neglect 
Az, by comparison with Any. 

The Fourier component of the product of the 
vector potentials for the specular case [A,(z) 
=A,(-z)] is 
[AvA3 (2)] = | Ag (2) Ag(2)e~ 27dz 

2i (ka, =F) 

(hog — by) 93 
We note that in carrying out the integration we 
shall select only those components of A,(x) and 

(x) whose products have a time dependence 
exp {—i(w — w’)t} (the remaining terms are of 
no interest, in view of the presence of the 6 func- 
tion in (5) and the condition w — w’ > 0). The dif- 
ference kjz — kj% appearing in this expression is 
equal to 2iwk, k = Im V€, as a consequence of the 
inequalities sin? 9, sin?9’« | «|. 

Substituting all of the terms of the function 
R(qz) and carrying out a summation over the po- 
larizations of the scattered, and averaging over 
those of the incident, light, we obtain 


= (A,A,) 


R (qz) = 8| Ao |’ | Ao|’ cos” 8 cos” 6 


at cos? @ 
“™ |[(2 + cos 6)? + x?] [(n + cos 6’)? + x?] 
sin? @ 
4 [(n cos §-+-1)?-+-x? cos? 9] [(n +cos 6’)?+-%"] 
sin? @ 
.n [(n + cos 8)? + x?] [(2 cos 8’ + 1)? + x? cos? 9’) 
cos? @ 
4 [(2 cos § + 1)? + x? cos? 9] [(n cos 8’ + 1)? + x? cos? §’] 


16 «20? 
Here we have used the symbols: ve=n+ix, and 
g, the angle between the planes of incidence and 
reflection. Thus, the function R(qz) is equal to 
a constant for qz « 2kw, and falls off rapidly for 
dz > 2Kw. 

6. Let us now substitute (7) and (10) into (4). 
Taking 2xw > qo/v, we arrive at the conclusion 
that the principal contribution to ” | So |? is pro- 

J 
vided by the logarithmic integral over qz, in the 
region delimited by the inequalities la| > a/v 
and |qz,| « 2kw. In view of the fact that | dy | 
<w—w! K<q/v we may, with logarithmic accu- 
racy, write the result of the integration over qz 
in the form 


(10) 
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\ gz /|q| = 2 In (2x00 / qu) 
(the coefficient 2 results from integration over 
negative and positive q,). 
Substituting (7), (10), and (4) into (1), with at- 
tention to the fact that w — w’ « w, we obtain the 
final expression for do for the case w — w’ > 2A: 


2e* cos § 29’ 
do = Fe TEE OC + cost) (n? + 4? + 1) + 4mcos 8} 


xX [C1 + cos? 6’) (n? + x2 + 1) + 4ncos 6’] 

+ sin? 6 sin? 6’ cos 2@ (n? ++ x? —1)?} 

x { [(2cos 8 + 1)? + x? cos? 6] [(2 cos 6’ + 1)? 
+ %? cos? 8’] [(n + cos 8)? + 2] 


X [(n + cos 6’)? + x2] }74 ( ae A)E Pete 
ee 


Oo—@’ + 2A 


— oe - ( _ 7 7 ma) | In — de'd®. (11) 
The expression for do for a normal metal is ob- 
tained by substituting (w — w’)/2 for the square 
brackets containing the elliptic integrals E and K. 
We note that the ratio of do to don, for the 
same metal in the normal state, is a universal 


function of the ratio (w — w’)/2A, specifically: 
(do — do,) / do, = g ((o—o’)/2A), 

oo)= (14 L)e EH Pp KER 1 0 
A graph of the function g(x) is presented in Fig. 5. 
It is evident from this fugure that only in the region 
w— w’ < 4A is there an intrinsic difference between 
the normal and superconducting metal. 

The formula obtained is formally applicable over 

the whole range of frequencies for which 
In (kwv/|w — w’|) is sufficiently large; i.e., for 
w— w’ « kwv/e (in the usual units). In reality, 
however, it is necessary to consider that treatment 
of the electrons as free is valid only for energies 
€ <K wp (wp is the Debye frequency). For €~ wh 
there arises a strong attenuation of the electronic 
excitations, due to emission of phonons. This im- 
poses the limitation w — w’« wp, which more or 
less coincides with the preceding in the optical re- 
gion. On the low-frequency side, as has already 
been stated, Eq. (11) becomes invalid in the region 
w — w’ — 2A «<A. While this formula yields a finite 


p(z) 
0b 


Q5 
04 
Q3 
Oe 
Qi 
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FIG. 6 


value at w = 2A, correct consideration of the 
graphs 3a gives at this point do = 0. In view of its 
narrow width, however, this region is not of great 
interest. For the case of a normal metal the ap- 
plicability of the derived formula is limited only 
in the direction of large values of w — w’. 

The absolute magnitude of the effect depends to 
a large degree upon the quantities k and n. The 
data available on « and n for certain metals? at 
A = 5800A and T = 300°K is presented below: 


Vv Nb Ta Sn Pb 
n 3.03 1,80 2.05 1.48 PrOtl 
% Bool 214 2.04 5,20 3,48 


At low temperatures kx changes little, while n 
decreases slightly. For Nb at X ® 5800A (w 
= 3.2x 10" sec!), and 9 = 9’ = 0: 


ds = 0,6-1072BdQde'/2A. (13) 


and Ly Av MALS KOVSKE 


The quantity B in (13) is of order unity; its de- 
pendence upon (w — w’ )/2A is illustrated in Fig. 
6. The dashed line represents this same quantity 
for the normal state. 

It follows from evaluation of (13) that for detec- 
tion of the effect the sensitivity must be at least 
10° times as high as in the experiment of Khaikin 
and Bykov.' 

In conclusion, the authors express their grati- 
tude to Academician L. D. Landau and to M. 8. 
Khaikin for their consideration of the results of 
this work. 
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An expression is derived for the Fourier components ng of the disturbance to the electron 
density, produced by a body moving in a plasma, in the limit as the wave vector di== 0 aeliis 
shown, in particular, that the exact expression for Ng contains terms proportional to 1/q, 
which are absent in the first approximation of perturbation theory. The formulas are em- 
ployed to calculate in various particular cases the effective cross section for scattering of 
electromagnetic waves of wave lengths considerably in excess of the characteristic dimension 


of the body. 


1. FORMULATION OF THE PROBLEM 


lke this paper we report on a theoretical investiga- 


tion of the scattering of electromagnetic waves by 
a trail left by a moving body in an isotropic elec- 
tron-ion plasma. This problem has become quite 
timely of late.* 

We assume that the plasma is sufficiently rare- 
fied, i.e., that the ion mean free path in the plasma 
is much greater than either the dimensions of the 
body or the length of the scattered electromagnetic 
wave: 


[SS i8R;. (1) 


The scattering of an electromagnetic wave by a 
body moving in a plasma consists of scattering on 
the body proper, for example a metal sphere, and 
scattering on the trail produced by the body, i.e., 
the region of perturbed electron concentration 
produced by the motion of the body. The scatter- 
ing by the body itself is described by the usual 
formulas of diffraction theory and will not be cal- 
culated here. We note at once that since the di- 
electric constant of the trail is low, the scattering 
from the metallic body itself will be much greater 
than from a trail region of the same size. It is 
therefore clear that the trail can make a scatter- 
ing contribution comensurate with the contribution 
of the body itself only if trail regions larger than 
the body participate in the scattering. In the scat- 
tering by structures that diminish slowly with dis- 
tance, such as trails usually are, the regions ef- 
fectively participating in the scattering have nor- 
mally dimensions on the order of the wavelength 
(the contribution from greater distances is strong- 


ly reduced by the interference between waves scat- 
tered by the different parts of the trail). It is 
therefore clear beforehand that the trail can make 
a noticeable contribution to the scattering only at 
wavelengths much greater than the characteristic 
dimension of the body Rp»: 


A> Ro. (2) 


We shall confine ourselves to this case throughout. 
Since the body produces at large distances away 
from it only small changes in the dielectric con- 
stant (compared with unity), it is natural to em- 
ploy perturbation theory for the calculation of the 
scattering. (The validity of the theory will be dis- 
cussed later on.) Recognizing that the variation of 
the dielectric constant of the plasma is connected 
with the perturbation of the electron density 6n 
by the formula 


Ame? 
mo? i“ (r) 


a (1) Ss 


(e and m are the electron charge and mass) we 
obtain by the well-known perturbation theory 
formula the amplitude of the scattered wave at 
distances large compared with the wavelength: 


e2 eikR Ng [k’ [k’E,]]. (3)* 


mw?s R 


Ee 


Here E, is the amplitude of the incident wave, k’ 
is the wave vector of the scattered wave (|k’| 
=k =Vée w/c), € is the dielectric constant of the 
plasma, and Ng is the Fourier component of the 
electron-density perturbation: 


Hest Oren) ett) ie KieKj| |= 20m 7 


*k/[k’E,| =k’ x (k’ x E,)- 
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(k is the wave vector of the incident wave and jp 
is the scattering angle, i.e., the angle between k 
and k’). The effective cross section of scattering 
in a solid-angle element do is given by 


do 4 (20 \° is Rk sin? "p,do (5) 
ita) 


16 se2 \ @ , 


(2, is the angle between k’ and Ep, w? = 4mmye*/m, 
and ny is the unperturbed electron density). For 
comparison we give here the formula for the ef- 
fective cross section of scattering by a metal 
sphere of radius Ry for A > Ro: 


: 
dim =(2)' sin? pido (6) = ARI). (6) 

As can be seen from (5), the problem of calcu- 
lating the effective electromagnetic-wave scatter- 
ing cross section reduces to the calculation of the 
Fourier components of the variation of the elec- 
tron density. The perturbations produced ina 
plasma by a rapidly moving body of dimensions 
greater than the Debye radius were considered in 
detail by A. V. Gurevich.” To calculate ng for 
this case we could therefore, in principle, use 
Gurevich’s results. It turns out, however, that it 
is simpler to determine ng directly from the 
kinetic equation. This yields a more rigorous 
solution for the problem, for it permits evaluation 
of certain effects not considered in reference 2, 
which become significant when q is small. 


2. DERIVATION OF THE GENERAL FORMULA 


We consider in the present paper only the case 
when the velocity V) of the body is much less than 
the thermal velocity of the electrons: 


Vo<VAT/m. (7) 


Under these conditions the electron density is 
directly connected with the electric potential g by 
means of the Boltzmann distribution function 


Na Teo, (8) 


On the other hand, the distribution of the ions 
should be determined simultaneously with the 
potential. We shall solve this problem with the 
aid of the kinetic equation for the ion velocity and 
coordinate distribution function. Inasmuch as the 
distribution function is independent of the time in 
a frame fixed in the body, the equation in this 
frame has the form 


opin arenene Sa 
Or ov M or (ep + 


iy =30: (9) 


[ By virtue of condition (1) we can neglect colli- 
sions between particles.] Here M is the ion 
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mass, v the ion velocity in the frame in which the 
body is at rest, and U the energy of interaction 
between the ions and the surface of the body. In- 
troducing the ion velocity in the system at rest 


wv -- V,, 
we can rewrite (9) as 


(10) 


The electric potential g satisfies, with allowance 
for (8), the equation 


Ag = — 4ne (\ fd?u — n) = — 4ae (\ fd®u —njgroit) Se 


In Eq. (10) it is convenient to separate from f 
the coordinate-independent part fy), which is equal 
to the distribution function at an infinite distance 
from the body: 


FHP + fo fy =m (M/2nkT)"exp {— Mu?/2kT). 
Substituting this in (10) we get 
af’ 1 Of, d 1 af’ a 
T (u— Vy) — oe SU + 8) — Hage a (U +69) =0. 


(12) 
To solve the system (11) and (12) we change 
over to Fourier components in the coordinates. 
Equation (12) in Fourier components becomes 


' Of = 4 
iq(a— Valig— $F jay — Gam \ iqi(Uq, 


Ee 
“+ €Pa,) loa dg, —i 4 2y,=0. 


oa (13) 


We now recognize that we are interested only in 
long waves, i.e., in small values of q, and let q 
tend to 0. Since Ug certainly tends to a constant 
limit as q— 0, the last term in (13) can be dis- 
carded. (The first two terms must be retained, 
since, as will be shown later, fq and £q, tend to 
infinity as q—> 0.) In the third term we can also 
put q=0. For this purpose it is necessary that 
the integral in this term converge. But, as we 
shall see later, the quantities fq and gq are 
proportional to 1/qas q— 0, and consequently 
this integral converges. Finally we obtain as q 
—=0) 


2 Diy = 


iq (u— Vo) fa — aq at 4%q = J (u), (14) 


Of. 3 2 
1 (u) = gig Ug + ee) Gat he = AVE FU 4+ ee) at. 
(15) 
Our problem is thus subdivided into two stages — 
calculation of the function I(u) for the given body 
and the solution of (14). We note that I(u) is 
proportional to the product of the potential by the 
correction to the distribution function, and conse- 
quently differs from zero only in the second per- 
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turbation-theory approximation in the potential. 
It is evident therefore that the results of Kraus 
and Watson,’ who carried out the calculations in 
first approximation, are certainly incorrect at 
large distances. 

We change now to Fourier components in (11). 
We note here that in the expansion of nx 
= Ny (e€9/kT — 1)q in powers of eg/kT, 

f 2. 
Ng = Ny (sa Pg + yp \ Pa Pama. Gs 8) ) (16) 


the first term varies as 1/q, while the others 
tend to constants and can be neglected. Therefore 


Ng = NP | kT (17) 
and instead of (11) we have as q— 0 
#4 = Ane | fod u, (18) 


where k = V41me2/kT = 1/V2Rp, with Rp the 
Debye radius. 

We note that for small q the system of in- 
homogeneous nonlinear equations (11) and (12) is 
reduced to a system of linear inhomogeneous 
equations (14) and (18). This result has a simple 
physical meaning: when q is small, the large dis- 
tances from the body, at which the deviations of 
the distribution function from equilibrium are 
small, become significant. It follows from (14) 
and (18) that fg and ¢q are actually proportional 
to 1/q, as pointed out earlier. 

Let us divide both halves of (14) by iq: (u — Vp) 
and integrate over d®’u. The integrals with 
singular denominators iq: (u — V,) should, ac- 
cording to Landau,‘ be taken with suitable circuits 
about the singularities. To take this into account, 
it is enough to replace q- Vp by q- Vy) + id, where 
56—~+ 0. Asa result we obtain 


, e of q B 
\ fac — 7 9) Cs =e 


[(u) 3 
=7\quspaa 


Solving equations (18) and (19) simultaneously and 
using the fact that of)/au = — (uM/kT) fy, we get 


(19) 


4| T (u) 
iq n(u— V,) — 16 


; Mio NAPA Mo SU BE e—MuereT du | — 
l! rg ie \ n (u — Vo) — 16 


where n=q/|q|. Writing the integral in the de- 
nominator of (20) in Cartesian coordinates with the 
x axis along n, and using the well known identity 


Au 


(20) 


(21) 


we obtain finally 
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Ng = : \ ae zs v3 95 du [2 — 2a (\ erdx —i = aa ; 
a=nv, ae. (22) 


It follows directly from (22) that the electron 
density decreases as 1/r’ with increasing dis- 
tance from the body, in agreement with the results 
of Gurevich.* We note that when V) >«kT/M the 
denominator of (22) has a rather pronounced 
angular dependence, namely, a >> 1 when n- Vy 

~ Vo, and the denominator is equal to zero in this 
case. At angles for which n- Vy)VM/2kT =a « 1, 
the denominator is equal to 2. This result can be 
readily explained. The frequency of the field com- 
ponent with wave vector q is obviously equal to 

q- V> in the coordinate system at rest. If q- Vo 
>qvp, where vp ~ VkT/M is the thermal 
velocity of the ions, the ions do not have a chance 
to screen the potential. On the other hand, when 
q: Vo «qv, the ions screen the potential so that 
the Debye radius and the potential fq are each 
reduced to one half. We note also that the de- 
nominator of (22) coincides exactly with the ex- 
pression for the dispersion of ionic plasma waves. 
Since, however, these waves are strongly damped, 
no special significance should be attached to this 
fact. 

Let us proceed now to clarify the physical 
meaning of the quantity I(u). For this purpose 
we turn in (14) to the coordinate space and assume 
that all the quantities depend (in the frame which 
is at rest) on the time only via the combination r 
— Vt, so that V)dof’/ar = — df’/dt. We obtain 


Tipe, 2 eee Tayo Vee 


(23) 


The left half of (23) is the total derivative of the 
distribution function with respect to time. From 
the physical meaning of the distribution function it 
is clear that I(u)d°u is the number of particles 
per unit time which acquire, by collision with the 
body, velocities that lie in the interval du about 
u. Thus I(u) serves so to speak as a sort of a 
‘collision interval’’ for the ions with the body. 
This physical meaning of I(u) enables us, by 
following the reasoning used to determine the form 
of the usual collision integral, to recast I(u) ina 
different form, very useful for approximate calcu- 
lations. Let us change again to the coordinate sys- 
tem of the body. Let a particle passing near the 


*The formulas obtained can also be used, naturally, to cal- 


culate the perturbed electron density, etc., at large distances 
from the moving body. In the present paper, however, we shall 
not consider the transition to coordinate space. 
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body with an impact parameter p and an azimuth 
angle y acquire a velocity v after scattering (by 
interaction with the surface of the body and the 
electric field surrounding it). Then the initial 
velocity of the ion is vy =v;(v, p, g), where the 
function v;(v, p, y) is determined by the scatter- 
ing law, and the number of particles that acquire a 
velocity v ina unit of time is merely the number 
of incident particles with velocity vj, i.e., 
pdp dp un, (M / 2akT)/? exp {— M [vi (v, p, @) + Vol? / 2kT}. 
24 
We have assumed that the scattering is elastic wo 
(Ivy = |v|) and that the incident particles have 
at infinity a Maxwellian distribution in the frame 
which is at rest. To find I is also necessary to 
subtract from (24) the number of particles with 
velocity v, knocked out by collision with the body 


p dp de un, (M / 2nkT)2 exp {— M (v + V,)?/ 2kT}. 


Finally 
I (v + Vo) = No (sar) | pded q| exp | Miva et NeP 
SRO ee meal (25) 


Thus, I(u) can be readily calculated if the law of 
scattering of the ions on the body, with allowance 
for the electric field, is known. Naturally, formula 
(25) does not permit I(u) to be calculated in the 
general case, since the electric field around the 
body is unknown, if for no other reason. We shall 
show in the next section, however, that in some 
important limiting cases this difficulty can be 
circumvented. 

Let us note that I(u) enables us to express in 
simple fashion the force acting on the moving body 
if collisions between the body and neutral molecules 
can be neglected. Namely, multiplying (23) by Mu 
and integrating over d°’u and d°r we obtain the time 
derivative of the total particle momentum, which is 
equal to the negative of the sought force. Asa 
result 


F=—M \ul (u) d?u. (26) 

In the derivation of the formulas obtained in this 
section we have assumed that the particles do not 
lose their identity as they collide with the body and, 
in particular, that the ions do not become neutral- 
ized. It is obvious, however, that the final formula 
(22) is of great significance. In particular, it can 
also be used when the ions are partially or com- 
pletely neutralized. All the effects connected with 
neutralization modify in this case only the form of 
the function I(u), which will no longer satisfy the 
law of conservation of the number of particles 


Lo P.VPITAYEVSEKII and We oie hers 


\/(u) du = 0. 


The results can be readily generalized to include 
the case of noticeable photoeffect or secondary 
emission of electrons from the surface of the body. 


3. CALCULATION OF THE ‘‘COLLISION 
INTEGRAL” I FOR DIFFERENT PARTICULAR 
CASES 


The function I(u) can of course not be calcu- 
lated in general form for arbitrary bodies. In this 
section we shall determine this function for differ- 
ent limiting cases which are of principal interest. 
For simplicity we confine ourselves to the motion 
of a spherically symmetrical body, although in 
some cases (low and high velocities ) the formulas 
obtained can be applied also to more general cases. 

a) Slowly moving body. To illustrate the method 
we shall consider first the case of the body moving 
in a plasma at a velocity much lower than the 
average thermal velocity of the ions (this case is 
probably only of methodological interest). In this 
case, in the zeroth approximation in Vo, the poten- 
tial around the body is spherically symmetrical 
and independent of V). Expanding the exponentials 
in (25) in powers of Vy) we get 


M \%/2"Mu af: 
I (u) = Ny ee ET e—Mu /2kT \ Pp do dp (u = u,) Va 


_ M_\? Murat Mu * 
= (=) OES op UVoS (u), 


of = On \(1 —cos 8) pdo, (27) 


where #(p) is the angle between u and uw, uj; 
=v,;+ Vo, and o* is the so-called transport cross 
section of the body (see, for example, reference 5). 
For an uncharged sphere from which the ions are 
specularly reflected, we have 


o =aR 


=~ 
2) 


ow 


0° 


Substituting (27) into (26) we obtain for the 
force acting in the body 


F = — (M?/3kT) ou'n,V,, (28) 


where o*u® is the average value of o* (u)u®, taken 
over the Maxwellian distribution. Formula (28) 
coincides, as it should, with the formula for the 
force acting on a heavy particle in a light gas.° 

b) Rapidly moving body with dimensions which 
are not small compared with the Debye radius. If 
the velocity of the body is high 


Vo S>VkT/M, (29) 


the problem can be greatly simplified, for in this 
case the electric field exerts a small influence on 
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the scattering of the ions by the body. Actually, 
as was shown by Gurevich,” the electric potential 
of the body is in this case of order kT/e, or more 
accurately (kT/e)In(R)/Rp), and when MV2/2 
>> kT it is less than the kinetic energy of the ions 
relative to the body. Consequently it is natural to 
neglect in the calculation of I(u) the influence of 
the field and to consider only scattering of the ions 
by the surface of the sphere.* Further calculations 
depend on the law governing this scattering. To be 
Specific, we confine ourselves to specular reflec- 
tion. All other cases can be analyzed analogously. 
It is now natural to represent expression (25) 
for I(u) in the form I = I, — I, in accordance 
with the two terms in the integrand. For a sphere, 
I, is simply 


Iles aa, NoV 050 (M/2nkT) 


3 fo e—Mu?/2kT : 


(30) 


To calculate I; we recognize that 


(v; + V,)? = 0? + V5 + 2vV, (cos $, cos 6 + sin G, sin 6 cos @), 


(31) 
where % is the angle between v and Vp) and ¥ is 
the angle between v,; and v. In addition, in the 
case of specular reflection pdp = '4R? sin 3 di. 
Substituting this in (25) we have 


M \% Re 
Iy = no (s277) —)-\ dg sin 8 40 
M 2 2 
x exp {- ep WU? + Vo+ 20V, (cos 8, cos B 


+ sin %, sind cos g))}- (32) 
Since the exponential function has a large modulus 
by virtue of (29), we can calculate I, by the 
method of steepest descents. It is easy to verify 


that the exponent in (32) has a maximum at g=1, 


$+ dd =n. Putting p=7+ —’, d+ H =7+ VY’, and 
expanding in gy’ and #’, we get 
; R® 
I, = Nj (a) sin O55 exp \— ee (v2 4 ie 20V)| 
wo . / 12 

x exp {— ae ie ius \exp {—4 EF Vo.g’2 sin Oo} 

Baie ty Bou ML Vi Bs ee ae 

x db =a Geer) xP er Volt 88) 


(We recall that v =u — V,)). Thus, the total value 


@ie I ((e\)) as! 


=Vi (ger) ex? -— ar tI ae 


*We emphasize that this does not mean that the electric 
field is in general unimportant; the effect of the field mani- 
fests itself in the angular dependence of the denominator of 
(22). 
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We note that by including terms of higher order in 
p’ and #8’ we can readily determine the subsequent 
terms in the expansion (32) in VkT /MV2. We 
shall not stop, however, to calculate these correc- 
tions. 

c) Charged body of small size. Let us consider 
now a body with dimensions much smaller than the 
Debye radius, carrying a charge that satisfies the 
condition 


EQ < RpMoi, 


is yj is the greater of the two quantities 

V2kT /M)4 and VkKT/M. (This is precisely the 
case considered by Kraus and Watson.’ We have 
already pointed out that their approximation does 
not include the effects which we are investigating). 
In this case the main contribution to I is made by 
the impact distances p which satisfy the condition 
Rp >p > Yo, where ro is the greater of the two 
quantities Ry and Q/Mvi. For such values of p 
the field can be considered to be a Coulomb field 
exclusively, and the scattering angle # is small 
and given by® 


& = 2Qe/ Mv?o. (35) 


Expanding the right half of (25) in powers of 1, 
retaining terms up to 3, and integrating with re- 
spect to p with cutoff at large when p ~ Rp and at 
small p when p ~ 1ro, we obtain 


M Vo —Mut/2 MvV, 2 
I = 2a (spr) Sas es o( ser + care ETF [Voo" 
An Q2e? MN eee 
—(WovyFl)\ 8 dp ing ce slower) metas (Vou- Vo 
etl os 
+ spp (°V3 — (Vou)*]) Gein 2. (36) 


We note that when eQ « kTRp this formula is 
suitable for all body velocities Vj. The formula 
(36) for I can, of course, be obtained without the 
use of (25), directly from definition (15) for I. For 
this purpose it is enough to calculate gg and fg 

by perturbation theory and substitute in (15). We 
note also that if Ry « Rp, but at the same time 

R2 ~ (Q2e?/MkTV?) In(Rp/ry)), we must add to (36) 
a term due to the scattering by the body itself, as 
given by (34) (when Vp) > kT/M). (The two effects 
are additive in the approximation considered here. ) 


4, CALCULATION OF THE EFFECTIVE 
SCATTERING CROSS SECTION 


a) Slowly moving body. Substituting (27) in (22) 
and neglecting everywhere V) compared with u, 
we obtain 


1 Mpa 
Ng = 354 Mo (nV,) aR FU, (37) 
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where o*u is the average value of o* (u)u, taken 

over a Maxwellian distribution. Substituting in (5), 
we obtain the effective cross section for a smooth 

sphere 


G5 sin? 1p, do. (38) 


(3) 


ts 4 /@,.\4 (nV,)? M 
aS m= sail ) kT q? 


b) Rapidly moving large body. For this case 


I(u) is given by formula (34). Let us calculate ng. 


We introduce the notation 


r\ Jy (u) Bu 


B= nu — nV, — id 


with A, defined analogously. To calculate A; we 
change over from integration over d°u to integra- 
tion over d’v. The integration is best carried out 
in spherical coordinates with the polar axis along 
n. In first approximation we can put v = Vp in all 
the factors preceding the exponents and replace the 
lower limit 0 in the integration with respect to dv 
by — ©. We then obtain readily 


Ay = n,o5n/2. (39) 


The quantity A, should be calculated in Car- 
tesian coordinates ux, uy, and uz with the x axis 
along n. With the aid of (21) we obtain 

Mv? ‘2 Bs es 
A, = — 15, (ae) (Va “ 2i| en dx) ae 


cf) 


(40) 


Ultimately : 


men MV (EY ee] 0 fn ot 
x (2(1— ae-«'| ev dx) — ia Vne-a'] (41) 
and " 
do = eee) ge [2—Velae) =] 
+4 (meer) [4(1 ar leas) 
- axe) (42) 


(We recall that a =n-V)vVM/2kT). 

The expression (42) (for a given ~) has a sharp 
minimum when n- Vy) < V2kT/M or, introducing 
the angle @ between n and Vp, when |a — 7/2 | 
< V2kT/MV?. This is as expected, since the trail 
of the body has a form which is prolate along Vp, 
and scattering by a prolate body is always a maxi- 
mum at the angle of specular reflection from its 
axis, in this case when q: Vy is close to zero. 

(If q- Vy) =0, then k- Vy) = k’- Vo, i.e., the angle of 
incidence is equal to the angle of reflection.) Let 
us note also that Ng increases sharply as q— 0. 
(Formally Ng © aS q-~ 0. Actually, however, 


ii. P) PITAVEVSKEVe tak. 


Z. KREZIN 


the formula becomes invalid when q ~ 1/1, where 
1 is the mean free path.) This means, in particu- 
lar, that the trail is capable of ‘‘focusing’’ all 
possible noises radiated in the plasma above the 
body. 

Formula (41) is valid for sufficiently large 
wavelengths. It is easy to show that in this particu- 
lar case this implies the requirement 


gR, = 2°" Rysin¥ <1. 


It is seen from (42) that when 7 is not close to 
zero, and the angle @ is not close to 1/2, the 
order of magnitude of do is 

@o\* o2c? 
ds ~ (=) sai do. 
Comparing this with Eq. (6) for the cross section 
of the scattering by the body itself, we find that 
the ratio of the intensity of scattering from the 
trail to the intensity of scattering from the body 
itself has an order of magnitude 


(43) 


(44) 


d6/d5m ~ (@o/@)! c?/ew5. 


The scattering cross section in the directions 
for which |a — 1/2| « V kT /MV? is much greater: 


@ GC" 
se hey odes 


ew? 


It is seen from (44) that actually, for ordinary 
body dimensions and not too long waves, the main 
contribution to the scattering in practically all di- 
rections is made by the body itself and not by the 
trail. We emphasize, however, that this conclu- 
sion has been obtained by neglecting the magnetic 
field, which can change the entire scattering pic- 
ture appreciably. The influence of the magnetic 
field is the subject of another investigation. We 
indicate only that the results obtained in the 
present article are valid if 


eH/Mc<q.V kT/M, 
where qz is the projection of q on the direction of 
H. 

Let us see now whether the perturbation-theory 
formula (5) is valid in our case. In order for (5) 
to be valid it is necessary to have E’ « Ey over 
Significant distances. It can be verified that in 
our case the significant distances are R ~ 1/q, 


over which E’~ (w)/c)* o)Ep. This leads to the 
condition 


(w/c)? 6,5<1 


(for analogous arguments to justify of the appli- 
cability of the Born approximation in quantum 

mechanics see reference 7). Since the only fre- 
quencies that can be used to investigate the scat- 
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tering are w > wy, the condition for the validity of 
formula (5) coincides in our case with the main 
condition (2). 

c) Rapidly moving small body. Since the inte- 
gral of I, as defined by (36) and contained in the 
expression for ng, cannot be calculated for an 
arbitrary body velocity, we confine ourselves here 
only to the case when Vy > VkKT/M. Neglecting u 
compared with Vj), we obtain 


\ 3/> 
] e—Mut/2kT 
2nkRT ) 


{= 


21Q2e2 4 Rp { M 
MeT VS" R, % f 


D) M 25 5 
x 1a — pr [V ou? — (Vou)?It. 


Calculating the integral of I with the aid of (21), 
we obtain 


Ly 


2,2 R 9 _ 
genie in V5 = (Von)?| [a —20(Vx 
q (2TSMV2) 2 To \ 


+ Qi (evax) ena 2ia| [2 UT (( er dx — Ve lee He 
: 0 


(45) 
It is easy to verify that this formula is suitable 
when 


q < | /ry, 


In the case when eQ/Rp « kT, the formula for Ng 
for q >> 1/r; can be obtained in the usual manner 
from the linearized kinetic equation, i.e., in the 
same approximation as used by Kraus and Watson? 
(a practically analogous calculation for the Fourier 
components of the potential was also made by 
Sitenko and Stepanov’). For the sake of complete- 
ness, we cite the corresponding formula: 


Ue ae {2 (Rog)* + 2 pac (\erar x Beh 
0 (46) 


ry = (MRTY?RTV,/Qe?n, In (Ro/r,)- 


Substituting (45) and (46) in (5) we obtain do. We 
shall not write out these formulas. 

In conclusion, the authors express their grati- 
tude to Ya. L. Al’pert for interest in the work and 
for discussions, and to A. V. Gurevich for discus- 
sions and for an opportunity to see reference 2 
prior to publication. 
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PROBLEM OF THE MASSES OF ELEMENTARY PARTICLES 
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The methods of superconductivity theory are applied to a Heisenberg type four-fermion two- 
component Lagrangian with cut-off. Owing to the rearrangement of the vacuum state, the two- 
component nature of the initial field does not hinder the appearance of a fermion mass. 

Boson excitations are found which are analogous to acoustic excitations in a superconductor. 
Interaction between the excitations is discussed. 


’ Ve shall consider the simplest Lagrangian, ! 
containing only a two-component spinor field u(x): 


L = —u*spu — = 4 (ugu) (u*gu*) 
= — u*opu — =) (u*o,u) (u*o,u). (1) 


Here to; = (0; 1);op =o;py =o" p — opp, ois the 
Pauli spin matrix and g = ioy. The Heisenberg 
operators u(x) and u’ (y) obey the usual anti- 
commutation relations { u(x, t), u*(y, t)} 
=6‘/x—y). We assume a cut-off at a large 
momentum A, the physical reason for which is 
not considered. The Lagrangian L is not invar- 
iant with respect to the operations P:x— — x 
and C:u— gu’, but is invariant under CP and T. 
From (1) we have 


opu + — A (ugu) gu* = 0. (2) 


We use the methods of the theory of superconduc- 
tivity in order to solve (2). Following the work of 
Gor’kov’ we introduce the quantities 


G, = Tu (x) u* (y)>, 


P= <u(x)u(y), A= ZA<u(x)gu(x)>; (3) 
where the symbol <...> denotes an expectation 
value for the physical vacuum. Taking into account, 
as in the theory of superconductivity, only qualita- 
tive effects connected with rearrangement of the 
vacuum, we obtain from (2) and (3) 
opGi(p) —Agk*(p)=—i, — opF*(p) + A’gG, (p) = 4) 

hye r = “A d*p 
A = —4\ dtp Sp (F* (p) g) = — iA \FeTArSe 
where d‘p = (27)‘dpdpy, p? < A2,6— + 0. 

Besides the trivial solution A* = 0, Eq. (5) can 
have a non-zero solution for the condition 
(47) AA? 5 1. |A|* then satisfies the relation 


ey eee aes ee 


po WAP 16 (4st)? 


lee 


Assuming that the mass m = IA | « A, we find 
that for (6) to be fulfilled it is essential that 
(47 )7AK? should be very close to 1, i.e. Am? <« 1. 
The hypothesis of such a connection between the 
interaction constant and the cut-off was put forward 
in Zel’dovich’s work.’ A more rigorous discussion 
leads to an integral equation instead of (5), with the 
constant » replaced by an irreducible four-pole. 
We shall find that this only changes the relation 
between the mass and the parameters A and A. 

It is convenient to go over to a four-component 
description. We introduce 


»= ie Le »G = <p (x) p (y)>. (7) 


Equation (4) then takes the form 

(p + m) G (p) = —i, (8) 
where p = YrPr =Y:P — YoPo, Yr being the usual 
y matrix in the Weyl representation. Equations 
(7) and (8) describe a Majorana particle of mass 
m: if we introduce the charge-conjugation matrix 

nie 0 

then 

Pe (x) = p(x) C = tp (x). 


With the notation of (7), the Lagrangian (1) takes 
the form 


L = — + yppp +A [(iprstp)?-+ (Ap)?] 
= —Lyppp + 2a (iprersy)?, 


We shall find collective excitations analogous to 
excitations in a superconductor.’ For this purpose 
let us consider the two-particle Green’s functions. 
There are six types of such functions corresponding 
to the number of possible antisymmetrical ~» com- 
binations: 


es = toa vores (9) 
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K, = 5 <i (x) Ys (x), ep (y) Ys (y)), 
== <b(x) ¥(x), LY) PY), 
Kr4= —K4r= 5 i (x) Yetep (x), ab (y) Ys (y)> 


As above, if we replace the irreducible four-pole 
bv the constant i, we obtain the following equations: 


K_(q) = IL (q) + iall_(q) K_(q), 

K. (q) = fe +(q) + éAIL, (9) K, (q) + id, (9) K,, (9), 
K,, (9) =I, (q) + inl, (9) K,(q) + iA (9) Kn, (9); 
H. = —\<? (op, +m’), H,, =—mg,\<2 = —I1,, 

: a (10) 
Wee = \2 5182 [Sn (PiP2 =H" =) a 2PirP2nl, 
Pi=p+q/2, Po=p—q/2, Si2= p?, + m°. 
2 (11) 


The excitation spectrum is determined by the 
poles of the functions K. From (11) and (10) 
taking account of (6), we find that in the region q 
<« A® the function Ky, does not have a pole, K, 
has a pole a = 0 and K has a pole at the point 
—q’ = 4m? — m’/In(A?/m’). Thus there exist 
odd-CP excitations of zero mass and even CP 
related to a two-particle state. 

Let us examine the interaction between the 
particles obtained. As an example we shall find 
the interaction between two fermions through ex- 
change of the massless ‘‘K, particle’’. The scat- 
tering amplitude of particles with momenta p,; and 
Pp, into the state with momenta p; and py, is given 
by the expression 


Ps, Pa\T exp {a \ | d4x (hive)? + 1 }| pape ae 


Let us look, for example, at the non-exchange 
term. The term of interest to us is of the form 


(i%5)3.1 (éYs)a,2 E = 75 | < ip (=) Tsp (5) , 


#(—S)rv(—3)p eat 


Using equation (10) for the expression in send 
brackets in (12) to the accuracy of terms ~ Am, 


(12) 


we obtain ‘ ; 
id’ (q) __ ik in, id 13 
a. +(1+ pa) =aroamw- ey 
According to (6) and (11) we have 
ik’ (q) _ in i (Ao)? 
2-2 (11, (0) — 11, ()] —g? [In (A?m®) —8/4 + 2(1 —f.cot@))” 
(14) 


where sin’0 = — q?/4m?. In spite of the smallness 
of the primary constant i, the effective interaction 
d’(q) is therefore not very small. As was pointed 
out by Zel’dovich,® a similar situation occurs in 
the problem of resonance scattering, which has 


some features in common with the model considered. 


We shall explain the relation between the re- 
sults obtained and the usual description of the 
interaction in the form 
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Lint — eitp (x) Yop (x) @ (x). 


The magnitude of e is determined by comparing 
(14) with the scattering amplitude for small values 
of q’, obtained by perturbation theory from (15). 
We obtain 


(15) 


9 9 “1 
ean? = [In — 3)". (16) 

Let us consider the question of renormalizations 
for the interaction (5). If we do not taken into ac- 
count, as in deriving (14), the correction to the 
function G and the vertex part, we obtain for the 
effective interaction, analogously to (14) 

— 4etD (q) = 4ie?/[q? + ie? 811, (q)]. 

Here the boson Green’s function D(x — y) 
=<y(x), g(y)> and Il, is given by Eq. (11). 
According to the rules of renormalization, we 
must subtract ie?8II1, (0) from the demoninator of 
expressions (7), after which (7) takes the form 


4ie2 2 2 
aap (i ae t= ==) 


@ Tay m2 4 
By comparing (18) with (14) we can verify that 
expression (16) does in fact determine the renor- 
malized physical charge of the usual theory: 
PS ts &% 1 Ag 3 | ie 
=a| a ; (19) 
It can be seen from (19) and (16) that (18) agrees 
with (14). In this way we can understand in the 
model discussed the calculated quadratically di- 
vergent ‘‘self mass’’ of a boson in the usual re- 
normalization. 
The authors thank S. T. Belyaev for valued 
advice. 


(17) 


2 


eo 
+ ar me 2(1— scott) | (18) 


Note added in proof (15 December, 1960): After our work was 
sent to be printed we became aware of a work by Nambu in 
which analogous results were obtained (Y. Nambu, Report to 
Midwest Conference on Theoretical Physics, March 1960, pre- 
print). 
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Pair correlation effects are studied for nuclei that are close to closed shell. Equations for 
the Green’s functions are obtained. It is shown that these equations are valid to within cor- 


rections of the order A~!/, 
stripping or pick-up reactions. 


1. INTRODUCTION 


‘Tuere are two main methods commonly used in 
the theory of superconductivity: the canonical- 
transformation method, developed in the ‘‘Bogolyu- 
bov papers’’,! and the Green’s-function method 
proposed by Gor’kov.? The canonical-transforma- 
tion method has been used by Belyaev® to study the 
effects of pair correlation in spherical nuclei. In 
papers by Migdal and his co-workers*® the Gor’kov 
method has been applied to the study of the influ- 
ence of superfluidity on the values of the moments 
of inertia of nonspherical nuclei. 

In all these calculations, however, an essential 
assumption is that there is a large number of cor- 
related pairs. For spherical nuclei this means a 
large number of particles in unfilled shells, and 
for nonspherical nuclei it means that the condition 
p& > 1 must hold, where p is the density of one- 
particle levels near the Fermi surface and A is a 
parameter that characterizes the energy of the 
pair correlation. It is interesting to examine the 
properties of nuclei that are near closed shells, in 
which the stated assumptions are not satisfied be- 
cause of the smallness of the number of nucleons 
above the closed shells. This situation calls for 
more accurate methods, which make it possible to 
treat pair-correlation effects in this case also. 

The purpose of the present paper is to general- 
ize the Gor’kov method so as to find the Green’s 
functions, the density matrices, and the pair-cor- 
relation energies in the case of nuclei that are near 
closed shells. 

We shall assume that we can describe the mo- 
tion of the nucleons in the nucleus by using the 
Hamiltonian 

H = > &,0, a, + $ > £44,%, a’,a_, a, , (1) 
i At 
where A is a complete set of quantum numbers 
necessary for the description of the state of a nu- 


A possibility is indicated for testing the results by means of 


cleon (the sets } and —) differ from each other 
only in the sign of the projection m of the total 
angular momentum of the nucleon along some ar- 
bitrary axis), © are the eigenvalues of the energy 
of the nucleon in the self-consistent field U(r): 


Hog (tr) = e29,.),. Ho = —(H7/2meg) V? + U ); 


Meff is the effective mass of the nucleon, and gy), 
is the interaction matrix element that leads to 
pairing. The stated Hamiltonian assumes that the 
interaction between nucleons that leads to pairing 
occurs in states with opposite signs of the angular- 
momentum projection m. The part of the interac- 
action that does not lead to pairing is taken into 
account by the introduction of the self-consistent 
field and the effective mass of the nucleon. 

For the further exposition we need Green’s 
functions of the system of N nucleons, defined in 
the following way: 


GRY (v)'= ie" (Oyaye “ayy, tO 
Gi (t) = ie ®N* (yay ec" a,Dy>, 1 < 0; 
Gy (t = 0) —G; (x= 0) = —i. (2) 
Let us also define the functions 
PY (a) 1) 2 Pk <Onagia er a, Oye 
FX~ (0) = (—1) *e “=8* Dyan ea, Dy_»), 120: 
Fite (0) cers (0); (3) 
where jy is the wave function of the ground state 
of the system of N fermions, Ey is the energy of 
this state, and (— 1)A = sign 2X. 

By the use of the definitions (2), (3) it is easy to 
obtain the spectral expansions of the Green’s func- 
tions. In particular, we have for the functions 
ExT): 


FG) =) Oe oa 
x (Dy 41, sa, Dy) exp {—i (Ewar,s— Ey) th, 
FX (®) S (1) opal ORES 


XCD, 504 Dyas) exp (—1 (Ey = Eyeyh ty eta) 
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Prec es Hamiltonian (1), we get the equations represented in as simple a form as the wave func- 
ie unctions (2) and (38): tion of the nucleus just mentioned. For two nu- 
ee = e) GN (v) 4 iD gaeE™" (Oya) be ays i: cleons above the closed shell there are already 

a important pairing effects, which lead to the 


(i2 ae Val i Sen, Soe een “smearing out’’ of the pair of particles over an 

\ NEN ’ entire subshell of the given shell. Owing to this 
2 eet ae \ FY we must write the wave function of the ground state 
ty + 2) Fa (t) of a nucleus with two nucleons above a closed shell 

J oa r in the form 
a > (—1)* Gr, r€ aN (Dy 42 bane ak a, @M,> = 0, 
ra 

D, = D) CjCimj—mbim Dy = = Debs © (6) 


[10 9 =— \ N- m 
(a= bw + €x) Fa (t) ee B 
he where by = axa‘, is the operator for production 
4 x Cabin’ ec a =. (5) of & See | Cj |? is the probability of finding the 
ie : pair in the subshell j, and 4 is the wave function 
DGG, 20 = Exes — Ey, Qu, = Ev — Ey-»- of une closed shell as perturbed by the presence of 
pairing; the summation is taken over all states i. 
N= > Pee After these comments, let us go on to the deri- 
Se Ga (0): vation of the equations for the Green’s function 
. G}. On the basis of the form of ©, and the com- 
In order to get equations analogous to the Gor’kov mutation rules, we have in the main term of the 
equations for the Green’s functions, it is necessary second equation in (5): 
oO: find a connection between the functions Gy and 
F}. Such a connection can be obtained if we can 
calculate the mean values of products of four Fermi <i Yo, iat ea" .b,02). (7) 
amplitudes that appear in Eq. (5). The main con- se 
tent of the present paper is the calculation of these Let us consider the first term in the right member 
averages in the approximation A~/3 for nuclei that of Eq. (7). The effect of the pairing on the closed 
are near closed shells. It must be emphasized that shell can be treated by perturbation theory. There- 
in the existing theories the parameter on which all fore for rT=0 
the approximations are based is the large number 
of places in the subshell that is in the course of 20, 4 Br (Doe 2” xbr,Dp) = 2eh 21g ms Dybr,P2). 
being filled (Q = 2j+1> 1). This limitation does 
not exist in the method that is developed in the 
Lh ibilit iti cs 
precont Pea 4 poseibi Post dine (ee jedue The dependence of this four-pole on T is asso- 
tions for the Green’s functions G) and of the fol- ; : 3 : ‘ 
: 4 ; ciated with the fixed index A. Therefore the time 
lowing recurrence scheme for their solution was : Mags oi : 
: ; 6 dependence of the first term is, in first approxima- 
pointed out by Migdal. 


By definition 


(Oa; ea", 1260, = 2cr <D,a_, e STON 


A 


Here the difference between ®j and ) is import- 
ant because of the summation over )4. 


tion: 
: u (Eyre : 
2C4 > Bu, (Doa-,e "a * 6),0,) = 20,€ ier 5 Zar, <Dobn,D2>. 
A 


Ay 


2. THE GREEN’S FUNCTION FOR TWO NUCLEONS 


ALN a a The difference between ®j and 4, is due to the 

We begin the accomplishment of the program we transition of nucleons from the filled shell into the 
have indicated with the treatment of nuclei with unfilled shell. For this reason there occurs in the 
two nucleons above a closed shell. We shall as- second term of Eq. (7) an additional oscillating 


sume that there is no pairing in the nucleus that factor of the form e!?“07, where w, is the dis- 
corresponds to the doubly closed shell. Let #9 be tance between the shells. 
the wave function of the doubly closed shell. If we By means of the commutation rules we find that 
neglect the perturbation of the self- Coen field for t= 0 the second term is of the order of magni- 
by the addition of one nucleon (an Av effect ), tude of 
then the wave function of such a nucleus can be 0, <Djby,D,). 
written in the form 4; = ago, where % is the 
state in which the odd particle is placed. 

The wave function of the nucleus with two nu- 
cleons above the closed shell already cannot be 


Thus for T = 0 the first and second terms in Eq. 
(7) are of the same order of magnitude. Solving 
Eq. (5) for Gy (7) by using both the first and the 
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second terms, we can convince ourselves that the 
ratio of the contribution of the second term to that 
of the first amounts to a quantity 

—~ (&, — He)/(&, — Pe + @o); 
where 2p. = Ey — Ep. 

This ratio is small if the states A are close to 
the Fermi surface (€ — Hl) K #9). Therefore to 
accuracy ~A-'/? the equation for Gy (tT (7) is of the 
form 

2- #7 L(2p2- €)7 , 
(iz - e,) G(x) — ice Digan, Dy D2) = 0: 
a (8) 


It is convenient to put this equation in the form 
(i0/Ov — en) GF (x) —iA,FF (t) = 0, (9) 


i= Se Sy Oy s10) 
Xr 


where the summation is taken over all A, without 
exception. 
In Eq. (9) we have introduced the notation 


F% (x) = 2c, (—1)" 


It is not hard to see that FX (7) can also be repre- 
sented in the following form: 


exp {— i (2p, — €) 7}. 


Roa (a y= (a1), tea D0, cca Oo (11) 


In order to find the Green’s function from Eq. 
(9), we must determine FX ( T). For this purpose 
it is convenient to introduce the function 


Fy (x) =(—1)'e"". ya ye "a, D), (12) 


with 
Fi (0) = FX" (0), r= 0. 
Equations for the determination of se (7) eand 
F\*(T T) follow from the equations (5) by a procedure 
like that used to get Eq. (9). These equations are 
(i0/Ov — Qn, +e) FX (x) =0, 
(i0/0v — Qo + &) FX (t) + iA,GY” (x) = 0, 


where en *(7) is the Green’s function of the magic 
nucleus: 


(13) 


GY (t) = ERS 


By means of the spectral representations (4) we 
get the following solutions of the system (13): 


FX" (xt) = — 4A, (e, —p,) * exp{—ient}, 
Et) = = Ay (@x— He) » exp {— i (2p, — &)) tT}. (14) 


Using Eq. (14), we get the solution of Eq. (9) in the 


form 
Gye (uy i |g) 2 ys) [Pexp {—i (2p, —e,) tT}. (15) 


A comparison of the functions Gy Cr) "and 
FS (7) with their general expansions (4) shows 
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that, as had been assumed, the excitation energy of 
the nucleus with one particle above the magic core 
is determined by the one-particle model, AE; 

= € —€,- Besides this, by means of the Green’s 
functions Gy and FS we can obtain the following 
matrix elements: 


>| | (O24), ®,;> i = | A./2 (€, — Me) lag 


| 5} <@,a% D,,> <P," ,Dy>| = | Ao/2 (ex.— a) |, (16) 


where the summation is taken over all states 1, 
that correspond to a fixed excitation energy Aki, 


= ES Ero: 
Since 


D, = dob, Do, 
r 


the formulas (16) can be simplified for states Bi, 
=ajg%o, and the two formulas reduce to one: 


(17) 


| <D.b; Do> | = 


Thus the functions Gy and Fx found above do not 
contradict each other. 

The quantities yy» and A, that appear in the ex- 
pression (15) for the Green’s function are deter- 
mined from Eq. (10) and the normalization condi- 
tion for the Green’s function. In Eq. (10) the sum 
over filled states can be included as a renormali- 
zation of the matrix element g)),. If besides this 
we assume the renormalized matrix element to be 
constant and equal to g, we then get the following 
equation for the determination of vy» and A;: 


l= 2112 (e,— ba)”, 2 = 9) Ai/2(e (18) 


where the summation is taken over the states in 
the unfilled shell. 

We can obtain an estimate of the quantities p, 
and A, by considering the limiting case of a single 
level (Sec. 4). In this case 


2 (€, — pa) = |g |, 


where Q is the degree of degeneracy of the level 
(a ~ A!/3). Thus near a closed shell the density 
matrix 


AL =e V 2, 


pf) — | Ag/2 (e, — pe) |? 
is of the order Aa, 


3. THE GREEN’S FUNCTIONS OF ODD NEARLY 
MAGIC NUCLEI 


By using the results of the preceding section, it 
is not hard to find the equation for the Green’s 
functions of odd nearly magic nuclei. Let us begin 
the discussion with the case of one nucleon above 
the closed shell. The wave function of the ground 
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state is 6; = aj). It follows from Eq. (5) that in 
this case Gy (T) satisfies the free equation 


(i0/Ov — €,) Gy 


and the equation for Gs *( 


(t) = 0; (19) 


T) is of the form 


— id,_a, »S gone 
oe (20) 


(i0/0t — &) Gy (t) = 


As was to be Spee ctee pairing effects appear in 
the function Git (7) only for X = — 9, since the 
odd particle ee in the state Ap. 

It is not hard to see that the right member of 
Eq. (20) cannot be calculated by the method of sum- 
mation over the intermediate states $,, by leaving 
only the term in the sum that corresponds to the 
ground state #,. In fact, we have for example 
<@yb ahr bo > = = il. whereas <Pyby ) > < Bob, By > 
~A/3 (cf, Sec. 2). 

Let us try to find the function G}*(7 
the known solution for Gy ( 7). 
A #+ Apo, 


) by using 
Obviously, for 


GG =e 
Furthermore, 
Goag=0; GS. (0) =— 1. 


Therefore, in accordance with the spectral repre- 
sentation, the function Git (7) must have the fol- 
lowing form: 


Gy (t) =i (8, — 1 + 83-2,B) exp {— ie,7} 


—- Loy exp {— if (2. == €) ilies (21) 


The first exponential corresponds to the free mo- 
tion of particles in the excited nucleus with two 
particles above the core and the second to the 
ground, paired, state of this nucleus. 

The coefficient B is determined by a compari- 
son of the spectral representations for Gy and 
Gy with the expressions (15) and (21); es get: 


= | <D,a_», D2» |? = | Ap/2 (2, — pe) ee (22) 


Thus 

Ge (a) = 4 (On, — 1+ dn, | As/2 (er, — we) |”) exp (— en} 
— id,-r, | Ao/2 (€. — we) P exp {— i (242 — €2) tT}. (28) 

A comparison of this expression with the general 

expansion of G}* leads to the following relation 

(A # Apo): 


Pic Og, 0.) = (24) 


1 — | A,/2 (€, — pe) |? Sa-ay> 
where the summation is taken over all excited 
states ), that correspond to a prescribed excita- 
tion energy AEgg = €\ — €Ay + 2 (AQ — Ha). Also 
it is not hard to see that the function Gy *(T) de- 
fined by Eq. (23) satisfies the equation 


y —iHt,+ 
<Dobr,e D> 0 
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(i0 | Ov — &) GE (1) + i6y-,. AsF% (t) = 0. (25) 


Let us consider a nucleus with three nucleons 
above the closed shell. In this case the wave func- 
tion of the ground state is of the form 


D, = a), Dp, (26) 


where 

®D, = Yond, O 

A 

is a state with angular momentum zero, which in 
general does not coincide with the wave function 
®, of the ground state, owing to the perturbing ef- 
fect of the third particle on the pairing. Obviously 
in the ground state ®, the one-particle state with 
angular-momentum component — Ay is a free 
state.’ Therefore the Green’s function for this 
state is 
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It is also not hard to see that to accuracy ~A~!/ 
by taking off the odd particle in the state AQ [this 
process is described by the function Gi ( T)] we 
get a nucleus with two particles above the closed 
core in the ground state. It is not hard to make the 
calculation for this case, if in the equations of mo- 
tion we estimate the terms that arise owing to 
pairing by breaking the expression up into a sum 
over intermediate states and keeping only the 
ground states. By using the spectral representa- 
tion we thus get: 


i, (vt) = iexp {—i(E3 — E.) 7). (28) 


For A’ # + Ay the Green’s function G(T) is ob- 
viously determined like the function Gy ( 7) for the 
two particles above the closed core. In fact, by 
using the wave function ®3 of the ground state and 
the hypothesis that there is only one paired state 
for this nucleus, we find from Eq. (5); 


(id [Ot — 8) Gi (t) — iAgFx (v) = 0, 
(G0: / 00 — Que or.) Fx (1) = 0; 


(70 Ov — Qu, + e) Fk (4) Fe iAsG), (x) =0,, (29) 
where 
As = S' gna, (— 1)"™ Fi, (0). (30) 


at 
In these equations the functions F)(T) are defined 
by the general formulas (3), and the respective 


spectral representations (4) hold for them. It fol- 
lows from these definitions that 
FY (0) = FX (0) =0 for 4 = +). (31) 


Therefore two terms (Ay = + Aq) are absent from 
the sum (380). 

The solution of the equations (29) obtained by 
using the spectral representation is (A = + Ao) 
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FY (= — = Ag (&,— bs) exp {— ieat}, 
PS (t) = — + As (ea, — ls) exp {—i(2ps — 8a) t}, 


GX (t) =i|As/2 (ex, —ps) |?exp {— i (Qu3 — a) t}. (32) 
The quantities 3; and A; which characterize the 
pairing in this nucleus are determined from the 
normalization conditions and Eq. (30). Recalling 
the relations (28) and (31), we have: 


I ae ral a — 8a, — 9n_a, ) / 2 (ea — 3), 
r 


2 = >} | As/2 (ex — Hs) 2 (1 dna, — daa), (83) 
A 
where g is the renormalized matrix element (Sec. 
2); 
By means of Eqs. (33) and (18) we can calculate 
the differences 3 — 2 and A; — A>. In first ap- 
proximation we find: 


Hs — Ps = Ag /4 (ea, — Ma), 
Ay — Ap = — 1+, [Ag /2 (en, — pa)]! As. 
It follows from this that the pairing energy in an 
odd nucleus with three particles above a closed 


core is smaller than the pairing energy in the pre- 
ceding even nucleus. 


4, THE LIMITING CASE OF A SINGLE DEGEN- 
ERATE LEVEL 


In the limiting case of a single degenerate level 
the derivation of the equations for the Green’s 
function is decidedly simplified. This simplifica- 
tion arises from the fact that the wave functions of 
the ground and excited states are known in this 
case.’ The resulting system of equations for the 
Green’s functions is, for an arbitrary number N of 
particles in the given degenerate level: 


(id | Ov — e, — 2g) GN” (x) —iAy FR" (x) = 0, 
(id | Ov — Qpy + en) Fx” (x) + iAy GN’ (x) = 0, 
(i0 /Ov—e) Gy (t)— iAy FX (x) =0, 
(10 / Ov — Quy + en + 2g) FX (x) + iAy GR (x) = 0. (84) 
The initial conditions are 
Gx" (0) = GX (0)—i, 42 =H, FR'*® (0) = FR" (0), 
N=—i> GY (0), A¥= Sen, (—1)Fh* ©), 
rN ne 

gS Qire 


The equations (34) are obtained by breaking up the 
four-poles in Eq. (5) into sums over intermediate 
states. Because of the properties of the wave func- 
tions of the ground states, these sums contain only 
one term, which corresponds to the ground state. 
By means of Eq. (15) one can proceed by recur- 
rence to find the Green’s functions for all the nu- 
clei that correspond to the filling up of the given 


I. DROZDOV and D. F. ZARETSKII 


level. The recurrence scheme is treated independ- 
ently for the even and odd nuclei. For the begin- 
ning of the recurrence scheme one needs to know 
the explicit form of the functions FX ( 0) and 

FS ( 0), which are calculated by means of Eq. (3). 
Using the initial conditions and the spectral repre- 
sentation we get 


G2" (t) = i (2 — Q) Q* exp {— i (e, — 2g) 7}, 


Gi (rv) = i2Q 1 exp {— i (ea + gQ) 1}. (35) 


In this case the energy of the ground state of the 
nucleus with two nucleons in the unfilled level €) 
turns out to be 


For the first odd nucleus the pairing will mani- 
fest itself only in the state — A) which is coupled 
with the state A) in which the odd particle is placed. 
Therefore Gh ( T) corresponds to the free motion 
of the particle 


Gy (t) = ipa, exp {— ie}. 


At the same time Gy" ( T) becomes unfree for ) = 
= Ag: 
GY (t) = i (8x, — 1 + 8-2, 2274) exp {— ieat} 


— i16)_9,2Q7 exp {— i (€, + gQ) 7}. (37) 


In the case of a nucleus with three nucleons in 
the given level the wave function of the ground 
state can be written in the form 


O, = a}, Dy, (38) 


where A» is the state in which there is an odd par- 
ticle, and 4 differs from the wave function ©, of 
the second nucleus by a factor which is obtained 
from the normalization requirement for 93: 


®, =V2/Q—D®,. 


Using the wave function 3, one can easily ob- 
tain expressions for the Green’s functions of the 
third nucleus: 


Suc) = i |Z exp ¢ i [& + g (Q — 2)] +} 
—2 


ae Ge Ckp i (ex 2g) 3} ‘ Gy (0, 
GY (t) =ig*sexp{—ifat+g(Q—Dr, ALLA: 
Gx (t) = — i[-= exp {— i (€, — 2g) t} 

+s exp (—ifeat+g@—219)], Gi @=0, 


és [eG 
Gs (t) = in —5exp{—i(e,—2Qg)t}, ALA. 


(39) 


By using the results for the second and third 
nuclei and the recurrence scheme which has been 
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indicated, one can obtain the parameters of a sys- 
tem with an arbitrary number N of particles. In 
particular, the energy of the ground state of a sys- 
tem with an even number of particles is 


Ey = Ne,+—Ng(Q—N +2). (40) 


This expression agrees completely with the quan- 
tity obtained by Mottelson.’ At the same time, the 
method of quasi-particles gives for this case an 
expression that agrees with Eq. (40) only in the 
limit Q > 1. 


CONCLUSION 


A direct experimental test of the results ob- 
tained here can be made by means of stripping or 
pickup reactions. In fact, a knowledge of the den- 
sity matrix gives direct information about the nu- 
clear matrix element that determines the cross 
section of the stripping reaction. For example, 
for the case of a nucleus with two nucleons above a 
closed shell 


pi) = Dl (@,a;D,;> 
s 


2 —|A,/2(e, — pe) [°, 


where all the states s refer to a given level &- 
If the independent-particle model were valid, then, 
for example, a pickup reaction could occur only 
from states corresponding to the single level «y. 
In the presence of pairing the pickup reaction 
can also occur from other levels €,. For constant 
A, the ratio of the squares of the corresponding 
matrix elements is given by 


| (Ea, — Be) / (Ea. — Pe) [?: 


Since Smale is a quantity of the order of Ey 
— pl, this ratio is of the order of unity. Therefore 


in principle the pickup reaction can occur for all 
states inside the shell that is being filled up. In- 
cidentally, such reactions can be used to test the 
hypothesis of the constancy of A. The considera- 
tions that have been given are of course valid for 
all spherical even and odd nuclei. If, however, the 
number of nucleons above the closed shell is large, 
other effects become important, which can mask 
the pair-correlation effects. 

In conclusion the writers express their deep 
gratitude to A. B. Migdal for proposing this prob- 
lem and for many suggestions. 
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The polarization of recoil protons and scattered » mesons during the scattering of polarized 
u. mesons on unpolarized protons is computed by taking into account the proton electromag- 


netic form factors. 


We report here the calculated polarization of the 
recoil protons and scattered mesons in the scat- 
tering of polarized mesons by unpolarized pro- 
tons at rest. The form factors of the protons are 
taken into account. The calculations were similar 
to those carried out for electrons,‘ the only ex- 
ception being the account of the 4 -meson rest mass 
me 

We shall define the polarization of the recoil 
proton in terms of a vector Z$, the average value 
of the spin operator in the rest system. The po- 
larization vectors for the incident and scattered 
y=. mesons are denoted ¢{ and £3, respectively. It 
is convenient to resolve the polarization vectors 
into longitudinal and transverse components, de- 
fined for the incident meson in the following 
fashion: 


G7 = GDv/ | Pu) ie Gly Gtr (pil) (pals (1) 


Here n = (py X p2)/| (pi X P2) |, where p,; and pp» 
are the momenta of the incident and scattered 
mesons. For the recoil proton and the scattered 
meson the definitions are analogous to (1). 
We obtain for the polarization of the recoil 
protons 
Zot = Outer + ont, 
Zot =Outrt ont, Ly =oster,  — (2)* 
where 
Oxy = 2ZMnyx (1 + p) [5° — n§ — m? (1 + y)/ M?], 
oi = myx (1 + p) tg O[2n + 2n— — E2? + m?/ M2], 
oy = MEx (1 — pm) tg 0 [E?— 2nF — 2n — m?/M?], 
Obes = — 2Zmmx (1 — py) (1 + §), 
Coa—= — 2mm (1 + p)(1 —pn)/ MN, 
x= (n/(n-+ 1)" +p) /la IN, 
N =n (1 + p)? (2n — m?/M?) + (1 + pm) (§? — 2n§ — n). 


*[p, nl =p, xn; tg =tan 


We use the following notation: “ — scattering 
angte, £ = E,/Myu = b/a, 4 = (pp; — py) 74M By 
— energy of incident meson, a and b — electric 
and magnetic form factors of the proton, respec- 
tively.! 
For the polarization of the scattered , mesons 
we have 
Cor = Bula + Buber, 
Gls Bale Baty, Gao = Basu, (3) 
where 
Bre = {(1 + pm) [E (E — 2m) (1 + cos?) — 2y 
— m* M™* sin? 6]+ 2 (1 + p)? [E (§ — 2n) sin? 6 — 2n 
— m?/ M*}}/2N cos%, 
Bie = msin O[(1 + pq) (m—§)+n(1 +4)? + 2n)]/ MN, 
Bu = msin 9 [(1 + py) (§ — n) —H(1 +p)? 6) / MN, 
Ba = {(1 + p?n) [§ (§ — 2n) (1 + cos? 0) — 2n — m? M? sin? 9] 
— 2H (1 + p)? m?M™ cos? 9} / 2N cos 9, 


Boo = {(1 + pn) (6? — 2n§ — n) — m’y (1 + p)?/ M?}/ N. 
The proton form factors contained in these 
formulae are determined from electron-scattering 
experiments. The only assumptions made in the 
derivation of the formulae were that the first Born 
approximation in the electromagnetic field is valid 
and that the , meson is point-like. Consequently 
if the deviations from these formulae exceed the 
corrections of the second Born approximations, 
this will serve as evidence of the presence of 
f -meson structure. 


'Akhiezer, Rozentsveig, and Shmushkevich, 
JETP 33, 765 (1957), Soviet Phys. JETP 6, 588 
(1957). 

Le) ase Frolov, JETP 34, 764 (1958), Soviet 
Phys. JETP 7, 525 (1958). 
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SINGULARITIES OF THE SCATTERING AMPLITUDE IN PERTURBATION THEORY 


A. Z. PATASHINSKII, A. P. RUDIK, and V. V. SUDAKOV 
Submitted to JETP editor July 29, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 298-311 (January, 1961) 


The asymptotic behavior of the position of the singularities of the ‘‘open envelope’’ (Fig. 3) 
perturbation-theory diagram is studied for one of the invariants that tend to infinity. It is 
Shown that in the general case the ‘‘open envelope’’ has two singular curves. A method is 
developed for reducing the problem of determining the singularities of any perturbation 
theory diagram with four external lines to the problem of the ‘‘open envelope’”’ diagram 
(Fig. 1) with certain effective masses of virtual particles. Minorants are established for 
the effective masses. The results are applied to a perturbation-theoretical analysis of 17, 
KK and NN scattering in the case when one of the invariants that characterize the scatter- 
ing amplitude tends to infinity. It is found that under these conditions the mm scattering 
amplitude has no anomalous singularities in any perturbation-theory approximation. Con- 
ditions are indicated under which the absence of anomalous singularities in the perturbation- 
theory diagram can be established in a number of cases for KK and NN scattering ampli- 
tudes. 


1. INTRODUCTION Ry Bala 


‘Tae present work is devoted to an investigation of 
the status of the singularities of the scattering 
amplitude in perturbation theory. For greater 
clarity in formulation, we recall the properties 
possessed by the singular curves of the simplest 
diagram of perturbation theory (Fig. 1), which has 
been analyzed in detail by Karplus, Sommerfeld, 
and Wichman,! Landau,” Mandelstam,* Kolkunov, 
Tarski, and Vladimirov.® 

In view of the conservation of the 4-momenta of 
the scattered particles, the 4-momenta of the 
scattered and virtual particles for any perturba- 
tion-theory diagram will lie in a 3-dimensional 
space.”*" It is convenient to use as the basis vec- 
tors of this space the following three linearly- 
independent 4-vectors: 


W = py fon, Q= Pia fs, P= Pr cipsy, (1-1) 
If we put pp=Mj(i=1,...,4), then 


4 


FIG, 2 


2QW = M2— M2— M2 + M?, 
2W P = M?— M2 + M2— M2, 2QP = Mi + M;— M;— Mi, 


the singularities only with real invariants. At the 
© ait ahi Gina ea. ane (1.2) singularity, a certain connection exists between 

As follows from (1.2), the vectors W, Q, and P w?, (Ole and the masses of the virtual particles. 
are orthogonal if M; = M2 = M3 = My. Figure 2 shows cases of singular curves for the 

The scattering amplitude is characterized in diagram of Fig. 1 (the mass Mjk corresponds to 
general by six parameters. It is convenient to use a virtual particle going from the vertex i to the . 
as these parameters the four quantities Mi and vertex k). In accordance with the standard termi- 
two invariants, say W? and Q”. We shall consider nology, we shall call singular curves of type a 
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(Fig. 2) normal, while singular curves of type b, 
c, and d will be called anomalous. We note that 
a characteristic of normal singular curves is that 
they are completely contained in the domain | @Q? | 
> (my + ms,)2; |W?| > (myg + m4), while ano- 
malous curves are partially located outside this 
domain. 

The question arises of the conditions under 
which anomalous singularities occur for perturba- 
tion-theory diagrams that are more complicated 
than Fig. 1. An attempt to answer this question is 
made in the present paper. The analysis is car- 
ried out in the asymptotic case, when one of the 
invariants tends to infinity. As a criterion of an 
anomalous singular curve we use the condition 
| W?(Q*)|<|W*(@)|. 

We investigate first the singularities of a dia- 
gram of the ‘‘open envelope’’ type (Fig. 3) and es- 
tablish the asymptotic conditions for the existence 
of anomalous singularities. It is shown that, unlike 
the diagram of Fig. 1, the singular curve of the 
‘‘open envelope’’ has several branches. 


3 PB 


Py, & 
FIG. 3 


4M 


We then consider an arbitrary complicated per- 
turbation-theory diagram. It is shown that its 
singularities coincide in the general case (and not 
only asymptotically ) with the singularities of an 
‘‘open envelope’’ diagram, in which the masses of 
the virtual particles are replaced by certain effec- 
tive masses that depend on W® and Q*. In the gen- 
eral case one succeeds in finding a minorant, in- 
dependent of the values W’ and Q?, for these 
effective masses. This makes it possible to verify 
in the asymptotic case the conditions of existence 
of anomalous singularities for several classes of 
perturbation-theory diagrams. The method de- 
veloped is applied to the analysis of pion-pion, 
kaon-kaon, and nucleon-nucleon scattering ampli- 
tudes. 


2. METHOD OF DETERMINING THE 
SINGULARITIES 


The singular curves of perturbation-theory dia- 
grams are determined by a method proposed by 
Landau.’ It will be found more convenient, however, 
to modify somewhat the original Landau equations 
of references 2 and 7. Instead of the 4-momentum 
Gik Of the virtual particle travelling from the ver- 
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tex i to the vertex k, we introduce the 4-vector 
Ai. = Vikdik (@ik = — @ki)» where Qj, is the Feyn- 
man parameter of the virtual line ‘‘ik.’’ In addi- 
tion we introduce instead of Qj, the quantity Bik 

= 1/ai, (1 = Bik =~). Then the initial equations 
tor finding the singularities of any perturbation- 
theory diagram have the following form 


SY Bin Qin = is (2.1) 
(h) 
Ss} ar, = 0, (222) 
fe 
(c) 
Min = Bindin- (2.3) 


Equations (2.1) express the law of conservation 
of 4-momenta at each of the vertices of the dia- 
gram (for internal vertices pj =0). The summa- 
tion in (2.2) is over each independent contour of 
the diagram. Equations (2.3) signify that the vir- 
tual particles lie on the energy surface at the 
singularity. Simultaneous solution of the system 
(2.1) — (2.3) yields the dependence of Q? on W? at 
the singular point of the diagram. The prime at 
the summation sign in (2.1) indicates the absence 
of the term with i=k. 


3. THE ‘‘OPEN ENVELOPE’’ DIAGRAM 


Let us consider the system (2.1) — (2.3) for the 
‘‘open envelope.’’ In this case there are four ver- 
tices and six 4-vectors ajk, ViZ. A49, A44, Agq, Any, 
ai3, and a3. Using (2.2) for three independent 
contours, we can express the vectors ag,, a43, and 
ao3 in terms of ajo, ay4, and a3,. Next, introducing 
in lieu of pj the vectors W, Q, and P [according 
to (1.1)], we transform (2.1) into 


Qy2 (Bie + Bos) + G14 (Bia — Bos) — Ag4 (Bsa + Bos) = Q, 
— 2 (Bos + Boa) + Ara (Biz -+ Bia + Bos + Boa) 


+ G34 (Bis + Bes) = W, 


Qy2 (Bie + Boa) + Qa (Bis — Boa) + Aga (Bis + Bsa) = P. (3.1) 


Using (3.1) in conjunction with (2.2) we can ex- 
press all the a; in terms of 8, P, and the vec- 
tors Q, and W. The appropriate formulas are 
given in Appendix I. Using these values of aj, we 


obtain, after substituting in (2.3) and eliminating £B, 
the singular curve Q? = Q? (W2). However, the 
process of eliminating is in general exceedingly 
cumbersome.* We therefore confine ourselves 
merely to a consideration of the asymptotic case 
Q’— ©. This of necessity implies Big > © and 
B34 


*The system (2.3) can be solved easily only if the ‘‘open 
envelope’’ has a high degree of symmetry.° 
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Introducing 
Yin = Bir / (Bis = Baa —I Bos ++ Boa) (Y1is + Y1a + 23 + Yoa = 1) 


we obtain from equations (A 1.2), (A 1.3) and (za); 
accurate to terms that tend to zero, 


Mis = WwW (Yis + Y14)(Y23 + (faa) — [My (Yas + Yea) 
= M3 (is + Yia)] = Q? (Yis¥2a— Y14¥e3) / Ysa, (3.2) 

M4 + Ww? (Y13 + Yes) (Y14 + a) = [M3 (14 + Yea) 
i Mi (Y1s + Yo3)] = Q° (YisY2a — Y1a¥23) / Y12- (3.3) 


Before we use the remaining equations of (2.3), 
let us note the following important fact. Generally 
Speaking, the system (2.1) — (2.3) for the ‘‘open 
envelope’’ is on the whole a complicated algebraic 
system of thirty-sixth order. There is therefore 
no a priori guarantee that the solution of this sys- 
tem is unique. In fact, even for the simplest per- 
turbation-theory diagram, that of Fig. 1, there are 
two solution branches. To be sure, one of these 
branches is fictitious in view of the condition B = 1. 
But in the case of an ‘‘open envelope,’’ for which 
the system (2.1) — (2.3) is more complicated than 
that for Fig. 1, it turns out that the condition B = 1 
is not sufficient to single out one branch of the 
solution. We shall determine all the possible solu- 
tions for the ‘‘open envelope’’ under the condition 
Q* — «. The various solutions differ in the manner 
by which Q? = Q*( jo, B34) ~ © as Bi2— © and 
B34 ©. It is obvious from (2.3) and from (A 1.4) 
— (A 1.6) that Q4/ ( Bass 834) Cannot tend to a con- 
stant value as By. —~ ~ and £3, —~ © and when 
kK >1. Consequently, only the following two princi- 
pally different cases are possible: x <1 and x=1. 

We consider first the case k < 1. Then, as 
shown in Appendix I 

|W | Ee YisYo4 — Y14T23 


113 + M4 ++ Meg + Moa | 21234 (113 ++ Mma ++ M3 4- Meg)? 


; Q4misMo4 (3.4) 
"8 (12 ‘{s4)? (13 + maa +1M23-+-1M21)° 
1113/24 — 111423 
YisT2a — T1238 = Cragg E rmaa + ins E24)? 
| Q? My3IM24 (3. D)) 


T DQrro%aa (tz + mia + 13 + Mo4)4 


The value of x depends on the value of 
€ = m43M 4 — My4M3. There are two possibilities: 
a) € =0 and b) «=0. 

a) If € = 0, we can neglect the second term in 
(3.5) and the third term in (3.4). It follows then 
from (3.2) and (3.3) that x = 1, and Q7y42 (or 
Q/y34) remains constant as By, ~ and B34 —~ ~.* 
Since the right halves of (3.2) and (3.3) are propor- 
—*The connection between §,, and ,, can be readily ob- 
tained from (3.2) and (3.3). 
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tional here to the deviation of the quantity 

| W |/(my3 + my4 + M3 + m4) from unity, the fol- 
lowing conditions should be satisfied for the case 
of the anomalous singular curve, when |W| < (m4; 
+ Myq + Mg2 + M3) [the quantities y43, y44, Y235 
and yo4 in (3.2) and (3.3) are now replaced by their 
values given in (A 1.14)]: 


9 
- M; (23 ++ Moa) + M3 (tmy3 -+- my4) 
_ M13 +> Mig + M23 + Mog ‘ 


(3.6) 


Mis + (ty3 + 1My4)(Mo3 ++ M4) 


M2 (144 -+ Moa) + Mi (m3 ++ Mp3) 
m3 + Mya -+ M3 + Moa 


(3.7) 


ma, + (1713 ++ Meg)(M14 + M4) << 


Let us analyze the inequalities (3.6) and (3.7). 
When both inequalities are satisfied, the ‘‘open 
envelope’’ has asymptotically anomalous singular- 
ities. It is obvious that as the masses of the vir- 
tual particles are increased these inequalities are 
less and less satisfied. When both inequalities 
(3.6) and (3.7) are violated, the singular curves 
are of the normal type. Finally, when one of the 
inequalities, either (3.6) or (3.7), is satisfied while 
the other is violated, the ‘‘open envelope’’ has no 
singularities as Q? — ~. 

b) If € = 0, it follows from (3.5), (3.2); and 
(3.3) that k =%{ and QYyy.yi3 (or Q/yioy34) Le- 
main finite as By. ~ and B3, > ~. Further, it 
follows from (3.4) and (3.5) that when € = 0 the 
value of |W |/(m43 + my4 + M3 + Mg4) is always 
greater than unity: 


3Q* 113 Mea 
8 (mys-+rys + mo + M24)° (Typ Yaa)?’ 
(3.8) 


that is, in case b) the singular curves are of the 
normal type. 

Let us note another fact. As follows from the 
derivation of all the formulas in the present sec- 
tion, the results obtained for the ‘‘open envelope’’ 
can be directly generalized to the case of the 
simpler diagrams shown in Figs. 1 and 4. For 
this purpose it is necessary to put By, = B.3 = 0 for 
the diagram of Fig. 1, and £,,= 0 for the diagram 
of Fig. 4. Now the case b) becomes impossible for 
the diagrams of Figs. 1 and 4, by virtue of the 
condition 813824 = 0, and the solution obtained is 
unique: Q*/B,.(or Q¥B3,) tends to a constant value 
as By.— © and B3,— ~. The conditions for the 


|W | _ 
m3 ++ M14 + Mes + Mea 


-, P3 
Pp Py 
2 4 

FIG. 4 
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existence of anomalous singularities are obtained 
for the diagram of Fig. 1 from (3.6) and (3.7) with 
M44 = M23 = 0, and for the diagram of Fig. 4 with 

Mi, = 0. 


4, SPECIFIC CASE OF ‘‘OPEN ENVELOPBE”’’ 
SINGULARITY 


Let us consider now the case when k=1. As 
follows from (3.2) and (3.3), this is possible only 
when 1324 — Yia¥23 —~ 9» aS 1/y3q Or 1/y142-* 

Generally speaking, we readily obtain from 
(2.3) and (A 1.3) — (A 1.7) an equation to relate Or 
W? and #? when x = 1. In the general case, how- 
ever, these equations are much more complicated 
then (A 1.8) —(A 1.11). We therefore confine our- 
selves only to the case in which 


Og i Nie ea (M3 Mo4 — My4 MMg3) 
<< (Mg + tg + M3 -+ Mea)”. 


Under these conditions, the expansions used to 
derive (A 1.8) — (A 1.11) are valid, and expressions 
(3.4) and (3.5) hold accordingly. Recognizing that 
Vi3V24 — Y14Y23 — 0, we obtain from (3.4) and (3.5) 


|W | 


ee 1 (M13 M24 — M14 M3)? 
M43 -++ M14 + Meg 4- Meg 


BD 1113 IMe4 (M13 + i114 + Mog + Mga)? ‘ 


(4.1) 


We find therefore that in the case of the ‘‘open 
envelope’’ there can exist, in addition to the 
asymptote WwW? = (m43 + My + Mg + ™5,)°, also an 
asymptote at a larger value of W?, as determined 
by (4.1). This is the first example known to us in 
which, as Q? — ~, the asymptotic value of W?(Q?) 
does not coincide for some perturbation-theory 
diagram with the square of the sum of the masses 
over any section of the diagram perpendicular to 
the vector W. 

The asymptotic form of the dependence W? 
= W’(Q?’) is obtained in Appendix I for «= 1, By) 
— oo, and Bj, > ». It follows from Fig. 5, that 
here, too, the singular curves are of the anomalous 
type if the inequalities (3.6) and (3.7) are satisfied. 

We note that although the solution x = 1 has been 
obtained subject to the condition | mygmo4 — m44mg; | 
< W’, there are no grounds for assuming that it 
will vanish when this condition is violated. 

The foregoing analysis of the asymptotic form 
of singular curves for the ‘‘open envelope’’ indi- 
cates that the system (2.1) — (2.3) has in this 
case three solutions. The first corresponds to the 
condition € # 0 and leads to x = %. The second 


*It is obvious that the case x = 0 cannot be realized for 
Figs. 1 and 4. 
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6<0 C<0 
a 
UY C20 


FIG, 5 


solution corresponds to the particular case € = 0 
and leads to k = os (The singular curves are in 
this case asymptotically of normal form).* The 
third solution is obtained under the assumption 
¢/W? « 1 and leads to k = 1. Here the value of 
W2(«) is determined by Eq. (4.1) and does not 
coincide with W?(«) = (my3 + myy + M3 + M4)”. 
The singularities of the first and third solutions 
are of the anomalous types if conditions (3.6) and 
(3.7) are satisfied. 


5. REDUCTION OF SINGULARITIES OF ANY 
PERTURBATION-THEORY DIAGRAM TO THE 
SINGULARITIES OF THE ‘‘SOPEN ENVELOPE”’ 
DIAGRAM 


Let us analyze the original Landau equations for 
the determination of the singular curves of an ar- 
bitrary perturbation-theory diagram, written in the 
form (2.1) — (2.3). 

Equations (2.1) and (2.2) determine completely 
the 4-vectors aj, in terms of B and pj.’ By virtue 
of its linearity, the system (2.1) and (2.2) has a 
unique solution. We seek aj, in the form 


Gin = A; — Ap (5.1) 


Let us consider an arbitrary perturbation- 
theory diagram with v vertices. For this diagram, 
the sum over k in (2.1) contains only terms with 
indices ik corresponding to vertices ik joined on 
the diagram. It is more convenient, however, to 
assume that all the vertices are pairwise inter- 
connected on the diagram but the values of Bi, and 
mjk vanish for all pairs of indices ik correspond- 
ing to vertices which are not interconnected on the 
diagram. 

Equation (2.1) for an internal vertex i= p can 
be written, with account of (5.1), in the following 
form: 


*It follows therefore that the solution obtained in reference 
8 for the particular example of ‘‘open envelope’’ is unique 
when all the masses are equal. 
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vill 


kR=y-{ R=ve 
a 
>| Bevan, = > Bry Ap — Ay >| Bay = 0. (5.2) 
k=1 kR=1 k=1 
Introducing the notation* 
l=v-4 k=v-1 
Thy = Bry > Bz, > Try = i (5.3) 
1 l=) k=1 
we obtain from (5.2) and (5.1) 
p—Vaell Ne 
ay = ~ TrvGr, iy = A; — A, = > Tv Gil. (5.4) 
kR=1 f=1 


We now substitute (5.4) into any equation from 
(2.1), taken for a vertex n # v. We then obtain 


k=v-1 
> (Ben aie Bray Try) Qkn = Pn- (5.5) 
ia—ab 
If we now introduce the notation 
Ban = Ban ++ Bary Try (5.6) 


then Eqs. (5.5) assume the same form as (2.1) for 
a diagram with (v — 1) vertices. Introducing, 
further, the effective masses Mik (pakke ep)) 


Min = Mp Bir / Bir; (5.7) 


we reduce the problem of finding the singularities 


of a diagram with v vertices to the problem of find- 


ing of singularities of a diagram with (v — 1) 
verticesf and to the supplementary conditions by 
which Bix are expressed in terms of Bae 


l=ya1 3 
me = B22 =82,[ DY) rau), @=1,-..,¥— 1). 
f=1 


(5.8) 


Applying successively the transformations (5.6) 
and (5.7) to each internal vertex of the diagram, we 
ultimately reduce the problem of finding the singu- 
larities of an arbitrary diagram of perturbation 
theory to the problem of finding singularities of 
the ‘‘open envelope’’ diagram (Fig. 3), in which the 
virtual-particle masses are replaced by certain 
effective masses, which depend on the variants 
W? and Q?. 

Let us note also a fact, to which our attention 
was called by I. Ya. Pomeranchuk, that since trans- 
formations (5.6) do not make use of (2.3), they are 
always valid (and not only on the singular curve), 


*1 > yj, =0 inasmuch as 1< fi, <~ for vertices ik 
joined on a diagram with each other, and Bix =9 for vertices 
ik which are not joined. 

tIf the initial diagram does not contain the line ik, the 
effective mass is determined, in accordance with (5.6) with 
Bix = 0, by the equation 

l=)=1 


Bin 
Tin = Mp = lain |BiyvB ay / > Bry. 
tR (a1 
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and can therefore be used to reduce the denominator 
of the Feynman integral to the principal axis rela- 
tive to the 4-vectors over which the integration is 
carried out. 

The results of this section can be formulated as 
follows: 

Theorem 1. The singular curves of any pertur- 
bation-theory diagram for the scattering amplitude 
coincide with the singular curves of the ‘‘open 
envelope’’ diagram with virtual-particle effective 
masses that depend on the invariants. 

It is obvious that the results obtained can be 
generalized in an elementary manner to the case 
of diagrams that describe processes with an arbi- 
trary number of external particles. The role of 
the ‘‘open envelope’’ will be played here by a dia- 
gram with only exterior vertices that are pairwise 
interconnected by virtual particles with effective 
masses that depend on the invariants of the process. 


6. MINORANTS FOR EFFECTIVE MASSES, 


The effective masses depend on the invariants 
W? and Q?. The problem of determining this de- 
pendence coincides with the problem of the exact 
determination of the singular curves of an arbi- 
trary complicated perturbation-theory diagram. 
The last problem, in turn, cannot be solved in the 
general case. One can obtain, however, certain 
minorants for the effective masses, which are in- 
dependent of the invariants Q? and W?. 

First Minorant. From the condition B > 0 and 
Eq. (5.6) it follows that the effective mass Mi, for 
a diagram with (v — 1) vertices, obtained by 
eliminating the y-th vertex from a diagram with v 
vertices containing the ik line,* satisfies the fol- 
lowing inequality: 


i», = Mipe (6. 1) 
In particular, denoting by pi, (i, K=1,..., 4) 
the resultant effective masses of the ‘‘open-enve- 
lope,’’ we get 
Pin > Mir (6.1’) 


for all original (complex) diagrams in which the 
exterior vertices are directly connected to each 
other. 

The first minorant is valid on the entire singu- 
lar curve of the complex diagram. 

Second minorant. The second minorant for the 
effective masses pertains to the asymptotic part 


*Naturally, the first minorant remains valid also when the 
indices ik correspond to vertices which are not connected to 
each other on the original diagram. However, the condition 
mj, > 0 obtained in this case is useless. 
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of the singular curve, when any one of the invari- 
ants characterizing the diagram tends to infinity. 
Assume, to be specific, that Q? = (p;, + p;)” tends 
to infinity and the invariant W? = (p, + po)? remains 
finite. ; 

Then all the 4-momenta of the virtual particles 
fall into two classes: 4-momenta with components 
only along the 4-vector W, and 4-momenta with 
components both along the 4-vector W and along 
the 4-vectors Q and P. The 4-momenta of the 
first class correspond to finite £;, and finite ati 
4-momenta of the second class correspond to Bj, 
which tend to infinity and to as which tend to zero 
(see Appendix I). 

k=p-1 
Let us examine the sum 8D) Mix of the effec- 


k=1 
tive masses in the diagram with (v — 1) vertices, 


obtained from a diagram with v vertices. 
Using (5.7) we get 
k=v-1 


> Tae, 
2 mM, = 2) mn+Bo Dd) GB, te 
kR=1 


k=v—1 k=v-1 
k= k=1 


a 


RV 


R=Veil 
sae > Miz + Biv > | Gir | Try: 
h=1 


R=L 


(6.2) 


Retaining in (6.2) only the 4-vectors aj, that be- 
long to the first class, and taking (5.8) into account 
in a fashion similar to the case when the 4-vector 
ajp pertains to the first class, we arrive at the 
inequality * 

k=v-1 


k=v 
2 mi, > > Miz, 
=A 


R=1 


(6.3) 


which holds for the indices ik that characterize 
virtual particles with 4-momenta which belong in 
the asymptotic case to the first class. 
Eliminating successively the interior vertices 
we obtain in the asymptotic case the following 
minorants for the resultant ‘‘open envelope”’ 


i) 


Tr 


v 


Mis + Bis > a Mz, os + Hos > Mg: , 


t=1 


i 


i= i= 


Mis + Uses > i Ms3:,  Uya + Pea = 


t=1 (= 


< 


Mai, (6.37) 


= 


where the index i runs through the values corre- 
Sponding to the 4-vectors agj (S=1,..., 4), be- 
longing to the first class. 


*It is shown by induction in Appendices II and III that all 
the 4-vectors aj, of the first class, contained in (5.8), have 
an identical direction, and that (6.3) and (6.3’) are exact 
equalities. 
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7. USE OF NORMALIZED EFFECTIVE MASSES 
TO DETERMINE THE TYPE OF THE SINGULAR 
CURVES 


We have already obtained the conditions for the 
existence of anomalous singularities in an ‘‘open 
envelope’’ (3.6) — (3.7) for Q? = (p, + p3)?—> «© and 
for finite values of W?(Q?) = W*(~). 

Using the first minorant of the preceding sec- 
tion, we obtain from (3.6) and (3.7) the following 
theorem: 

Theorem 2. An arbitrary scattering diagram is 
asymptotic and has no anomalous singularities if 
it includes a simple r diagram (similar to Figs. 1, 
4, or 3) based on the exterior vertices, and if this 
simpler diagram contains asymptotically no singu- 
larities of the anomalous type. 

Let us consider the scattering of identical par- 
ticles Mi = M,. Then the right halves of (3.6) and 
(3.7) contain M?. Let us recognize now that ac- 
cording to (3.4) we have in the asymptotic case for 
the ‘‘open envelope’’* 


Ww? (00) = (Mis + Pia + Yes + Moa)”. (7.1) 


Then, neglecting ae and Hye we obtain from (3.6), 
(3.7), and (ial) 


(2p) [|W |— pl < M?, 


where Ly is any of the sums of the effective 
masses, contained in the left halves of (3.6) and 
(3.7). We choose the smallest among these sums, 
(2L)min- We can then state the following: 

Lemma. Any scattering diagram of identical 
particles of mass M has asymptotically no ano- 
malous singularities if the inequality 


W2> (M+ (Sy)2 2 /(EW in (7.3) 


is satisfied, where (Zu )min is the smallest of the 
sums contained in the left halves of (3.6) and (3.7). 


(7.2) 


8. mm, KK, AND NN SCATTERING AMPLITUDES 


Let us apply the foregoing method to determine, 
within the framework of perturbation theory, the 
types of the singular curves of the mz, KK, and NN 
scattering amplitudes. We are interested in the 
possibility of appearance of singular curves of the 
anomalous type. Let us confine ourselves only to 
the asymptotic case and use the criterion (3.6) and 

*We have confined ourselves to the normal asymptote of 
the “‘open envelope’’ only, for when an anomalous singular 
curve approaches a normal asymptote, an anomalous Singular 
curve approaches also an anomalous asymptote. On the other 
hand, if a normal singular curve approaches a normal asymp- 


tote, a normal singular curve approaches also an anomalous 
asymptote (see Fig. 5). 


SINGULARITIES OF THE SCATTERING AMPLITUDE IN PERDURBALION 


(3.7). We take account of the fact that in the 
asymptotic case at least one of the following com- 
binations of effective masses of the ‘‘open enve- 
lope,’’ py3Ho4 and (or) py4uo3, differs from zero, 
and a nonvanishing combination pj, HIm corre- 
sponds to the 4-vectors aj, and ajm, which belong 
asymptotically to the first class. 

mm scattering. Since the pion is the lightest 
strongly-interacting particles, the lowest value of 
the quantity (Zu )min,» which enters in (7.3); 19 
(Zi )min = ™Mq, where m, is the pion mass. We 
then conclude from the lemma that the mz-scatter- 
ing amplitude has asymptotically no singularity of 
the anomalous type in any of the perturbation- 
theory approximations. 


KK scattering. Using the conservation of 
strangeness in strong interactions and recognizing 
that the K meson is the lightest particle with non- 
zero strangeness, we conclude on the basis of the 
lemma that in no approximation of perturbation 


theory will the KK-scattering amplitude have sing- 


ularities of the anomalous type as the transferred 
momentum tends to infinity. 


NN scattering. Using the conservation of the 
baryon charge and recognizing that the nucleon is 
the lightest of the baryons, we conclude from the 
lemma that in no approximation of perturbation 


theory will the NN-scattering amplitude have sing- 


ularities of the anomalous type as the transferred 
momentum tends to infinity. 

The results obtained in this section can be gen- 
eralized in the following fashion: 


Theorem 3. When the lightest of the elementary 
like particles with a given quantum characteristic 
(capability of strong interaction, strangeness, 
baryon charge, etc.) are scattered, no anomalous 
singularities arise as the transferred momentum 
tends to infinity in any perturbation-theory approx- 
imation. 

By symmetry, it follows from Theorem 38 that 
in the case of mm scattering there are no anomal- 
ous singular curves at all. For scattering of other 
elementary particles, along with the conditions 
listed above for the existence of singular curves of 
the anomalous type, inequality (7.3) always points 
to a limiting value of one of the invariants (while 
the other tends to infinity ), above which there 
exist no anomalous singular curves. 

The authors are deeply grateful to V. N. Gribov, 
Bate lotte sib. Landau, b..5. Okun, and I. Ya, 
Pomeranchuk for interest in this work for useful 
discussions. 
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APPENDIX 1 


SINGULARITIES OF THE ‘“‘OPEN ENVELOPE”? 


We denote by A the determinant of the system 
(3.1) 
A=2 {Bro Bsa (Bis ae Bia = Bos 4: Boa) 

+r Biz (Bis + Bes) (Bia + Boa) + Bsa (Bos + Boa) (Bis + B14) 

+ Bis Bos (Bia + Bos) + Bis Bos (Bis + Bos)}- (A 11) 
We then obtain from (3.1) the following expressions 
for the 4-vectors Bie Gi, k= 1a a eek) 
Qy2 A = Q [Boa (Big + Bia + Bog + Boa) + Bis Bia + 2813 Bog 

+ Bos Bos] — W [B34 (B13 + Bia — Bos — Boa) + Big Bra 

= Bos Boa] + P [B34 (Bis =I Bia = Bos =F Bo4) IF Bis Bag 

+ 2B14 Bes + Bos Boal, (A 1.2) 


das A = — Q [Bio (Bis + Bia + Bos + Boa) + Bis Bes + 281s Boa 


“ Bra Boa] ly [Bis (Bis a Bia ate Bos ae Boa) = Bis Bos 
= Bia Boa] ala P [Bis (Bis “= Bia + Bos +> Boa) aP Bis Bos 
+ 2814 Bos + Bra Boa], (A I.3) 


Qy4A = Q [Bsa (Bos + Boa) + Biz (Bis + Bos) + Bis Bos + 2B13 Boa 
+ Bog Beal + W [2812 Baa + Bza(Bos + Boa) + Bre (Bis + Bos) 
+ Bos (Bis + Bea)] — P [— Bsa (Bos + Boa) + Bae (Bis -+ Bos) 
+ Bos (Bis — Boa)]; (A I.4) 
Qy3 A = Q [Bsa (B23 + Bes) —{B12 (B14 + Boa) + Boa (Bes — B1a)I 
+ W [2B12 Bsa + Bsa (Bos + Boa) + Bre (B14 + Boa) 
+ Boa (Bes + Bra)] + P [Bsa (Bos + Boa) + Bre (Bra + Boa) 
+ Bis Boa + 2B14 Bos + Bos Boal, (A 1.5) 
do, A = Q [— Bsa (Bis + Baa) + Bae (B18 + Bos) + Bis (Bos — B1a)] 
+ W [2B12 Bsa + Bsa (Bis + Bra) + Bre (Bis + Bes) 
+ Bis (Bes + Bra)] — P [B34 (B13 + Baa) + Bre (B13 + Bos) 
+ Bis Bia + 2B14 Bos + Bis Boal, (A 1.6) 
og A = — Q [Bsa (Bis + Bra) + Biz (Bra + Boa) + Bia Bea + 2813 Boa 
+ Bis Bia] + W [2B12 Bsa + Bsa (Bis + Bis) + Biz (Bra + Boa) 
+ Bia (Bea + Bis)] — P [Bsa (Bis + Bra) 
— Bre (Bia + Boa) + Bra (Bis — Boa)I- 
When Q*— » less rapidly than £4834, we ob- 
tain from (A I.4), (A 1.7) and (2.3) 


mys 14 (‘Yea + Y2a) (Yes + Y2a — T13 — Y14) 
Tali 2%12 


(A 1.7) 


(yas + Yes) (18 + Yes — Yaa Toa) | 1 Q? 
if ro. W? 
2%s4 Yi2 Ysa 


eet (Mi — M2) (Y23 + Yas) 
os) 4 5 Ww? X12 


X(Yo3 + Yea) (Yas 4 


1 Q* (23 + Y24)? (Y13 -+ Y28)? 
8 Ws 2 , 
Mattel ern 


4 (M§— M4) (113 + Yo8) 
Dy W? Y34 
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Mig Sie (Y23 + Yea) (Y23 + Yes — Y1s — 14) 
yi3 | W | 2712 
1 Oattse JON) Gitar Telis= oS 23) 
234 
il O2 a cle 
2 aa os W? (Y1a + Yea) (Y23 + Y24) 
al (Mi — MS) (123 + 2a) it (M35— M2) (114+ 2) 
no Ww? Tis 7) v2 Ys 
41 Q* (Yaa + Yea)? (Y23 + Y24)? (A 1.9) 
8 W4 (Y12 Ysa)? ae: 
aM | (Y13 + Yaa) (Yas + Y14a — ‘Y28 — 24) 
van 2712 
i. (Was +E Yes) (Yas oe ‘Yes — Yaa — Yea) 
2734 
ea ee 
2 X12 Ya4 w2 13) wl 14 1 i 
1 (My Tr M3) (vase Waa) 1 (Ms =i, (Yis + Y23) 
2 Ww? X12 iD W2 X34 
et QE Gris ae vas)” (ras ie Yee) (A 1.10) 
8 W? (Y12 Y34)” : 
193 ee . (Yas + Y14) (Y13 + Yaa — Y23 — Y2a) 
Y23 | W | 2%12 
1, (¥14a-b Yea) (Y14 -+ Yaa — Vis — Yes) 
2X34 
1 @ 
| | Ik ies 
D tie Ysa W? (Yas + Y14) (Y1a + Yea) 
1 We = M5) (¥13 + 14) 4 af i M}) (Y14 + Y2a) 
2 Ww? V12 2 w2 Y34 
1 Q* (Y13 + Y1a)? (114 + Y24)* (A Tiel) 


8 W4 (Y12 Ysa)” 


We introduce the symbol ) = (mj43M 9,4 
— My4Mo )/(my3 + My, + M3 + M.,)*, and obtain 
readily from (A I.8) — (A I.11) 


|W | siny Q? is Y2a — Y14 Y23 
My3 + My4 + Mog -- Moa 2713 Y34 (Mis + Mg + Meg + M24)? 
Q4mis Mo4 YN I 12 
i 8 (12 Ysa)” (t13 + M14 + Meg + M4)® ’ ( oe) 
2 M1g Maq 
pa — ! —— 
Vas Tee Yaa Yes > 212 Ysa (ts + Mig + Meg + M24) ’ 
(A 1.13) 
a M44 Bes m3 
Lite sae yy 4 Mes = fe, 7 Uh Mis = fia + Meg Mey’ 
= M24 Mog 
Tea My3 ++ Myg ++ Mog + tMeq ’ Tes = M3 ++ My4 + Mog + Me4 * 
(A 1.14) 


Let us determine the asymptotic form of the 
dependence of Q? and W® as Q? tends to infinity 
as Yi2V34, assuming that QY ¥10734 ~ )W? and 
WN, KK ile 

We denote the right halves of (3.2) and (3.3) by 
Ay, and A3, respectively. It follows from (3.2), 
(3.3), (A 1.13) and (A 1.14) that the signs of Aj, 
and A3, are the same. We introduce, further the 
notation 
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o=|W | / (M13 -F My + M3 M4), 


2 


q? —— Q? i (M13 a My4 — Mog == My,) b 
A = Mgt, | 2 (ty + tMy4 + Meg + Mea), 1 = (Y12 Ysa)? 


Then, using?(3.2)) (3.3), (A d-42),(A) L139), and 
(A 1.14) we obtain the following single-parameter 
system of equations, relating W? with Q? 


gq __ 2a ; 
f= Bz, (A 1.15) 
C (Ais Asa)? _ 2h 2 
C= Gnd” (1452), (A116) 
w= 14+ 2(1 +2). (A 1.17) 


In the derivation of (A I.17) we use the fact that 

A <«1. Since C is of fixed sign (C <0 and C>0 
correspond to the appearance of anomalous and 
normal singularities respectively), not all the 
values of the parameters z are allowed. When 

C <0 we have -%=2<=0, while when C 2 0 
there are two regions, z >0 and z< —¥/,. Fur- 
ther, when — 1<z<=0 we have w?< 1. For other 
values of z we have w* > 1. The minimum of the 
function w? — 1 occurs when z= — /). The same 
value, z= — os corresponds to the maximum of 
the function q? = q’(z). When dA > 0q2(z) < 0 
when z <0 and q*(z)>0 when z>0. When 
z=0 and z=—%, |q?(z)|— ~. At these points 
w?(0) = 1 and @*(— 5) =w”, where w’ is deter- 
mined from (4.1). When |z|— ~, |q’(z)|— 0. 
The general form of the dependence of Q? on W?, 
obtained by solving the system (A I.15) — (A I.17), 
is shown in Fig. 5. When C < 0, as seen from 
Fig. 5, there are two analogous curves Be 

= Q’(W’) starting at a certain point A(Q’, W?) 
and diverging to different asymptotes over W’. 
When C > 0 the curves have a normal form. We 
emphasize that the case k = 1 corresponds to 
curves that approach the asymptote w’. 


APPENDIX II 
SCATTERING DIAGRAM WITH SIX VERTICES 


By way of an example of reduction of the dia- 
grams of perturbation theory to an ‘‘open enve- 
lope’’, let us consider a diagram with six vertices 
(the two interior ones being designated 5 and 6 De 
We assume that all the vertices in this diagram 
are pairwise inter-connected. We reduce this 
diagram to the ‘‘open envelope”’ and confine our- 
selves immediately to a consideration of the 
asymptotic case Q? = (py pic mn ONLY LO 
simplify the derivations, we assume that none of 
the Bj, with the exception of By. and B34, tend to 
infinity, that is, all the 4-vectors Qik, except ayo 
and a3,, belong to the first class. 


SINGULARITIES OF THE SCATTERING AMPLITUDE IN PERTURBATION 


It then follows from (A I.2) — (A I.7) that 


Az = Aza = 0, Ayg = Gyq = a3 = Ay = W [One (Aa. 1) 


where 6 = Bis +BY, + B% + B%y while 8” is the par- 
ticular Bik obtained by eliminating the interior 
vertices 5 and 6 from the diagram. 

Eliminating from the diagram the interior ver- 
tex 6 and taking (A II.1) into account, we obtain 


Ase = 116%51 + Y26 452 + 36453 + Ya Asa, 


Aye = (Yse + Ye) W / 8+ 56 Q5) 


@sg = — (Tie + Yee) W/O + X56 G35, 
Azg = (Y36 + Ya) VW /5 + V56 Qo5, 
Qag = — (Tie + Y20)W / 8+ X56 Q45. (A II. 2) 


After eliminating the vertex 6, the remaining dia- 
gram has one interior vertex 5, characterized by 
Bix which are determined in terms of fj, in ac- 
cordance with (5.6). 

We next eliminate the vertex 5. Then 


Q5 = 425 = Ge Si Ns) W /4, 


35 = Ass = (11, + 155) W / 9. (A II.3) 


The primed yj{;, naturally, are formed from 
the primed fi, in accordance with (5.3). Substitut- 
ing (A 11.3) in (A II.2) and taking (2.3) into account, 
we get 


W , ? 
ae — = es — [vse + Yas + Ys6 (1,5 + Y,5)]; 
Me m |W | = i ee 
ae = oe =, [fae Yee + Yee (15, 7 Kap h 
W p , , ’ 
Ms = Ra Bs6 | (16 + Y26) (Yes ae eae) —(Yee-7 Kae) (ae Sie Vos) |. 
(A II.4) 
It follows from (A II.4) that 
| M4 ++ Mog — Mg — Mag | = Mee. (A II.5) 


The result (A II.5) is quite natural, for as Q? 
tends to infinity we transform the diagram with 
four exterior vertices to a diagram with two inter- 
ior vertices, and such a diagram has non-vanishing 
Feynman parameters at the singular point only 
when a certain connection exists between the 
masses of the virtual particles in the interior 
vertices.! 

We note that were we to eliminate vertex 5 first, 
and vertex 6 last, we would obtain instead of (A II.5) 


| M15 + M5 — M35 — Mas | = M56. (A 11.5’) 


Since the result is independent of the sequence with 
which we eliminate the internal vertices, a connec- 
tion is established also between the masses M15 
Ae giiie=al; tees). 

Let us determine now the effective masses of 
the virtual particles in accordance with (5.7) 


209 
m" = mB"/B, m' = mB’ /B (A II.6) 
and use the following relations, derivable from 
(A II.3): 
Mis flag 7 a6 | WAI m m 2 ; W 
Bis an Bos ad (Ges + Ge) ie ’ Bae a Bas = ee =P Nee) Be ’ 
(AU ES?) 


M3 / Bis = M14 / Bis = Meg | Bog = Mag | Boa =|W1/6 (A 1.8) 


From (A II.7) we obtain still another connection 
between the effective masses of the virtual parti- 
cles scattered at the vertex 5 


m,. + mi. = Mie ides (A II.9) 


Using formulas (5.6) to express §;, in terms of 
Bik, we obtain from (A II.6) and (A II.7) 


é a ; o aetna Aa 0 5 
Ms a Wh jg iby ae a ae i a Tn a Ms, + Ms,, 


cers) 
ea A ces LO eat EL TOP My, = Mg 1 My M,. 


(A II.10) 


Taking now (A II.4) into account, we obtain the 
final expression for the combination of the reduced 
masses, contained in the inequalities (3.6) and 
(3.7) 


Mm, + My, = M3 + Mat Mstime, 
M,, + M,, = My3 + M3 + Mg5 + Ms6, 
My, + M,,= Mya + Moa + Mag + Mas, 


M+ M,, = Mog + Mog M5 + Mog. (A II.11) 


APPENDIX III 


SECOND MINORANT 


Let us show that the equality sign applies in 
(6.3) and (6.3’). 

Assume that in some diagram having v vertices 
all the 4-vectors ag; (the subscript s character- 
izes some interior vertex, while i characterizes 
any interior vertex subject to the condition that 
the vector agj is of the first class) have in the 
asymptotic case the same direction (either +W or 
—W). Let us consider the diagram with (vy +1) 
vertices, which is reduced upon elimination of the 
(v +1)-— th vertex to the foregoing diagram with 
py vertices. Then, on the basis of (5.8), 


[=v 
T= Mi oe 
i=1 
Since yj,y+12 0, the vector ag,),; has the same 
direction as the vectors agj (i=1,...,v). 
Since the initial premise holds for diagrams with 
five and six vertices (this follows from formulas 
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(A II.2) and (A II.3)), all the vectors of the first 
class, arriving at any of the exterior vertices, 
have the same direction. It then follows from 
(5.8) and (6.2) that the equality signs apply in 
expressions (6.3) and (6.37). 
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For crystals of arbitrary symmetry, we consider the problem of determining the phonon fre- 
quency Spectrum, in connection with the investigation of one-phonon transitions in the 
Mossbauer effect and incoherent scattering of ‘‘cold’’ neutrons. 


INTRODUCTION 


[i knowledge of the distribution function ~(w) for 
the phonon frequency spectrum is of great import- 
ance for the study of the properties of solids. Since 
the work of Placzek and Van Hove,! it is known that 
incoherent one-phonon scattering of neutrons en- 
ables us to establish the frequency spectrum in the 
case of cubic crystals with a single atom in the 
unit cell. Recently Visscher’ pointed out that ana- 
logous information concerning the phonon spectrum 
of an isotropic body can be gotten by studying the 
resonance absorption of y rays in a crystal 
(Mossbauer effect) with emission of one phonon 
(where the energy change is compensated by the 
Doppler effect from an appropriate motion of the 
source). Using the results of a paper of Lamb,’ 
Visscher gave a detailed analysis, within the 
framework of the isotropic approximation, of the 
conditions under which one can determine y (w) 
experimentally. 

For both methods, a very important question is 
the possibility of determining the frequency distri- 
bution function for crystals of arbitrary symmetry 
with any number of atoms in the unit cell. The 
present paper gives a treatment of this problem. 
As applied to ‘‘cold’’ neutrons, this question was 
first treated by Oskot-skii.* 

The two processes, which at first glance appear 
to be different in character, permit of analogous 
descriptions for one- and multiphonon transitions. 
This is related to the fact that in the resonance 
absorption we will be interested only in those 
transitions for which hw > TI (where fiw is the 
energy of the phonon and I is the width of the 
resonance level). 


1. THE MOSSBAUER EFFECT 


Suppose a nucleus located at a lattice site makes 
a transition from an excited state A* to the state 
A, with emission of a y quantum. If we take into 


account a possible change in the phonon distribu- 
tion, we can write the matrix element for such a 
transition in the form 


Mp = <k, Ay (i ee AS, {7} 


= Manuc <{n'} |exp {ikRma} | {1}. (1) 


Here {n}, {n’} are the sets of phonon occupation 
numbers before and after decay of the nucleus, 
Mnuc is the matrix element corresponding to the 
decay of a free nucleus, k is the wave vector of 
the y quantum, Rmg is the coordinate of the nu- 
cleus labelled B in the m-th unit cell, at the mo- 
ment of decay. 

The expression for Rmg has the form 


Rina = Ring + Ume, (2) 


where rm and pg denote, respectively, the equili- 
brium position of a selected site which character- 
izes the elementary cell, and the position of the 
B-th atom relative to this site. . 

The displacement of an arbitrary atom is con- 
veniently represented in the form 


Ring = lm =i Pp, 


Uns = >) (A / 2p Wa (f) N)' [Vea (f) exp {iftm} Ga (Ff) 
i, & 

+V,,, (f) exp {— tftm} a, (f)], (3) 
where f and wy are the wave vector and frequency 
of the phonon, a is the number of the branch, a 
and a* are the operators for annihilation and cre- 
ation of the phonon, N is the number of elementary 
cells in the crystal, and UB is the mass of the 6-th 
atom. The complex Vgq are orthonormal: 


1 Vie. (F) Vea (f) = daa’. (4) 
B 

Without loss of generality, we set f'm=9. In 
accordance with the usual procedure, considering 
(3), we represent the exponential in (1) as a prod- 
uct of exponentials corresponding to the individual 
normal vibrations. We expand these exponentials 
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in series, keeping the first three terms (the re- 
maining terms give a contribution which tends to 
zero when N-— ©). From (3) it follows that only 
the second term gives a transition which is not 
diagonal in the occupation numbers. 

We average the square modulus of the matrix 
element (1) over the initial equilibrium distribu- 
tion, taking account of the independence of the in- 
dividual oscillators. After transformation, we find 
for a process in which s phonons participate, 


2 5 R Re Vv 
3 <= Mauel*( 7°) exp 7 Ws ar 


*[[|9¥au( ) P [hoe ae 


Sone) ae Mh 


(9) 


Here Rg denotes the recoil energy for an isolated 
nucleus, 


Rp = h* R? | us, (6) 


and q is a unit vector in the direction of k; n is 
the equilibrium value corresponding to the crystal 
temperature. The upper sign inside the brackets 

in the product in (5) corresponds to phonon emis- 
sion and the lower to phonon absorption. The prime 
on the sum in the exponential in (5) means that the 
s terms with (a, f) = (aj, fj) have been omitted. 
For finite s, the contribution of these terms to the 
sum is negligible, and from now on we shall omit 
the prime. 

Now let us determine the probability of emis- 
sion of a y quantum in the direction q with energy 
Ey for an s-phonon process, where we take the 
probability per unit energy range and per unit solid 
angle. 

Using the standard formulas of perturbation 
theory and changing from summation to an integra- 
tion over phase space, we find (cf. (5) ): 


oe Ws 


Hye OH 


(v)* 


s —Z ; 
W5 (Ex, g) = Woe *# (Ry) ee 


s 


x [] | aVe0, (F,) |? Foe, (FI (Ma, FE +48 


i=] 
(7) 


Here Ey is the energy of the excited state, Wy is 
the probability of y decay for the free nucleus, vy 
is the volume of the elementary cell, S is a sum 
over the s + 1 different combinations of absorbed 
and emitted phonons, and 


x(Ey — Ey, tho, +...+ho,,) =W,Fa(Ey, q). 


Zo = Raed op Gr Oia +1) (8) 


(The energy transfer to the lattice is small com- 
pared with the energy of the y quantum. ) 
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It is not difficult to show that the relation 


Si \ Fa (Ev, g)dbeev 


s=0 


(9) 


holds for the FR. 

For resonance absorption of a y quantum 
(Ey, q), the probability of an s’-phonon process 
is given by the same expression (7), except that E) 
and E.,, interchange places in the argument of the 
6 function. If the source moves with velocity u 
and the target is sufficiently thin, the cross sec- 
tion for resonance absorption accompanied by an 
s-phonon process in the source and by an s’-pho- 
non process in the target is (compare the analo- 
gous expression in reference 2): 


s(AE, ga O- 7 FE q) Fe (Ey + AE, q) dEy. 
(10) 


In this expression Q is the cross section for reso- 
nance absorption by a free nucleus, integrated over 
energy; g and g’ are the numbers of identical nu- 
clei, having the resonance level, in the elementary 
cells of source and target [the summation in (10) 
extends only over these nuclei]. From now on, 
primed quantities refer to the target. 

For the Doppler shift AE we have the relation 
AES EWU" q/c. 

The expressions we have found enable us to 
analyze completely the general case. Suppose 
that one-phonon processes play the prime role in 
the range [T « AE < fwmax (however, see later). 
Then in this interval the resonance absorption 


cross section reduces to (AE > 0) 
ot (AE, 


q) = 0" (AE, q) + 5° (AE, q) = Oma R a qi qr 


Visa (f) Via (B) 


x exp (—Zp— 2 (Me fos (a 


BLA 


(i) +1) 8 


Vine (VIE (i) 


mae HM +1) 


(NE = fosyee yer 
3 


x (AE — he,)} (11) 
(where we sum over repeated Latin superscripts ). 
For the further analysis it is useful to deter- 
mine the cross section for the true Moéssbauer ef- 
fect, o°°(0,q). Expressions (10) and (7) cannot be 
used for this directly, since (10) contains a product 

of two 6 functions. This result is a consequence 

of neglecting the width T of the excited state. Even 
when this is valid for transitions involving phonons 
(hw >I), in computing 0°” we must consider the 
fact that T is finite. We introduce in place of 

6 (Ey = Ey) an expression of the form 
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| y2 
nm (E--E,)?+ P34 - 
We then find for a, 
0 (0,4) = 9 (q) = Q—, ae = Dyexp{—Zp— Zi}. (12) 


B,A 

We note that o°, like o’, can in general have a 
sizeable anisotropy. This will especially manifest 
itself in strongly anisotropic structures, for.ex- 
ample in layer lattices. In such cases there are, 
a priori, directions of the wave vector of the y 
quantum for which Z will be especially small. 

Let us consider a single crystal of an arbitrary 
crystal system, having one atom per unit cell. 
Each of the terms in the curly brackets in (11) is 
a symmetric tensor of second rank, having the 
symmetry of the crystal. When it is brought to 
principal axes, such a tensor has in general three 
independent components. We determine the ratio 


o? (AE, q)/s° (q) 


for three mutually perpendicular directions of the 
vector q relative to a fixed orientation of source 
and target, and sum them. If we make use of the 
condition V,- V4, =1, it is easy to see that the 
result will not contain the polarization vectors. In 
the integrands in (11) we are then left with only a 
dependence on the phonon energy. Separating ex- 
plicitly the integration over wq, and introducing 
the frequency distribution ~(w) for the phonon 
spectrum normalized in accordance with the rela- 
tion 


yg (Qn)? Dy \ d®f = (@) do, (13) 


% Aw g=do 
we get 


3 
pale 
3 

l 


AE /y = 
(AE, qu)/9°(qz) = a < rp ( i ) eAET [eAE/xT _ |] 1 


+ ap’ (=) eSE/xT’ [@AE/xT” __ i ae (14) 


If the lattices of source and target are the same 


and T = T’, then (14) uniquely determines 7~(AE/h). 


Thus measurement of the cross sections o'(AE, q) 
and o°(q) for three directions enables us to find 
the frequency distribution for a crystal of abritrary 
symmetry. 

In the case of uniaxial crystals, the symmetric 
tensor of second rank has two independent compo- 
nents and it is consequently sufficient to make two 
measurements, first directing the vector q along 
the symmetry axis of the crystal and then along 
any direction in the plane perpendicular to this 
axis. 
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In a cubic crystal, the second rank tensor de- 
generates into the unit tensor, so that one measure- 
ment in an arbitrary direction suffices. The iso- 
tropic case, treated by Visscher,’ is actually 
equivalent to the case of a cubic crystal. 

The presence of the temperature dependence in 
both terms in (14) opens the attractive possibility 
(for T # T’) of separately determining ~ and y’. 
[We note that here it may be useful to reverse the 
direction of motion of the source (AE < 0), which 
results in the replacement of n by N +1 in (14).] 
The realization of this possibility would enable us, 
on the one hand, to determine the spectrum for the 
undistorted lattice of the target and, on the other 
hand, to obtain valuable information concerning 
changes in the frequency spectrum resulting from 
defects in the source lattice, in particular concern- 
ing the nature of the vibrations of an atom in an 
interstitial position. 

We note that this separation will involve some 
experimental difficulties, since the necessary in- 
crease in temperature of one of the crystals re- 
sults in a reduction of o° and g!. This imposes an 
obvious limitation on the value of (Z + Z’)qig. 
[See (11) and (12).] 

Now we consider crystals having an arbitrary 
number of atoms in the unit cell. In this case we 
make the assumption that the factors exp {- Zp 
es. |, which depend on the integral properties of 
the spectrum, differ only slightly for any pair B, » 
This will be valid in any case for Zg, Z) <« 1. 

Again we determine the sum of the ratios oYo° 
for three mutually perpendicular directions: 


3 


: 2 3! (AE, qu)/0° (q:) = } aP'Ro, (2m)? 
x {4 oy d®fV pa (f) Vz, (f) [Ree (f)I (Ma -+ 1) 6 (AE — hoa) 


a,B 
+72 » s\ apVie (F f) Vit. (f) Tho, (fy) (nt + 1) 6 (AE — ho;)). 
(15) 


If we use condition (4) and relation (13) (where 
the left side of (13) should now contain an additional 
factor 1/g), we again arrive at (14). Thus in this 
case also, when the assumptions made above are 
valid, it becomes possible to determine the fre- 
quency distribution function for a crystal of arbi- 
trary symmetry. 

In the general case, when there are atoms of 
different sorts in the unit cell, ~(w) cannot be de- 
termined from the differential cross section of the 
one-phonon process. This is easily seen by analyz- 
ing the general expression (11). 
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A few words about multiphonon processes. We 
know that as a rule the frequency distribution func- 
tion will have at least two maxima. If these max- 
ima are sufficiently sharp, and if twice the smaller 
critical frequency is greater than the maximum 
value we, then in the range of values of AE from 
0 to hwmax the role of two-phonon and, a fortiori, 
of multiphonon processes will be markedly re- 
duced. 

However, even when the multiphonon processes 
make a significant contribution to the total cross 
section o(AE, q), if we use the isotropic approxi- 
mation for s +s’ = 2 we can consistently include 
all transitions involving more than one phonon. In 
fact, for sufficiently low values of AE(« hwmax ) 
the contribution of the multiphonon processes is 
negligible (~(w— 0) — 0) and consequently they 
do not disturb the determination of the frequency 
distribution in this region. Moreover, for suffi- 
ciently low frequencies, ~(w) can be computed 
directly if we know the elastic constants of the 
crystal. For an arbitrary AE, in multiphonon 
processes there are created practically no phonons 
with energies in a sufficiently narrow interval 
around hw = AE (again because ~(w— 0) — 0). 
Because of this, the quantities o5°(for s +s’ = 2) 
can be expressed in terms of the function ~(w) as 
determined for the region w < AE/h. From this it 
is clear that the knowledge of ~(w) for the initial 
part of the frequency range enables us, once we 
know the dependence of o(AE, q), to find o! (AE, q) 
and with it ~(w) for the whole range of frequencies 
of the phonon spectrum. 


2. ‘“COLD’’ NEUTRONS 


The results presented in the preceding section 
can be carried over without difficulty to the case 
of incoherent scattering of ‘‘cold’’ neutrons. The 
square of the matrix element describing the in- 
elastic scattering of a neutron will have the form 
(5) with the appropriate value of Mnuc, and with 
k =k, — ky), where ky and k, are the wave vectors 
of the neutron before and after scattering. 

Let us consider the case where the crystal con- 
sists of identical atoms. The differential scatter- 
ing cross section is expressed (for fixed ky) as 


do (k,) / dk,= >) dos (k,) / dk, 


dos (ky) / dk, = 6. (h? /4nkmg) >) Fa(E1, 4), (16) 
8 


where FR (E;, q) is defined in accordance with (7), 
with E., and Ey replaced by the final (E,) and the 
initial (E)) energy of the neutron. (We mention 
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that Eq. (9) will no longer be satisfied, since the 
quantity Rg cannot be treated as constant for vary- 
ing E,.) In (16) we use the following notation: dw 
is the total incoherent scattering cross section for 
a rigidly bound nucleus, and m is the mass of the 
neutron. 

Let us consider a single crystal with arbitrary 
symmetry. Considering the case of a neutron with 
energy E, less than the Debye energy, and assum- 
ing that Teryst < ©p and uw >m, we find for ZB 
a value much less than unity. Because of this we 
will disregard any possible weak dependence of the 
Debye-Waller factor on 8. We then have for the 
one-phonon process, 


dot (k,)/ dk, = 6° (k) (1?R / mkyg) q’qhv, (27) 
x Dafoe (E) fs (8) Mima (A U(te + 1) 6(E, — Ex — hoa) 
a, 8 * 


+ nad (Ey — Ey + hioa)), (17) 
where o°(k) is the differential cross section for 
elastic scattering per unit solid angle. 

In the case of the Mossbauer effect there was a 
simplifying circumstance that was equivalent to the 
absence of any difference between the directions of 
the vectors q and k,. After fixing the scattering 
direction in the neutron case (as is done in the ex- 
periment), to find the function ~(w) for an arbi- 
trary crystal we must proceed somewhat differ- 
ently than in the preceding section. Namely,we 
must determine do!(k, )/dk; and o°(k) for three 
positions of the single crystal which differ from 
one another by a cyclic permutation of the coordi- 
nates. 


Let us represent (17) in the form 
(1 / 6° (k)) do" (ky) / dk, = géqg*T#. (18) 


We denote the direction of the principal axes in 
the first position of the crystal by x, y, z. Then 
the right side of (18) gives 


lg PRC We other a 
For the other two positions of the crystal we 
have, respectively, 
TA (GE Pg Te 
T” (q*)2 te 4 pe (q¥)? ae T xx wees 


Summing the three equations, we find g?@Ti = pil, 
Comparing (18) with (17) and using (4) and (13), 
we arrive at the relation 
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where 
AE = E,—E,>0. 


Thus, by using three positions of the crystal and 
determining the cross section for one-phonon inco- 
herent scattering do'(k,)/dk, as a function of Ey; 
and the elastic scattering cross section o(k) for 
the corresponding values of k, we can find the pho- 
non spectrum of a crystal of arbitrary symmetry 
having any number of identical atoms in the unit 
cell, 

In the case of uniaxial crystals, two positions of 

the crystal are sufficient, but it is necessary to 
know exactly the direction of the symmetry axis. 
In a cubic crystal a single crystal position is suf- 
ficient, and we arrive at the result of Placzek and 
Van Hove.! 

If Zg « 1, which is often the case when working 
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with ‘‘cold’’ neutrons, it is obviously sufficient to 
measure only do!(k, )/dk,. 

The arguments concerning the inclusion of 
multiphonon processes which were presented at the 
end of the previous section remain valid also for 
the present case. 

The author is indebted to Ya. A. Smorodinskii 
for valuable discussions. 
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A scheme is considered in which all baryons (p 


,n, A, 2, =) are composed of two particles 


and one antiparticle from a set of three elementary fermions A, B, C. Itis shown that the 
best choice is that in which, as far as charge and strangeness are concerned, A and B are 


=) 


identical to = and |” 


and C is identical with A. The masses of A, B, and C are assumed 


to be large so that these particles are unstable with respect to strong interactions and are 
therefore unobservable. In this scheme the parity of all observable baryons is the same and 
opposite to the parity of the elementary fermions A, B, and C. Pions and K mesons are 


pseudoscalar with respect to the baryons. 


Fern and Yang! were the first to represent the 
™ meson as being composed of a nucleon and an 
antinucleon.* The discovery of the strange parti- 
cles led to a model in which there are three ele- 
mentary fermions; Markov,°® Sakata,‘ and Okun’>?® 
(collectively abbreviated SOM) developed such a 
model and outlined its consequences. 

The elementary particles in the SOM scheme 
are p, n, A and their antiparticles p, n, A; the 
mesons and the remaining hyperons are repre- 
sented as composites, e.g., m = pn, K* = pA, >* 
=pnA, & =pAA, etc. Thus there exists a sharp 
distinction between the three ‘‘elementary’’ 
baryons and the five ‘‘composite’’ ones (32 and 
2); on the other hand, the properties of the 
baryons, and in particular, their masses, give no 
justification for such a demarkation. 

A number of authors’® emphasize that all eight 
known baryons are similar to one another in first 
approximation. There is thus a natural need for a 
scheme in which this similarity and the internal 
symmetry are recognized from the beginning. One 
such scheme, in particular, was proposed by Gell- 
Mann during a discussion at the Conference on the 
Physics of High Energy Particles at Kiev, 1959. 

Let us consider the problem in its most general 
form. For this purpose we introduce three ele- 
mentary fermions A, B, and C, which do not coin- 
cide with any of the known particles. We shall 
represent all known baryons as different compos- 
ites of two particles and one antiparticle; the 
mesons will be composites of a particle and an 
antiparticle. Thus all three particles will be 


*Consequences of the Fermi-Yang model concerning the 
mass difference between 7* and 7° and the B decay 7* > 7° 
were considered by the author in reference 2. 
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assigned the baryon number (nucleon charge) + 1. 
We assume further that the strangeness of one 
particle (C) differs by one unit from the strange- 
ness of the two other particles (A and B); A and 
B form an isotopic doublet, so that the charge of 
B differs from that of A by one unit. The masses 
of the particles A and B forming an isotopic 
multiplet are equal and their interaction with the 
third particle (C) is also the same. In sucha 
scheme we have 3 x 3 different mesons and 18 dif- 
ferent baryons. 

The conclusions with respect to the mesons are 
identical to those made by Matumoto!® and Okun? °° 
Orthogonalizing the states with account of isotopic 
invariance, we divide the number of mesons into 
one triplet with S = 0, two doublets with S =+ 1, 
and two singlets with S = 0 (S is the strangeness ). 

Evidently, the triplet AB, (AA — BB)/V2, 

BA represents the _™ mesons and the two doublets 
AC, BC and CA, CB represent the K and K 
mesons. 

The two singlets form linear combinations with 
unknown coefficients at + Bf and — BE + ag, 
where ¢ = (AA + BB)/V2 and t =CG, |a|? + | pl? 
=1. These singlets describe hypothetical mesons 
of the type ) (or po), which are the subject of 
much criticism in the literature. >? !0-!? According 
to our scheme there should be two of these mesons. 
However, if their masses are larger than 3m7 
these mesons cannot be experimentally observed 
as particles. 

As was shown by Fermi and Yang,! it must be 
assumed that particle and antiparticle are joined 
in an !§ state, i.e., with antiparallel spins; then 
pions and K mesons are pseudoscalar particles, 
because the product of the intrinsic parities of a 
fermion and an antifermion is identically equal to— 1 
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Let us now turn to the baryons. We have, ina 
classification according to change of strangeness, 

1) one doublet CCA and CCB; 

2) one triplet CAB, C (AA — BB)/¥V2, CBA and 
two singlets consisting of linear combinations of 
CCC and (AA + BB)/V2; 

3) a quadruplet AAB, A(AA — BB)/V2, 

B(AA — BB)/V2, BBA and two doublets consisting 
of linear combinations of ACC, BCC and 
A(AA + BB)/V/2, B(AA + BB)/V2; 

4) one triplet AAC, ABC, BBC. 

It is natural to identify the doublet 1) with the 
nucleons, the triplet 2) with =, one of the singlets 
2) with A and one of the doublets 3) with =. For 
this identification we must assume that according 
to the existing classification A and B have the 
strangeness S = — 2, while A is neutral and B 
has the charge Q = — e; C has the strangeness S 
=— 1 and is neutral. Thus the conserved quantum 
numbers (charge, strangeness, baryon number ) 
are the same for the pairs A and =", B and 3’, 
and C and A, respectively. 

Besides the known baryons, the scheme gives 
also a number of unobserved particles: a particle 
U of the A type (Q =0,S=— 1), a doublet V of 
the = type (Q=0, — 1 and S = — 2), a quadruplet 
W with Q =1, 0, — 1, —2 and S=— 2, anda 
triplet R with Q =0, — 1, — 2 and S=— 3. The 
absence of these particles with S=— 1 and S 
= — 2 in experiment can be explained by assuming 
that they have large masses: MU > Mp + mg, (for 


Sh) iy, Wem me for S = - 2; then 
they are unstable against strong decay. 
The fact that the particles R with S = — 3 are 


not observed can be explained in an analogous way 
if their mass mR > m=+ mk. It is possible, 
however, that these particles exist and will be dis- 
covered; the threshold for the production of R 
with the simultaneous production of 3K is ex- 
tremely high and the probability for observing R 
is small. 

The condition of Gell-Mann and Rosenfeld® 
according to which the charge of the elementary 
particles must not be larger than unity is artificial 
and does not follow from the general ideas of the 
theory of isotopic invariance and strangeness. 
Therefore, the appearance of the doubly charged 
W and R particles is not a deficiency of the 
scheme.* 

In principle, another variant of the scheme 
(Gell-Mann, Kiev) is possible, in which the 
—*We note that the known ‘‘%, %’’ resonance in the scatter- 


ing of pions from nucleons corresponds to an unstable state 
of the nucleons which includes the doubly charged state 


(7* + p). 
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quantum numbers of the pairs A and p, B and n, 
and C and A, respectively, coincide. In this vari- 
ant the physical nucleons are identified with one of 
the doublets 3) and the cascade hyperons =~ and 
=° are described by the doublet 1). The triplet 4) 
has strangeness + 1. 

We know from experiment that the mass in- 
creases as we decrease the strangeness, i.e., as 
we go from the nucleons (S = 0) to the cascade 
hyperons (S = — 2). Thus one could easily 
imagine that the particles with S = — 3 either do 
not exist or have not yet been observed. But it is 
difficult to understand why the particles with S 
= + 1 have not been observed if they appear in 
the scheme. For this reason the first scheme 
(A = 2°, B=", C=A) appear to be closer to 
reality than the second (A =p, B =n, C =A). 
There is no basis whatsoever for the pseudo- 
philosophical assertion, which one sometimes en- 
counters, of the indistinguishability of the results 
of the different schemes. 

Let us turn now to the problem of the relative 
position of the particles in the composite scheme. 
We must, evidently, assume mutual attraction be- 
tween particle and antiparticle (and repulsion be- 
tween two particles). Hence all particles are in 
S states with respect to the antiparticles. The 
spatial parity of all composite particles, i.e., of 
all physical baryons, is odd in the reference sys- 
tem in which the parity of the unobserved ele- 
mentary particles A, B, and C is even (we 
assume that the parity of the antiparticles is odd). 
Since the parity of all physical baryons is the 
same, the pion and the K meson are pseudo- 
scalars in the reference system in which the 
parity of, e.g., p, n, and A is assumed to be even; 
in this reference system the parity of = and & is 
also even, while the parity of A, B, and C is odd. 

We note that in the SOM scheme, in which 2 
and = consist of p, n, and A, we would be led to 
an odd parity for = and &, where the parity of p, 
n, and A is even. Although this conclusion is not 
conclusively refuted by experiment, it nevertheless 
seems to be highly improbable. 

It would be especially desirable to carry outa 
direct measurement of the relative parity of ya 
and A by observing the polarization of the quanta 
in the decay >9 =A + y, as proposed by Feldman 
and Fulton. “ 

Since the particles repel each other, it is 
natural to assume that two particles are in an odd 
state relative to one another. This does not pre- 
vent them from being both in an S state with re- 
spect to an antiparticle. For example, for the 
system ABC we write 
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» == @(r ac) % Pea) —% ac) P (ra), 


where y and xy are two different (but both 
spherically symmetric) functions. This wave 
function is odd under the interchange of A and B, 
i.e., if we change the sign of rap. We can rewrite 
y in the form 

a == DT Uj (FAB) Vi | aT A= ee ra), 
both functions uj and vj are odd, the overall 
parity of ~ does not depend on the way in which 
it is written and is odd if the intrinsic parity of 
the antiparticles is taken into account, as was 
already noted earlier. 

The relative orientation of the spins is deter- 
mined by the condition that the spins of particle 
and antiparticle are antiparallel; that this orienta- 
tion is favored energetically follows from the fact 
that it is realized in the case of the mesons. For 
a baryon, which consists of one antiparticle and 
two particles, we then obtain the total spin 4, as 
we should, while the spin wave function is even 
under the interchange of the two particles. In all, 
taking both the spin and space parts into account, 
the wave function changes sign under the inter- 
change of the two particles. This is a characteris- 
tic feature of the whole scheme: owing to this anti- 
symmetry, the Pauli principle does not forbid sys- 
tems with two identical particles, as, for example, 
CCA or AAB. 

If we assumed that the spatial function is sym- 
metric under the interchange of the two particles, 
while the spin function retains its old properties, 
all systems with two identical particles would be 
excluded, and we would obtain 9 systems, which 
fall into three groups according to strangeness: 4 
+ 4+ 1. It is not possible to fit the 8 known 
baryons, which fall into the three strangeness 
groups 2 + 4+ 2, into such a scheme. 

Finally, the variant with symmetric space and 
antisymmetric spin functions with respect to the 
interchange of the two particles is equivalent to 
our proposed variant as far as spin, parity, and the 
Pauli principle are concerned; but it is less favored 
energetically for two reasons: the repulsion of the 
particles and the spin dependence of the attraction 
between particle and antiparticle. 

In the composite model it is assumed that 
approximate expressions for the masses of the 
composite particles can be given in the form of 
sums of the masses of the component elementary 
particles and terms depending on the pairwise 
interaction of the elementary particles. In con- 
formity with our assumptions about the wave func- 
tion, we shall consider only the negative contribu- 
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tion to the mass from the attraction between parti- 
cle and antiparticle; thus in contrast to Matumoto, 
we shall not make use of the positive contribution 
from the repulsion of the two particles. Also, we 
shall not use the same interaction constant for the 
particle-antiparticle pair in baryons and mesons, 
since the wave functions are clearly different in 

the two cases. Thus seven constants enter into 

the formula for the mass of the baryons: mA 

=mp =m, MC =H, the contribution from the 
interaction AC or BC equal to — h, and four 
quantities which characterize the interaction and 
the charge exchange of the three pairs AA, BB, 

and CC, expressed in matrix form (in this form 
we taken into account that A and B forma 
doublet ): 


AA Bee GC 
AA k l m 
BB l k m 
CG m m n 


In view of the isotopic invariance the interaction 
of the pairs AB and BA must be the same as the 
interaction of the neutral term of the isotopic 
triplet (AA — BB)/V2, i.e., it is characterized by 
the quantity k — 1. 

Since the number of known different masses is 
four (the electromagnetic mass differences 
within the multiplets are neglected), there is suf- 
ficient freedom in the set of seven numbers to 
allow us to satisfy the inequalities necessary to 
explain non-observability of the elementary parti- 
cles A, B, and C of the scheme themselves as 
well as of the supernumerary particles U, V, and 
W; the mass of R can be either larger or smaller 
than the sum m= + mx, so that the formula for 
the mass does not permit us to draw a definite 
conclusion about the existence of R. 

The main problem to be investigated is that of 
the role of the unobserved particles as possible 
excited states and wide resonances, i.e., the 
problem of how these particles show up in the 
dispersion relations for processes involving 
particles which are stable against strong decay. 
We note that the known ‘‘*4, °4’’ resonance should 
not be regarded as an unstable particle of our 
scheme, since in this scheme the spin of all 


bariotes — stable and unstable alike — is equal 
to ‘h. 


‘k. Fermi and C. N. Yang, Phys. Rev. 76, 
1739 (1949). 


Ya. B. Zel’dovich, Dokl. Akad. Nauk 97, 225 
and 421 (1954). 


MODEL OF STRONGLY INTERACTING ELEMENTARY PARTICLES 219 


eM. A Markov, Report at the 6th Rochester ee Matumoto, Progr. Theor. Phys-.16; 583 
Conference on the Physics of High Energy Particles (1956). 
(1956); Cunepoxs u K-mesoupi (Hyperons and K AS NT Baldin, Nuovo cimento 8, 569 (1958). 
mesons) Fizmatgiz (1958): oes B. Zel’dovich, JETP 34, 1644 (1958) 

4S, Sakata, Progr. Theor. Phys. 16, 686 (1956). Soviet Phys. JETP 7, 1130 (1958). 

°L. B. Okun’, JETP 34, 469 (1958), Soviet Phys. °M. Gell-Mann and A. H. Rosenfeld, Ann. Rev. 
JETP 7, 322 (1958). Nucl. Sci. 7, 407 (1957). 


Tip. Okun’, Usp. Fiz. Nauk 68, 449 (1949), ee Feldman and T. Fulton, Nucl. Phys. 8, 106 
Ann. Rev. Nuc. Sci. 9, 61 (1959). (1958). 


Cy. Schwinger, Ann. of Phys. 2, 407 (1957). 
8A. Salam and J. C. Ward, Nuovo cimento 11, 


568 (1958). Translated by R. Lipperheide 
*M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 47 


d 


SOVIET IP AYSIUCGS JH: P VOLUME 13, NUMBER 2 JUL Lod 


HIGHER MOMENTS OF THE CHARGE AND MAGNETIC MOMENT DISTRIBUTIONS OF 
NUCLEONS 


V. B. BERESTETSKII and M. V. TERENT’EV 
Submitted to JETP editor August 3, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 324-327 (January, 1961) 
The unitarity condition with only two-pion intermediate states included is used to calculate 
the moments of the charge and magnetic moment distributions of nucleons. Asymptotic ex- 


pressions for these moments are obtained. We calculate how the phase shifts in electron 
scattering from such nucleons differ from the phase shifts that would be obtained for point 


nucleons. 


ly Chew et al.! and Federbush, Goldberger, and 
Treiman’ have investigated the spectral distribu- 
tions ey and ey of the isovector electromagnetic 
nucleon form factors G; and ey! which result 
from two-pion states. The calculation requires an 
expression for the pion-nucleon scattering ampli- 
tude in the nonphysical region of momentum and 
energy transfer. If one uses the contribution to 
this amplitude from the pole term and the experi- 
mental data on pion-nucleon scattering, one can 
obtain an expression for the scattering amplitude 
only for momentum transfer t close to t =4 2. 
This is no help whatsoever if one wants to perform 
a reliable calculation of the anomalous magnetic 
moment and mean square radius r* of the nucleon 
without additional assumptions on the nature of 
pion-pion scattering? or the contribution from 
states with large numbers of pions and nucleons. 

The problem we have set for ourselves is to 
calculate the quantities that depend specifically on 
the spectral distributions for t in the neighborhood 
of 4:7. Such quantities are the higher moments of 
the charge and magnetic moment distribution 


Cora 
ay = 1)n(2n+-1)! nyin 2n+ 4)! 0 Si “a 
(Pr? Vv ae | piel GV) (0) _ fl = eeu 


n!| i por 


or the higher multipole potentials of nucleon tran- 
sitions, which are related to the nucleon structure 
and determine, in particular, how the phase shifts 
in electron-nucleon scattering differ from the 
values obtained with point nucleons, e.g., expres- 
sions of the form 


e nV ) 
aq = \- O— EO) pi (2) dz 


v 


| . 


VU t 
= \ Pali+ sa)ae, (2) 


Tp? 
4.2 


where P7 and Q7 are Legendre polynomials of the 


first and second kind, t = — 2p" (1 —z), and p is 
the momentum in the electron-nucleon center-of- 
mass system. 

For sufficiently large n or J, the integrals in 
(1) and (2) depend only on a region close to the 
lower limit, where the gV functions can be found 
up to a factor which represents the value of the 
pion form factor II(t) for t~ 4 u?. This quantity 
can then be measured by comparing the results of 
calculations according to (1) and (2) with experi- 
ment. Unfortunately the asymptotic nature of 
Eqs. (1) and (2) makes such a comparison difficult. 

2. The spectral distributions obtained from the 
unitarity condition including only the two-pion 
states are of the form! 


gb 


Be + Fag (MHI — M0) 
Il (é) 1 GN eae 


~ 820 V7 (E— 4M?) 
—V (t—4M?) (t{—4p2) 


kA (€, v) av, (3) 


where k =k; + ky, q =k, — ky = py — po, py and kj 
are the nucleon and meson momenta, v =|k| | pl, 
M is the nucleon mass, p is the meson mass, and 
A is the isovector amplitude for two-pion nucleon 
annihilation. 

This amplitude A can be divided into a pole 
term and a regular part, A= AP + A’. Those 
terms in the eV obtained by putting AP in (3) were 
found by Chew et al.! For small é =vt/4u? — 1, 
they may be written (here € =p /M) 


8 69 e 9 
ie ee ee 


gY , = f?[28—me/2+ e? / 2], 


6<e/2, (4) 


Gap = — 2P 126 — mE? / Qe], e(/ 2 E< 1. (5) 


The terms obtained from the regular part of A 
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can be found by inserting the first terms of the 
expansion of A’ about t = 4u? into (3). These were 
obtained by Galanin et al.‘ by analytic continuation 
of the experimental pion-nucleon scattering ampli- 
tudes: 

A’= (g? / p?) (av /M — ayk), 


a,= 0.0065, a,= 0.0125. 


(6) 
Inserting (6) into (3), we obtain the corresponding 
terms in the gV, namely 


gy "= § PP3 (a, — a2) / &?, go a sacle 5a, / €° 
(P= (¢ / 2)? (g?/4x) = 0.08). (7) 


3. Comparison of (7) with (4) and (5) shows that 
the regular part gV’ of the spectral distribution 
is significant only for very small values of ¢. 
Bosco and Alfaro’ have used expressions such as 
(7) to calculate the asymptotic behavior of the 
isovector part of the charge and magnetic moment 
distributions, obtaining 
»\ 2 (exp (— 


4p? 


1 
(211) 


Ag V tr) dr. (8) 


This expression, however, is good only asymp- 
totically for r > 1/ué, and can therefore not be 
used to construct the entire pV (r) curve by inter- 
polation, as was attempted by Alfaro and Predazi.° 
This is because in the region 1/2u «r < 1/pé the 
fundamental role is played by values of ~ in which 
the gV are given by the pole term (5). 
Inserting (5) into (1), we obtain 

4f? (2n + 1)! = (n—1)le 

(4p2)"n! 
j2 (2n +4)! fe oe & 3)" (9) 


€ (4u2)” n! 4 ga 


Inserting (5) into (8), we obtain 


Pr) = ower 


: ‘ 
ee ene at 

4. Expressions can be given for the difference 
between the electron-nucleon phase shift and their 
values for a point nucleon. It is more convenient, 
however, to give the aj and bj, which are related 
to these differences in the phase shifts by the ex- 
pressions 


[Vidi —1) / (22 — 1) (ar 
(ae pas Mh 


(2n —- 3)! 


Sa 
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[( + 2) / (2! + 8)pa7* + (+ 1) / (28+ 3) 67? = —21°8)"", 
[(@ — 1) (Ql — Iya + (2 / (21 — 1) Or = — 21°68, 
al = — 2798}, ah, = — 2148;, 05,1 = 2ivor- (11) 
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Here 59) are the triplet and singlet phase shifts 
for total angular momentum J, and ve ,1 and J 
are parameters which describe the amount of mix- 
ing between states with total spin 0 and 1 and states 
with orbital angular momenta J — land J + 1. 
Then the ak and ne are given by the following ex- 
pressions, where we use Eqs. (5) for the spectral 
distributions: 


= NQi(1+ 2m) {-[F 495) 4, 
al1 = NQ;(1 + Qn?) | E bi + a of 
Me tan ea 
ait! = NQi (I+ 2n?) | E a é 
eS ore is dele 
bi 1 = NQu(1 + 2m?) {— be ee 
ie cz 1o(l es ) | J} ; 
A 0b 


3 A an? 
at = NQ.(1+2n ) st — a} 
Aree ij 1 n2 2B 2Jo 
bo, = NQu (1-+2m?) Va .: i =i ms an |: 
Mm, + Mp-+ p? 5? (M + p) M 
= Mp ae ALS 20) Miner p) Pa eg 
P¥n 4 Va | 
MiSSt = al! alr) > 
2 ee! Va ( | 1. 
Jo== — 2P-V x a E a (! Hus 
Sey E72, NSB Oy Wen 
N =ie*p/ 2n, L=ni+l)/Vi+n. (12) 
Calculation for the case 1 =4 and p =p leads 


to very small values (of the order of 10>) for 
the differences in the phase shifts and the mixing 
parameters. This is a reflection of the following 
situation, which makes it difficult to apply to the 
present case the methods of calculation suggested 
by Galinin et al. 4 Equations (12) are the leading 
terms in a power series expansion in 1/L, where 


L=l+1 (eae (13a) 
Ly (C- 1); n= ke (13b) 
On the other hand, angular momenta I < lef 


222 


~ rop play a role in the scattering, where ry may 
be called the radius of interaction (for our case it 
is of the order of the nucleon radius). In case 
(13a) a satisfactory expansion is one in powers of 
1/L for 1 > 4 — 5; but then legg « 1, and the 
phases obtained for 7 = 4, of course, turn out to be 
very small. For p >uy, the value of leff increases, 
but the values of J for which the phases can be cal- 
culated also increase linearly with p. It is most 
convenient to investigate the region where p~ p, 
but our calculations have shown that in this case 
also the differences in the phases and mixing 
parameters are extremely small. 

In conclusion we express our gratitude to I. Ya. 
Pomeranchuk for his interest in the work and for 
helpful discussions. 


APPENDIX 


We give here the formulas relating the phases 
and mixing parameters with the matrix elements 
sg, 1’: S, 1 of the scattering matrix in the repre- 
sentation in which the total angular momentum J 
is diagonal (S, J, S’, and 1’ are the spin and 
orbital angular momenta before and after scat- 
tering ): 
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S dea i, des =e Qy? exp (256; +), 

Sie er = COs 27’ exp (2:63 —,), 

SS Jy 1, J = ésin ie exp (2054 a= onan) 
So, 45 0, = 00S 279.1 exp (21183), 

SS ja p= COS 281 exp (21363), 

Si no, = isin 2761 exp (28) + 1767). 
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PLASMA TURBULENCE IN A MAGNETIC-MIRROR SYSTEM 


B. B. KADOMTSEV 
Submitted to JETP editor August 3, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 328-336 (January, 1961) 


The convective turbulence of a rarefied plasma in a magnetic-mirror system is analyzed 
theoretically. The turbulence arises as a result of plasma instability. The results which 
are obtained are in satisfactory agreement with the experimental data of Ioffe, Tel’kovskil, 
Sobolev, and Yushmanoy on plasma lifetime in a system of this kind.! 


1. INTRODUCTION 


‘Tue magnetic-mirror system! represents a pos- 
sible means by which high-temperature plasma can 
be contained. In its simplest version, a magnetic- 
mirror system consists of a region of uniform 
magnetic field Hy with mirrors at each end, i.e., 
regions of stronger magnetic field Hy. A schema- 
tic diagram of such a system is shown in Fig. 1. 

If the magnetic field is strong the Larmor rad- 
ius of the particles p is much smaller than any of 
the characteristic dimensions and the adiabatic in- 
variant » = Mw’/2H (M is the mass of the parti- 
cles, w is its transverse velocity ) may be con- 
sidered constant with a high degree of accuracy. 
For this reason a field configuration of this kind 
represents a good trapping system for particles 
for which sin a = w/v > H/Hy where u is the 
longitudinal velocity while v = (vw + w-)i/2 is the 
total velocity. 

However, the problem of containing a quasi- 
neutral plasma is quite difficult. In a magnetic- 
mirror system the magnetic field falls off in the 
radial direction and, because it is diamagnetic, the 
plasma is expelled from the central region toward 
the walls. As far as the motion of individual par- 
ticles is concerned, this instability manifests it- 
self in separation of the charges and the appear- 
ance of an electric field which causes particles of 
both signs to drift in the radial direction. 

If the plasma pressure is much smaller than 
the pressure of the magnetic field, only the con- 
vective or interchange perturbations lead to insta- 
bility;”’? these correspond to the interchange of 
neighboring lines of force without perturbation of 
the magnetic field. In these perturbations the 
electric field is irrotational and the field potential 
is constant along the lines of force. Hence, if 
there is good electrical contact with the end elec- 
trodes perturbations of this kind are impossible 
and a low-pressure plasma will be stable. 


FIG. 1 


The concrete details of a given experiment de- 
termine whether or not an electrical contact ex- 
ists. For example, in the pyrotron, described by 
Post,’ in which hot plasma is produced by adiabatic 
compression of a cold plasma which is injected 
from outside, contact is apparently realized by 
virtue of the rather dense cold plasma (this ques- 
tion is discussed in a paper by Post et al.°). Under 
other conditions no contact may be formed. Pre- 
cisely this situation obtains in the system described 
by Ioffe et al.°.’ The experimental finding that the 
plasma is lost from this system primarily in the 
direction transverse to the magnetic field verifies 
the fact that no electrical contact is realized. 


2. QUALITATIVE ANALYSIS 


In the experiment of Ioffe et al.® a hot plasma 
(ion energy, approximately 1 kev and density, ap- 
proximately 10° cm *) is produced by accelerating 
ions in a pulsed radial electric field of the order 
of 1 kv/cm; the field is applied between the cham- 
ber and a cold pinch located along the axis of the 
system. Qualitatively, the way in which the sys- 
tem becomes filled with hot plasma may be de- 
scribed as follows. Following the application of 
the high voltage, the outer layers of the cold plasma 
are set into rotational motion. This rotational mo- 
tion, however, is unstable. The centrifugal force 
causes the plasma to be ‘‘splashed’’ violently 
toward the periphery of the system; since this ef- 
fect is characterized by high electric fields, the 
‘‘splashing’’ results in an increase in the energy of 
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the individual ions. As a result the system be- 
comes more or less uniformly filled by plasma 
with high energy ions; it has been shown experi- 
mentally that this process is completed in a time 
of the order of 10 — 20 psec. 

After the high-voltage pulse ends, plasma rota- 
tion ceases and a quieter phase, characteristic of 
the motion of a diamagnetic plasma in a magnetic 
field that decays in the radial direction, is ob- 
served. The characteristic time for this motion is 
considerably greater than the ion time-of-flight 
between the mirrors tg ~ 5 usec. Hence, an equi- 
librium distribution of ions and electrons can be 
set up along the lines of force. 

We consider an individual tube containing plasma, 
ABCDE. Since the electrons remain cold (the 
electron temperature Te is of the order of 10 ev) 
we can write Te = 0; the, from the electron equili- 
brium condition it follows that g, the electrical 
potential along each tube of force containing plasma, 
is a constant. The potential can not be negative; if 
it were, the excess electrons would be rapidly re- 
pelled from a given tube towards the ends, which 
are at zero potential. Thus, an individual tube of 
force can have a potential different from zero only 
if there is a charge due to positive ions at its ends, 
the regions AB and DE, where the electron density 
vanishes. 

This charge, however, cannot be arbitrarily 
large because if the ion charge increases the elec- 
tric field repels ions toward the ends and then they 
can be contained only by virtue of the increase in 
magnetic field from the value Hg at the boundary 
of the tube to the value Hy, at the mirror. It fol- 
lows that the potential y satisfies the following 
condition: 


0< p< (Te) (Hm/Hs — 1), (1) 


where T is the ion temperature, i.e., a of the ion 
mean energy. 

This relation allows us to understand why there 
may be no electrical contact with the ends under 
the conditions being considered. Because there are 
large fluctuations in the electric field during the 
ion acceleration stage, in a plasma produced in 
this way there are no ions which are reflected very 
close to the mirrors. In other words, the boundary 
of the hot plasma is located at some distance from 
the surface of maximum magnetic field, that is to 
say, Hs = Hm. Hence, g can vary over some 
finite limit (1) and this means that there is no con- 
tact with the end walls. 

A consequence is that there is a convective in- 
stability in this system: a tube with more dense 
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plasma is expelled towards the walls as a result 
of the production of the azimuthal electric field, 
causing a drift ve = cH”*(E x H) and when the 
tube comes into contact with the wall, ions are 
emitted and absorbed by the wall; these ions are at 
a distance of the order of the mean Larmor radius 
p from the wall. Because of the loss of ions, the 
plasma potential close to the walls drops to zero 
and the excess electrons escape to the ends along 
the lines of force. As a result, a layer of thickness 
p next to the walls will be at zero potential and the 
azimuthal component of the electric field (conse- 
quently, the normal component of the velocity) Ve 
vanishes in the entire wall layer. 

It follows that an individual plasma tube cannot 
be lost to the wall immediately. The tube is slowed 
down* near the wall and as soon as its density be- 
comes lower than that of the surrounding plasma 
(because of wall losses) it is forced back into the 
system. Thus, each individual tube must come in 
contact with the walls and is forced back into the 
chamber several times before becoming completely 
detached from the plasma. The motion as a whole 
is similar to thermal convection in an ordinary in- 
compressible fluid: the role of the fluid is played 
by the tubes of force of the magnetic field while 
the plasma pressure acts as the temperature. For 
this reason we can make use of the semi-quantita- 
tive methods of analysis of ordinary convection. 


3. BASIC EQUATIONS 


For the conditions considered here, collisions 
between particles are unimportant so that an exact 
description of the ion motion is given by the kinetic 
equation without the collision term: 


0 
a+ (vy) i+ Se +t ivxny 0. (2) 


For convective flow of a plasma characterized 
by a plasma frequency which is much lower than 
the cyclotron frequency Qy = eH/Mce but a charac- 
teristic length considerably greater than the Lar- 
mor radius p, the important terms in Eq. (2) are 
the last two terms. Hence, in the zeroth approxi- 
mation 


{E ++ [vxH]} So (3) 


whence we have f= F(v — vo), where vp = H °c(E 
x H) = — Hc (Vg x H) while the function F has 


*The fact that a metal wall along the walls of force re- 
duces the normal component of the electric drift to zero, 
causing retardation of the plasma, was pointed out by L. A. 
Artsimovich. 
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an axis of symmetry with respect to the direction 
of the magnetic field. 

If we take account of the remaining terms, then 
in addition to the electric drift there are supple- 
mentary drift velocities which are different for 
different particles. As an approximation, however, 
we may assume that all ions move accross the 
magnetic field with the same velocity vo; go, how- 
ever, is no longer the potential of the electric 
field, but some effective potential which takes ac- 
count of all forces acting on the ions. This approx- 
imation allows us to go from the kinetic descrip- 
tion to the hydrodynamic description. If we take 
Yo = const along the lines of force a further sim- 
plification is possible and the motion of the individ- 
ual tubes of force becomes two-dimensional. 

In Eq. (2) we can write f = F(v — vy), multiply 
by w=v-—u-H/H, integrate over velocity, and 
average over the lines of force, thereby obtaining 
the equation for the transverse motion. We shall 
assume that the mirror ratio Hm/H) is small and 
that the lines of force of the magnetic field are 
only slightly distorted. Then we can then neglect 
the curvature of the lines in the inertia terms, 
thereby obtaining the following equation for the 
transverse motion: 


[oe 4 


Mn + (Voy) Vo} + vp + enye — = [vxH] =Mng. (4) 


_— 


is some mean density over the tube of force, L is 
the mean length of the tubes of force, 
H 


is the mean transverse pressure, the vector g is 
along the radius and A ae by 


(D1 + pu) 


g=——\tru ~ ——\ 


aye mae 


Hy is the field at the center of the system, r= r(z) 
is the distance from the line of force to the axis of 
the system, ry = r(z=0) is the distance from the 
line of force to the axis in the central plane, dl is 
an element of length of the line of force, R is its 
radius of curvature, and 


Pi = | Mu*fdo, C= |= fav 
are respectively the longitudinal and transverse 
pressures. 

The average field H which appears in Eq. (4) 
may be approximated by a constant so that Eq. (4) 
coincides exactly with the hydrodynamic equation 
for the two-dimensional motion of ions in a uni- 
form magnetic field in the presence of a gravita- 
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tional force Mg. This force, which takes account 
of the curvature of the lines of force, expresses 
precisely the average effect of the expulsion of the 
diamagnetic plasma from the field. We may note 
that the expression for g given above can be ob- 
tained from energy considerations, as has been 
done by Rosenbluth and Longmire.’ 

The ions can reach an equilibrium state in the 
longitudinal direction so that the ion distribution 
function depends explicitly only on v*? and 
. = Mw’/2H. If the particle density is high enough 
the plasma is quasi-neutral and the ion density is 
regions AB and DE (cf. Fig. 1), where the elec- 
tron density vanishes, is very small. However, 
this region is entered only by particles character- 
ized by sin a = w/v < H/Hs; consequently, the ion 
velocity distribution contains no velocities within 
the cone defined by sin a < H/Hg. We approximate 
the ion velocity distribution by a Maxwellian func- 
tion (no velocities in this cone) and assume that 
the temperature T is a constant. For this distri- 
bution 


ay ea ae Pi + 2p) = 3n7, 
pial (1) Hy i). 

In principle, we can calculate g for these rela- 
tions and find the connection between n and p for 
a given magnetic field, in which case the problem 
is reduced to an analysis of the transverse motion 
alone. 

To Eq. (4) we must add the electric field equa- 
tion 

Ag = — 4ne (n — ne) (5) 


and the ion and electron continuity equations: 


dn/dt + div (von) = 0, (6) 
On,/Ot + Veyne = 0. (7) 


Here we have neglected end leakage because it has 
been shown experimentally’ that leakage is re- 
sponsible for less than 20% of the total particle 
loss from the system; we assume that the electrons 
experience an electric drift Ve = cH”? (H x Vo ) 
only. Eqs. (4) — (7) completely describe the behav- 
ior of plasma in the system. 


4. STABILITY 
We first find the density at which the plasma be- 
comes unstable. We assume that 
4ne?n/ MQ? = 4anMc?/H? <1. 


Under these conditions the inertia terms in Eq. (4) 
can be neglected and we obtain the following ex- 
pression 


l 1 _ clhxve@l 
Vig = OF [hxg] MQ), [hxvP] ali 7 ’ (8) 


where h is a unit vector along H (i.e., the z axis). 


We take p=nT and assume that T is a con- 
stant. Furthermore, for the curvature of the lines 
of force we can write g = Tr/MaRy where a is the 
radius of the chamber and Ry is some mean rad- 
ius of curvature for the lines of force close to the 
walls. Substituting Eq. (8) in Eq. (6) we have 


0 0 
3 — Oo 5a + 7 hive, va) =9, (9) 


where wy) = T/MaR,Qy is the angular drift velocity 
of the ions under the effect of the force Mg. 
Suppose that in the equilibrium state n= Ng = Ng 
and yg) = 0. Assuming that the perturbations of 
density and potential n’, ne and g’ vary according 
to exp{—iwt +imv’}, from Eqs. (5), (7), and (9) we 
can obtain a single equation for 9: 
4ne2mwo 1 dno Sheets 
MQ, 1 dr 
In the simplest case, where the density np is given 
by the parabolic relation ny = N(1 —- r/a’), the 
solution of Eq. (10) is of the form g! = Jm(Omnr/a) 
where Qn is the n-th root of the Bessel function 
Jm. Then the oscillation frequency is given by 


@ (@ + ma) Ag’ + (10) 


i ior. 2 2 
0 = — {MW 5 m V 4 Mo 2250 /QHemn 


where 9? = 47e’N/M. From these considerations it 
is apparent that an instability arises only when the 
density becomes high enough to make cs greater 
than + Coe WpQH- Under these conditions the in- 
stability arises first for perturbations with the 
greatest wavelength, i.e. for m=1 and Qmn= O14 
= 2.83. The stability condition can be written ap- 
proximately in the form 


ry SS Ako. (11) 


where rf = T/MQ} is the square of the Debye rad- 
TREES, 

The stability condition assumes a similar form 
for other density distributions nj(r). In particu- 
lar, if ny experiences a steep drop at a distance 6 
from the walls (which are assumed to be metal), 
the stability condition becomes a“ > Rod. Since 6 
cannot be smaller than p, for a plasma density 
high enough so that rp < Rgp there will be an in- 
stability for any distribution ng which vanishes at 
the walls. This is precisely the situation which ob- 
tains in the experiment® where rp~p~licm, 
while Ry is approximately 10? cm. 


5. TURBULENT CONVECTION 


The condition rj) < Ry together with the plasma 
neutrality condition, represent the criteria for 
convective motion on all scales of length to the 
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minimum of approximately p. The equations of 
motion can be simplified for this particular case. 
For this purpose we subtract Eq. (7) from Eq. (6) 
and express the difference n— ng in terms of ~ 
by means of Eq. (5). We thus obtain 


2 Ag + veV (Ag) —4ne div (n (vp —ve)) = 9, (12) 


where Ve = cH !(hx Vg). For two-dimensional 
flow, however, Vy = (H/c) curl Ve so that Eq. (12) 
can be integrated once, yielding 
OV, 4mec 
at aa (veV) Ve H2 
where f is an arbitrary function of r and v. 

As an approximation, in the first term of Eq. (4) 
we replace Vy by Ve and n by some mean density 
N, multiply Eq. (4) by 4rc/H*, and subtract from 
Eq. (13). We then obtain the approximate equation 


n [Vo Ve, |xH+- Vi = 0; (13) 


OV, 
TOR 
where Ve ® Vy is the macroscopic plasma velocity, 
p* is an arbitrary function of r and ¥, and g* 
= 47e*g/M (Qy? + 23), Q) = 47e7N/M. If we take 
account of the neutrality condition n= neg and the 
condition 


+. (veV) Ve Voi = os (14) 


divv, =0 (15) 


Eqs. (14) and (7) coincide exactly with the equations 
for an incompressible inhomogeneous fluid in a 
gravitational field of force. Hence there is a very 
close analogy with the familiar convection of an 
incompressible fluid. 

Since Eq. (14) does not contain a viscosity term, 
the convection described by this equation is of a 
turbulent nature. Thus, the problem of plasma 
lifetime in the system becomes essentially the de- 
termination of the coefficient of turbulent diffusion. 
We shall assume that the chamber walls are ex- 
actly along the lines of force. Let x be the dis- 
tance from the wall while q is the diffusion flux of 
plasma to the wall. In the region next to the walls 
the flux q may be assumed constant. Eqs. (14) and 
(15) contain only one dimensional parameter g* 
which appears in the form of a product with n. It 
then follows from similitude considerations that the 
turbulent state of the plasma must be determined 
only by the parameter g*q. But, from the quanti- 
ties g*q and x the dimensionality of the diffusion 
coefficient can be constructed in only one way, 
namely, 


D = A(g"q)'s x's = A [4ne?Tq / R,M (Q3, + Q?)Y” x’, (16) 


where A is a numerical factor of order unity. 
Knowing D, from the relation q = D — dny /dr 


= D dn) /dx we find the distribution close to the 
walls no: 
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Ny = N — 3q/ A(g*qyh xh, (17) 
where N = const is the density inside the chamber, 
1.€., at xX — ><, 

The distribution given by Eq. (17) holds only 
when x >p=¥7 T/MQ3,. At X =p we must impose 
a boundary condition. Let be the fraction of the 
plasma lost in contact of the tube with the wall and 
let ng be the mean density (17) at x = p. The den- 
sity fluctuation n’ due to the fact that the plasma 
tubes move back and forth at the wall is a quantity 
of order n’ ~ ¥, Eng. In order-of-magnitude terms, 
the flux at the wall q is n’v’ where v’ ~ D/x is 
the velocity fluctuation. Hence, as an approxima- 
tion we can write the following boundary condition: 


ie > Ens (D/X) x=. 


Now, expressing ng by means Eqs. (17) we can 
find the relation between q and N and the plasma 
lifetime Tp: 


ma2N 07,423 Rom \"? 4 ,24-38\% 
pevele c.f 228 JE ONE 
9 eT eS. AE ) 
(18) 


The expression for Ty contains one unknown 
parameter €. The quantity rT) is rather sensitive 
to €, but it is an extremely complicated problem 
to calculate € because this parameter is directly 
related to the ‘‘roughness’’ of the wall; experi- 
mentally, the walls never coincide completely with 
the lines of force. For this reason, the tube run- 
ning along the wall does not lose ions over its en- 
tire length, but only at separated points of contact. 
In the remaining portions the tube potential (con- 
sequently, its velocity) is maintained for some 
period of time. Hence, to find € we must solve the 
complete kinetic equation, taking account of the 
longitudinal motion. In view of the complexity of 
this probelm and the lack of adequate experimental 
data on wall roughness we do not treat this problem 
and shall assume that £ is a numerical constant of 
order unity. 

In the derivation of Eq. (18) we have not taken 
any account of end effects. According to Kq. (1), 
however, end effects impose certain limitations on 
the potential gy. As a result, the velocity vi 
~ Cys /dH of a fluctuation of order A cannot be 
larger than (cT/AH) (Hm/Hs — 1). Hence, the 
turbulent diffusion coefficient D ~ < A’v > cannot 
be larger than 


Dn = BS (af — 1), (19) 


where B is a numerical factor of order unity. 

An estimate shows that (16) is actually much 
smaller than (19); however, if there is a diaphragm 
this relation may not hold. When plasma retarda- 


V, kv 45 30 20 10 
H, ke T, kev 1.2 1.0 0.9 0.4 
5 experiment Wes | O2 0,4 1.0 
theory On ciay || (OWA O43). | One 
6 experiment 0.16 | 0.4 
theory OF45 a ROR 
g experiment 0.7 AS 
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tion at the wall is not important and we modify the 
first approach by introducing velocity limitations 
due to end effects, the plasma flow loses its diffu- 
sion nature because the tubes do not close inside 
the chamber. For this reason Eq. (19) does not 
give the true diffusion coefficient; it can, however, 
be used for making estimates. 


6. COMPARISON WITH THE EXPERIMENTAL 
DATA 


In the table we compare the dependence of Ty, 
(in milliseconds) on T and H as computed from 
Eq. (18) with the experimentally measured relation® 
for a mirror ratio Hy, /Hp = 1.5. The calculation 
is carried out as follows: the radius of curvature 
Ry © 3 x 10? cm is computed from the experiment- 
ally measured magnetic field under the assumption 
of a Maxwellian ion-velocity distribution with the 
cone excluded (depending on the cone angle a, Rg 
can vary by 20%.) The ion temperature is 7 of 
the mean ion energy, which is estimated experi- 
mentally from the rate of removal due to charge 
exchange. According to reference 6 the density N 
is 10° for fields of 5 and 6 kilogauss and 5 x 10° for 
a field of 8 kilogauss. The constant C is taken as 
20, corresponding approximately to A=& = %. 
The chamber radius a = 22 cm and V is the ac- 
celeration potential. 

The fact that the lifetime which we have com- 
puted is of the order of magnitude of the experi- 
mental lifetime for a completely reasonable choice 
of the constants A and é is an indication of the 
usefulness of the considerations developed above. 
However, the experimental dependence of T) on H 
and T is much sharper than the theoretical de- 
pendence. This result is probably due to the fact 
that the chamber in the experimental apparatus has 
a complicated shape with protrusions (Q in Fig. 1) 
which act as diaphragms or that é itself is nota 
constant but increases with diminishing To, that is 
to say, with increased intensity of the convective 
oscillations. 

The finding that convection is responsible for 
plasma loss from this system is also supported by 
probe measurements.’ These measurements show 
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FIG. 2 


that the currents to the wall probes are well cor- 
related along the lines of force, that is to say, the 
plasma actually escapes to the wall in complete 
tubes. Furthermore, the probe currents exhibit 
oscillations with a period of approximately 5 — 10 
psec. If we assume that in the vicinity of the walls 
the ions rotate in azimuth with a velocity vo = awg 
= T/MR, ~ 10° (and that the electric drift velocity 
is of the same order of magnitude) while the min- 
imum correlation length p ~1cm, the oscillation 
period is approximately p/vp ~ 10 psec, in agree- 
ment with experimental results. 

The dependence of lifetime on density N can be 
determined from the experimental dependence of 
Ty) on time.® For example, using the experimental 
+ =T(pt) curve for p= 2x 10°§ mm Hg we can 
estimate the time for Ty) to increase by a factor of 
e as 0.3—0.4 msec. But the mean lifetime for 
this interval (taking account of charge exchange ) 
is approximately 0.15 msec. Thus, T) increases 
in time in accordance with a function of the form 
tT) ~ N72, which follows from Eq. (18) if Q6Q4y 
< 1, as is the case if N < 10°. 


7. CONCLUSION 


In spite of the numerous simplifications which 
have been introduced, our theoretical analysis is 
in satisfactory agreement with the experimental 
results and both lead to the conclusion that plasma 
instability arises in a system of this kind as a con- 
sequence of convection. In order to avoid instabil- 
ity it is necessary to have a magnetic field config- 
uration which increases in all directions as seen 
from the region occupied by plasma. One config- 
uration of this kind, which has only two mirrors, 
is shown in Fig. 2. This field consists of a meri- 
dian field, with lines of force of which lie in the 
planes of r and z, and an azimuthal field which is 
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produced by a current I along the axis. If the force 
line A’B’C’D’ of the meridian field has a negative 
curvature, as shown in Fig. 2, the field increases 
with increasing radial distance from this line. The 
field increases in the outward direction from the 
cross-hatched region at sections AB and CD in 
exactly the same way. 

If we now choose a current I which makes the 
azimuthal field small at the line A’B’C’D’ but con- 
verts the force line ABCD into a rather sharp 
spiral in BC, than all the force lines at the boundary 
of the cross-hatched torroidal region exhibit nega- 
tive curvature, that is to say, the field increases 
in all directions. Actually, the presence of a cur- 
rent I causes some elongation of the lines of force 
close to the axis of the system so that the longitud- 
inal pressure of the plasma will tend to push the 
plasma tube toward the axis. But if the longitudi- 
nal pressure is smaller than the transverse pres- 
sure, effects due to elongation of the lines of force 
will be small and the plasma will be stable in the 
cross-hatched region, since a rotational diamag- 
netic force acts upon it. 

In conclusion, the author wishes to express his 
gratitude to M. S. Ioffe and V. G. Tel’kovskii, who 
maintained constant contact with this work. 
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ON THE MANDELSTAM REPRESENTATION IN PERTURBATION THEORY FOR AN ANOM- 
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The analytic properties of the box diagram are investigated in perturbation theory. With this 
diagram as an example, it is demonstrated how the Mandelstam representation must be modi- 
fied in the case of an anomalous relation between the particle masses. 


ie is well known, the Mandelstam integral repre- 
sentation for scattering amplitudes! is valid only 
if the process does not contain ‘‘anomalous’’ dia- 
grams. In this paper we discuss the modification 
of the Mandelstam representation in the anomalous 
case by considering the simplest diagram, namely 
the box diagram shown in Fig. 1. The notation is 
as follows: pj, kj are particle four-momenta; m, 
y. are the masses of the ‘“‘internal’’ particles; p, 
+ po +p3 + pg = 0. We consider the case when pj 
= p3 = p} = pj = M’. The diagram is a function of 
the invariants s = (p,+ p)* and t =(p) + p3)?: 

1 


in? 


S2y 
f(3,t) <0 


A(s,t)= 


\ 6 (pr -- Rg — ky) 6 (Po —- ky == Ro) 6 (Ps a Ry = ks) dtky d*ks d*ks d*k, 
(4 — w? + iex) (Rj — m® + ies) (kg — UW? + its) (kg — m? + sea) 


For the ‘‘normal’’ case when M? < m? + of we 
can write 
A. piss eo adsmat ; 
A(s, t) = oe \ SS 
Qy 
p(s, t) =2/V —séf (s, £), 
f(s, t) = 4(M? — m? —p?)? + (¢— 4p?) (4m?—s). (1) 


The region of integration Qn is bounded by the 
curve Lyn inthe st-plane (see Fig. 2); and 
f(s, t) =0 onthe curves Ly and LA. 


ts=s, = 4m? — Nee 
The quantity A(s, t) may also be represented ag A ( 


in the form a logarithmic type branch point, and at 
eg ee eae, 5 = 5 = mi? 4 (ME — mt — 2)? /(E— 4 
a a root type branch point. The function Aj, (s, t) 
é eos: ede, may be made single-valued in the complex s-plane 
od ESC) ; Vea 2) by introducing a cut from sq to s and from 0 to 
t<0, (2) 4m? (see Fig. 3). 
where the integral is to be calculated along the Let us investigate in more detail the motion of 


contour C; in the complex s-plane shown in Fig. 3. _ the singular points SA and s_ aes ieee 

The function A;(s, t), which is for t < 0 formally changes, ee use oO the met fe) eee cs oe 
continued into the region s < 4m’, has two branch Mandelstam. poral apc Me Savio pbee e m 
points: the substitution M°— M*“ + ie. Then the points 
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SA and sk move off the real axis. As M in- 
creases these points move in the manner shown 
by the dashed lines in Fig. 3; when M2 = m? + ie 
they cut the contour C, to the right of the point s 
= 4m”, and then, for M? > m* + ee take up -posi- 
tions to the left of the point s = 4m?, as shown in 
Fig. 3. In order to avoid cutting the contour of 
integration when passing to the anomalous case it 
is necessary to replace in the expression (1) from 
the very beginning the contour C,; by the contour 
C,. In the anomalous case this leads to the ap- 
pearance of the integral over the discontinuity of 
the function A;(s, t) in the interval sA <s < Sk. 
Passing to the limit € —~ 0 and evaluating the jump 
in A in this interval, one can obtain for M? > m? 
+ pL 


(3) 
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Sk 
ues 1 aq (s’, t) 
a(s, i ra \ aia 
SA 
The integral in Eq. (4) can be evaluated direct- 
ly. As a result it turns out that for t <0 and sA 


<S <8, the function a is of the form 
+ i | 


Vsi (SA 
[in V st (5, — 4m) — V — sf (s, 4) 

(5) 
(it is obvious that a is symmetric under the ex- 
change s— t, 4— m). 

Now the function a(s, t) may be analytically 

continued into the region s > 4m”, and then in the 
variable t into the region t >0. Asa result the 


following representation is obtained for a(s, t) 
for t in the various regions as indicated: 
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pelea Bae ep Bi i 
V séf (s, #) ss 


ds’, & (8, t) = 


2 —4m) +Y— s,s. t) |. 


Os aera 


( 1 - ay (s’ 
a(S) , 
a Vee me 
SR 
¢ t) 1 : (Ss, 2) 
== 4 a (s’, / ( ay Sin / Z 
a(S, t) ie \ oars be la : 5 dS; t,< t= 4m: 
| Be (s’, t) 
IG Q(s, / 2 
= Were = ih ds’, t> 4m 
( Ms 
ta = 4p? — (M? — m? — p?)? /m?. (6) 


Thus the diagram of Fig. 1 may be represented 
in the anomalous case in the form 


A(s,t) = @(s, t) 


\ 


Qn 


4 
ie 


p(s’, t”) ds’ dt’ 


a (s’ — s — 16) (t’ — t — is) 


= a(s,t) + Ay(s,¢), (7) 
where the function a is determined by the relations 
(6) and (4) and has discontinuities in the variable s 
for fixed real t in the dashed-in region in Fig. 2 
(it is obvious that in the same region a(s, t) has 
analogous discontinuities in the variable t for 
fixed s). 

It is interesting to note that as t— 0 the func- 
tion a(s, t) hasas s— sx— SA a pole type 
singularity, namely 
s_, 

A 


ae V Gm — Sa)/Sa. 


We are most grateful to L. D. Landau who 
called to our attention the fact that in the anomalous 
case there must necessarily exist the singular re- 
gion shown shaded in Fig. 2. 

One can verify that for the function A(s, t) the 


curve Lyn is not singular in the anomalous case, 
since along this curve the singularities of the func- 
tions a and Ay compensate each other. Indeed, 
for t > 4u” the function Ay (s, t) has the following 
representation: 


4 
i Vs'tf (s’, 2) 


Ay (s, t) = : \ 


4m? 


vi Vis’, +i Vi (s’ — 4m) ds’ 
at ————— —————— 7; eo 
ViG.)—iViCe —4any | 8 —s—i6 


Let us separate out of Ay the part that is singular 
at Ss =sk (for t > 4"); then A(s, t) = A) + a’, 
where 


A= 1 ( il n i Vi (s’ — 4m?) +V iT ds’ 
Hee i Vs'tf f Vi (s' —4m2) — Vj Js’ —s—id? 
a'(s,t) =\ __2ds’ +4 ___ as 
3, Vsti(s’'—s — id) ae Vs ifs’ =s— is) 


The function Aj has no branch points at s = Sk. 
After performing the integration a’ may be written 
in the form (for 0 <s < sa) 
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S(t = ee 2 In VTS es 
V st} V 5 (Sp—Sa) +V Sq (Sy —5) 

ante V 4m? (sp — s) + V's (8, — 4m?) 

V 4m? (sp —s) — V's (s, — 4m?) 
; Ve oat ate! 
Oar eS | 
It is easy to show after analytic continuation into 
the region s ~ sk that the function a’ also has no 
singularities along the line s = sx. 

If one considers the case when the anomaly 

appears only in the simplest diagrams shown in 
Fig. 1, 4 and 5 (it is possible that this is the case 


, 74 | | L 
Py Py P, Py 


FIG. 4 


FIG. 5 


for the real scattering processes of 2 and A 
hyperons®) then the exact scattering amplitude 
F(s, t) may be represented by 


F(s, t) = a(s, t) + 4 (Sc, t) + a (S, 82) + F,(s, 4), 
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where S, = ANC a= t, and the function Fy (s, t) 
has the usual Mandelstam representation. 

In conclusion it is important to note that the 
diagram under consideration, symmetric in the 
masses of the particles, constitutes a very special 
case. For arbitrary masses of the particles with 
the structure of the integrand preserved the region 
of integration involved in the determination of the 
function a(s, t) is substantially modified. In addi- 
tion, if the particle stability condition is violated 
the diagrams develop complex singularities, with 
the result that the contour of integration in a(s, t) 
is no longer entirely along the real axis. 


'S. Mandelstam, Phys. Rev. 112, 1344 (1958). 

2S. Mandelstam, Phys. Rev. Lett. 4, 84 (1960). 

3 Patashinskii, Rudik, and Sudakov, JETP, in 
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The residual pairing forces acting between the nucleons in the nucleus are determined. The 
importance of taking these pairing forces and the pair correlations into account in determining 
the position and the properties of the levels is demonstrated. The energies, eigenfunctions, 
and transition probabilities of the levels of the Pb?" nucleus are derived and compared with 


experiment. 


‘The current models of the nucleus are based on 
the assumption, confirmed by experiment, that 
there exists a self-consistent field in the nucleus 
in which the nucleons move. However, the self- 
consistent field is not the only force acting on the 
individual nucleon; there also exist the so-called 
residual forces. The consideration of the residual 
forces is essential in the study of the behavior of 
the nucleons in the neighborhood of the Fermi 
energy surface. The importance of this circum- 
stance follows from the application of the ideas of 
the theory of superconductivity to the study of the 
nucleus. 

The present paper is devoted to the determina- 
tion of the forces, including the residual ones, 
capable of explaining and describing all properties 
of the nuclear ground and excited states up to an 
excitation energy of 3 Mev. 


CHOICE OF FORCES 


Let us first consider a nucleus with one particle 
above the filled proton and neutron shells. The 
interaction of the extra particle with the particles 
in the core is described by the sum of a central 
potential Vc (r, 8-1) and a quadrupole potential 
Vs (r, 9, g). More precisely, Vc and Vg are the 
first two terms in the expansion of the self- 
consistent potential. This is shown most easily 
by the example of two-particle forces: V (rj) 


= LV (ri — Yk). Expanding V(ri — rx) in terms 


of the Legendre polynomials P7 (cos wjk) and 
averaging over the states of all particles except 
the i-th, we find that the term with 7] = 0 gives the 
central potential VC and the term with 7 = 2 the 
quadrupole potential VS. So far there has been no 
evidence that the higher multipole terms must be 
included in the potential for the outer nucleons; 


these terms will therefore be regarded as small. 
The potentials Vc and Vg represent the long 
range part of the total self-consistent potential, 
while the neglected terms give the short range 
part. 

The central potential Vc is best determined 
from the calculations of the level spectra of nuclei 
with a single nucleon above closed shells or with a 
single hole. This was done by one of the authors 
and Volchok,! who found a potential of the form 

h_\21s OV(r) 


Ve (rs 1s) =V(\— Gee) SGA, (1) 


where 
V(r) = —V,/(l + et (—)), (2) 


The parameters Vo, rp, a, and A turned out to 
be nearly the same over the range of nuclei from 
oO! to Pb?’*. The potential Vc can therefore be 
regarded as known. 

The potential Vg is usually written in the form 


Vat) = 2 H(hn) Dy oa, You (Oe, On) (3) 
p. 


The — and + signs correspond to particles and 
holes, respectively. The potential Vg can be re- 
garded formally as an interaction of the outer 
particle with the remaining ones which leads to a 
deformation of the potential surface of the core. 
For small deformations of the potential surface, 


x (r) = roV (r)/Or, (4) 
where V(r) is given by (2), we can compute the 


matrix elements 


co 


Cale) ee \ Rit (t) Rv (1) ro dr, (5) 


0 


where Rnj(r) are the radial functions of the parti- 
cle in the potential (1), as derived in reference 1. 
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It turns out that, except for small deviations, 
<nl|% (r) | n'l'> = (— 1)"+"’ . 40 [Mev]. (5’) 


for all states of nuclei in the neighborhood of lead. 
This value will be used in the following. 

The other parameter of the interaction with the 
surface, Q,, can be represented in the form? 


Oy = V ho/2C (by + (— 1)" 61»), (5”) 


where C is the effective surface tension. Here we 
assume that the surface of the core undergoes 
ellipsoidal oscillations with the phonon energy fiw; 
by and bi are annihilation and creation operators 
for a phonon with spin 2 and spin component pu 
along the z axis. 

Let us now turn to a nucleus in which there are 
two extra particles or holes in addition to closed 
shells. The potential in which the extra nucleons 
move is 


V=Vce+Vs+V, (1, 2). (6) 


The first two potentials, Vo and Vs, are single- 
particle potentials, whereas Vp is a two-nucleon 
potential. The potential Vp cannot be included in 
the first two terms, because its main short range 
part plays an important role. For in the case of 
two extra nucleons the potential Vp not only gives 
a contribution to the energy but also changes the 
character of the states. The pair interaction Vp 
is taken of the form 


Vp = — (0: m¢ + 0, 15] exp {— |r) — Fe [?/p?}. (7) 


Here vt and vg are the parameters of the triplet 
and singlet interactions, and mt and 7g are the 
corresponding operators: 


Ty = +(3 — 6192), ls = —(1 rer S492), 


p is the effective range of the pair interaction. 
Thus the spin dependent part of the interaction 
consists of a mixture of triplet and singlet forces. 
We leave out tensor forces, because there are no 
clear effects at low energies which would permit 
us to separate the tensor forces from the ordinary 
spin forces. The choice of a Gaussian shape for 
the radial dependence of the forces is somewhat 
arbitrary; any other strongly decreasing function 
would be just as good. Since the results depend on 
the integral effect, details cannot play any role, 
only the depth and the range of the potential well 
being of importance. We neglected the repulsive 
forces between the particles at distances rj 
< 0.5 f, i.e., the so-called ‘‘hard core.’’ The in- 
troduction of a hard core and the corresponding 
correction of the functions with the help of a cut- 
off factor of the type 1 — exp(—rj,/r2,) give a 
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negligible contribution to the energy. Hence the 
nature of the forces at small distances does not 
come into play in our problem. 


METHOD OF CALCULATION 


As the first nucleus to be studied we chose 
Pb***, a nucleus with two neutrons missing from 
the filled shell. The choice of Pb??® was dictated 
by the fact that this nucleus has been investigated 
extensively and is therefore convenient for 
analysis. About 30 levels of the Pb?’® nucleus 
are known, the spins are identified, and the transi- 
tion probabilities or relative intensities have been 
determined. Several theoretical papers have been 
devoted to the study of the Pb?’® nucleus with an 
analysis of the levels (see reference 3, and the 
literature quoted there); these can be used for an 
orientation in our calculations. We regard the 
Pb?> nucleus as a system consisting of two nu- 
cleons (holes) and the surface of the core. The 
Hamiltonian of this system is written as 


H = Hs + Hy (1) + Ap (2) +Vs(1)+Vs5(2)4Vp (12), 
(8) 


Hs =ho (2+ 36." 6), Hp = — (W7/2M) A 4 Ve; 
p- 


VC, VS, and Vp are given by formulas (1), (3), 
and (7). 

The eigenfunctions of the Hamiltonian Hs are 
functions of the quadrupole oscillation of the sur- 
face with the energy fiw and the number of quanta 
N; the eigenfunctions of the Hamiltonian Hp are 
functions of the shell model potential (1). We 
therefore choose basis functions of the type 


lit je Ji NR: 1M, 


corresponding to a state where two nucleons with 
spins j, and j, are coupled with total angular mo- 
mentum J; N phonons contribute the angular mo- 
mentum R and together with J give the total 
angular momentum of the nucleus I with projec- 
tion M. 

We shall seek the eigenfunctions of the Hamil- 
tonian H given by (8) in the form of an expansion 
in terms of the basis functions 

\IMy= >) cliriadiNR)liniodi NRIM>. (9) 
dijo; NR 

The energies and eigenfunctions of the single- 
particle states of Pb2"* were determined in refer- 
ence 1; the results needed here are shown in Fig. 1. 

We must now calculate the various matrix ele- 
ments. The matrix elements of the interaction 
with the surface oscillations were computed ac- 
cording to the scheme? 
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FIG. 1. Single-particle wave functions 
and energy levels of the Pb?°7 nucleus. 


Chia d3 NR:T\ >) % (1) Dy oan Yon 0,9) | fi’ fa’ 5 WR D 


1,2 Bb 
= % V ho/2C (NR || 6? || N'R’) WRJ'R’; 1 2) 
ACA A ital (00 al at al 
X (fo |] ¥? |] jo’) W Cia J is! Js i 2) Spi (1) 


Xa? AW adi’ Ws ie 2}, 
Ny *Ng*N3*Ny 


(10) 


where kK =(— 1) x 40 [Mev]. The re- 
duced matrix elements (NR |i b” || N’R’) are given 
in the paper by Raz,‘ and the W’s are Racah co- 
efficients. 

For the calculation of the matrix elements of 
the pair interaction Vp we expanded the coordinate 
part in a series: 


exp {—rjo/p?} = D} fe (ra, 72) Pa (COS O12) = 5) Falta» F2) 
k=0 k 
k 


“s Seca Ym (815 1) nm (82, 2) 


= x fa (11, f2) (T#(1)- T*(2)); 


(11) 


TK is the irreducible tensor operator of the k-th 
rank. The radial parts of the matrix elements of 
the interactions have the form of Slater integrals: 


POE le nals) 


=\Rau (ra)R nats (12) Fa (fa, 72) Re (ta) Re + (re) dry dra, 
rly Ne ly 
(12) 
they were computed numerically on the electronic 
computer ‘‘Strela.’’ The dependence of the inte- 
grals FK on the parameter p for different k is 
shown in Fig. 2. Finally we have 


jx jas IM | 05 sts Dy fe (rare) (T81) - T(2)| fi a, JM) 
k 


btan\ (tani, ne 
=. ol 1p | A ie i : me (nly, Nols; fly, ne Ig) 
df O diy di. O di 
x (—1)ete'y Van +1) QE +1) 
X Chrono Choro W (Lite, Ly Jk), (13) 
where the A’s are the coefficients for the trans- 
formation from jj to Is coupling, ° and the 


FIG. 2. Dependence of the 
integrals F*(n,/,, n,l,; nil{, njlZ) 
on the parameter p for different 


values of k. 


! Z 


Chin mas are Clebsch-Gordan coefficients. An 
analogous expression holds for the triplet forces. 
The set of matrix elements corresponding to 
given spin and parity forms the energy matrix. 
By reducing this matrix to its diagonal form, we 
obtain the energy levels and the eigenfunctions of 
the operator H defined by (8). Our method of cal- 
culation is approximate in that we include only a 
limited number of levels in the matrix. The lower 
levels will then be determined more accurately 
than the higher-lying ones. Thus, if we require 
that the first four low-lying levels with a given I be 
obtained with some desired accuracy, we thereby 
determine at which levels the matrix should be 
cut off. In our paper the rank of the matrices does 
not exceed twenty. These matrices were diagonal- 
ized on the ‘‘Strela’’ computer. 


DETERMINATION OF THE PARAMETERS 


The pair interaction contains three parameters: 
Vt, Vs, and p. However, in the case of Pb?"®, 
where we have two identical particles, all basic 
matrix elements contain vg and vt approximately 
in the unique combination 2vs + vt. Under these 
circumstances we may retain only one constant, 
for example, vg, which will be regarded as the ef- 
fective sum of two constants. 
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FIG. 3. Shift of the level positions as a result of the pairing 
forces. On the left of each column we show the single-particle 
level, in the center, the level after inclusion of the diagonal 
term of the pairing interaction only, and on the right, the level 
after the pair correlations have also been included. The ordin- 
ate gives the energy in Mev. 


The interaction with the surface contains two 
parameters, the phonon energy hw and the effec- 
tive surface tension C. Hence we must determine 
four constants: p, vs, hw, and C. 

Not all of the required physical quantities are 
equally sensitive to these four constants. Thus the 
distance between the first 2* level and the ground 
state 0* depends mainly on the depth of the well vs; 
small variations of the parameter p lead to appre- 
ciable changes in the binding energy of the two nu- 
cleons, but do not affect greatly the distance be- 
tween the levels 2* and 0*. The probability for the 
transition 2*— 0° is mainly determined by the 
ratio hw/C. This allows us to make a crude de- 
termination of the possible values of the required 
parameters before the diagonalization. 

First let us carry out the diagonalization taking 
only the pair interaction into account. The corre- 
sponding results are shown in Figs. 3 and 4. They 
lead to the following important conclusions: 

1) The matrix elements of the pair interaction 
are large for levels with spin I = 0, approximately 
half as large for the levels with I = 2, even 
smaller for I = 4, and altogether unimportant for 
the other levels. The inclusion of the nondiagonal 
matrix elements, or in other words, of the pair 
correlations, leads to a considerable widening of 
the distance between the levels with given I. Since 
this shift is largest for the first level I = 0, there 
appears an energy gap of 0.8 to 1.0 Mev between 
the ground state with spin I = 0 and the other 
levels. 


FIG. 4. Relative positions of the energy 
levels of the Pb? nucleus for different values 
of the parameters p and vg. The experimental 
levels are indicated by dotted lines. 
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Table I. Matrix elements of 
the pairing interaction using 
the radial wave functions 
of an oscillator and a 
diffuse potential 


Configuration | Geventia! | potentiat | Ratio 
(Pr,)?0* =,427 I 0534909 0-847, 
(fs),)20* —0,685 | —0.581 | 0.848 
(Paj, Isj,)4 0 0 ee 
(Pr, fs,)2 —0,329 | —0.236 | 0.747 
(Pry, Psy,)2* —0.520 | —0,399 0.767 
Psp.) 2 —0,.260 | —0.199 | 0.765 
(75,)°2* —0.235 | —0.195 | 0,830 
(Py, fy,)2 =0,,094,) | 0.069. |, 0.734 
(Pry, fs),)8 —0.037 | —0,026 | 0.676 
(Ps, 1s/,)9 —0.046 | —0,036 0.783 
(F s),)°4* —0.101 | —0.083 | 0.822 
(Pr, fy,)4 1-364. |s—0,265 |, 0.728 


2) The inclusion of the pair interaction alone is 
not sufficient to obtain the correct energy levels, 
let alone the correct transition probabilities. 

3) For p< 1.5 f and p < 2.5 f the level order- 
ing does not agree with experiment. This dis- 
crepancy cannot be removed by taking the inter- 
action with the surface into account. It follows, in 
particular, that, for reasons of simplicity, 6 
forces can be used to obtain various qualitative 
results; but they are inadequate for a quantitative 
investigation. 

It is interesting to compare our results with 
the calculations with oscillator functions. For 
this purpose we list in Table I the values of some 


Table Il. The coefficients c(j,, jg, J; NR) for the 
basic components of the wave functions of the 
levels of the Pb?°* nucleus for I = 0 


E, Mev 
SED SNe 1,067 0,26 1.00 2.4 
Py, Py,» 0; 00 0.836 —0.355 =),267 |/-30.026 
fs, fey, 03 00 0.283 0.838 N08) | O08 
Ps, Psy,» 03 00 0.264 0,014 0,898 0.053 
is, daxy,1 03 00 —0.054 —0.077 —0.047 0.859 
fry, fy,» 0; 00 0.073 0.110 0.038 | —0.148 
Px, Pr,» 03 20 0,045 0.002 —0,003 0.033 
fj, Ixy,1 0; 20 0.023 0.040 —0,013 0.070 
Pry, fey,» 23 12 0.274 0.067 —0.139 0.077 
Pry, Pry,» 25 12 —0,216 0.076 —0.154 —0.089 
fey, Fey» 25 12 0.099 0.368 | —0.074 0.441 
fej, fej,» 23 12 —0.049 —0.069 —0.102 | -0.010 
Py, Py,» 2, 12 0.056 0.004 0.226 0.046 
fey, fey, 43 24 0.029 0.037 —0.030 0,073 
fs, Pay,» 43 24 —0.054 —0.009 —0.024 -~0,044 


matrix elements of the pair interaction from the 
paper of True and Ford? together with our values, 
after they have been reduced to the same p and 
Vg. It is seen that the use of oscillator functions 
gives too large matrix elements. 

We must now include the interaction with the 
surface before diagonalizing the matrix. Regard- 
ing the choice of the parameters of the surface 
interaction hw and C we note that the number of 
possible single-particle levels with spin I = 2” is 
equal to the number of the known experimental 
levels with that spin up to excitation energies of 
2 Mev. Hence fiw cannot be smaller than 2 Mev. 
We have investigated all values from 2 to 10 Mev 


i) 


FIG. 5. Comparison of the results ob- 
tained for the energy levels of Pb’ with 
the experimental data. On the left of each 
column we give the position and configu- 
ration of the single-particle levels; in the 20 
center, the final positions of the levels 
after the inclusion of the pairing forces 
and the interaction with the surface of the 15 
core; and on the right, the experimental 
levels. Dotted lines designate levels which 
have not been determined with sufficient 10 
reliability. A minus sign above a level de- 

05 


notes negative parity of the level. 
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Table Il. The coefficients c (ji, jo, J; NR) for the basic 
components of the wave functions of the levels of the 


Pb? nucleus for I = 2 
E, Mev 
i js J; NR 
—0.30 0.38 0 .76 1 .48 | { .60 2,74 
Pry, Pr), R 12 0.200 | —0.043 | —0.064 0.071 | —0.056 0.924 
safe), 05 42 0.094 0.044 0.109 | —0.044 | —0.014 0.147 
Puy, Pj) 0542 0.067 | —0.085 | —0,007 | —0.056 0.084 0.235 
Prjp fej) 25 00 0.766 0.508 | —0,240 0.405 0.016 | —0.441 
Py,Py,, 2500 | —0.440 0.803 0.055 | —0,196 0.255 0.154 
jhe oe 0.209 0,064 0,935 0.033 —0,003 0.012 
+a Pajpy 2500 | —0.143 0.044 0.003 0.933 0.252 | —0.017 
Pry, Pry 25 00 0.144 | —0.222 | —0,005 | —0.184 | —0.912 0.013 
Pr, fey,, ae 0.152 0.046 0.154 | —0.052 | —0.038 | —0.099 
Prfy Prjyy 5 6 —0.102 0.109 0.018 0,106 | —0.162 0.080 
5/2 es “i 0.097 0.072 —0.124 —0.023 —0,005 —0.057 
Pi try 2 Fe 0.036 0.004 0.003 | —0.000 | —0.002 0.059 
ae */os oe 0.103 0.077 0.097 0.122 0.032 | —0.039 
fp Pry, 45 12 —0.166 0.074 0,020 0.072 0.007 0.085 
in the three-phonon approximation and found that Table IV. The coefficients 
the best results are obtained = ioe 
Be eer ed for hw = 3 Mev and C (ji, jo, J; NR) for the 
; : basic components of the 
In Fig. 5 and Tables II to V we give the main wave functions of the 
results of the diagonalization of the energy matrix, levels of the Pb? 
where the interaction parameters have the follow- nucleus for I=3 
ing values: vg = 25 Mev, p = 2 f, hw = 3 Mev, and E, Mev 
C = 1000 Mev.* | 
The results show that our choice of forces ae no ie ei 
reproduces all experimentally known excited 
levels up to an excitation energy of 3 Mev. The Py, fej. 2; 00) 0,969} 0.057| 0,022 
only exception is the 4° level at 1.66 Mev. One Pej iieype OD) 20. 087 (0-085) 20s 
should, therefore, first re-examine the experi- fa he e ae me a 
, 5 7,9 95 U's ~U24 |—0,032 
mental evidence for the existence of this level. ae i, 3;00) 0,013] 0.023 |—0,017 
The theoretical spectrum contains many more Pay, Phys 1342} 0,025 |—0.109| 0.227 
levels than the experimental one. This is plausible, a ea eee I aly Wa) ite 
since the transition probabilities from certain a ae ae ee ae ee 
levels are very small and difficult to observe. ae oe 9. 42} 0.062| 0.148|—0.100 
As we have obtained the eigenfunctions for the Ps, oj 33 12|-0.134| 0.132 |—0,024 
levels of the nucleus, we can compute the transi- Pe}, My a . : on rae iGae 
tion probabilities. The transition probability for a eves eet he ee 


y ray of given multipolarity > is equal to 
Sn (A +4) 1 /AE\2\+1 

A(2A + 1)? ph ae B(n), 
B(A) = (27 +1)? | <a 1M BID P, 

where I’ and I are the nuclear spins in the initial 

and final states, respectively; a and B are addi- 

tional quantum numbers characterizing the states; 

M, is the operator of the multipole transition; AE 


Ty = 


(14) 


*The single-particle level energies for Pb*®’ used by us 
were obtained without corrections for the interaction with the 
surface. These corrections can be easily included. They have 
significant effect on the computations; possibly the parameter 
vg, is somewhat increased while p becomes a little smaller. 
The levels with large I are lowered somewhat if the single- 
particle level in Pb’°° lies lower than in Phe 


is the transition energy. The complete expressions 
for the operator My and the quantity B(A) for the 
electric and magnetic transitions with various 
values of the initial and final quantum numbers jy, 
jo, N, R, and I have already been given.” 4 We 
shall, therefore, not write down the formulas by 
which the probabilities were computed, but only 
give the final results (see Table VI). 

For an understanding of the above results we 
recall that the functions of the initial and final 
states are mixtures of various single-particle and 
collective levels. The transition probability will 
therefore be of the form of the square of the 
modulus of a sum of transition matrix elements 
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between different components of the mixture. The 
terms in this sum will have either sign, and it is 
therefore not surprising that two levels of the 
same type can have transition probabilities which 
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Table V. The coefficients 
C (jz, jg, J; NR) for the basic 
components of the wave functions 
of the levels of the Pb?°* nucleus 


differ by two orders of magnitude. The contribution for 1=4 
of a given level to the mixture is determined by the E, Mev 
force parameters and the position of the level. jij J; NR 0 .965 1,02 1.95 2,69 
The E2 transition probabilities are particularly J 
iti ters of the interaction with 
Paptes oon os ane ion t fey, fxy,»4; 00| 0.977 |—0.087 | 0.074 | 0,066 
the surface hw and C; here the E2 transition from : 7 00 age even || yan 
the first level 2j is less sensitive to these param- oe fy? 4: 00 _0.038 | 0.229 | 0.903 |—0.149 
eters than that from the other levels. Thus one fu, fry,» 45.00|—0.063 | 0.049 | 0.145 Be 
can reproduce the experimentally observed value Oh Ie 2 _ ae are Ree a 
of the probability for the E2 transition with the oe: ie co bpeeMa cries nuaenlec ea 
parameters hw = 3 Mev, C = 1000 Mev as well as Py, fay» 4:42] 0.011 |—0,010 |—0.134 |—0.110 
with fw = 10 Mev, C = 1000 Mev.* However, for Pry, Psj» 25 12| 0,002 |—0,005 |—0.393 See 
the second choice of parameters the probability Oh ae ie ee ey ce Eo 
aa i 5 6/9 4, 14 314 é 4 : 
for an E2 transition from the second level 25 to Sree Ratt hare Veaenare Maa! 
0* will be only one fifth of the true value. The fe ae 0:24 v.o12 | 0.001 | 0.006 |—0.018 
‘pair correlations, on the other hand, lead to a py, fsy,.2; 22} 0,005 |—0,001 |—0.004 | 0,010 
Table VI. Transition probabilities * between the levels of the 
Pb"* nucleus 
8 8 
° > ro) > 

ol =a er o | “ os o 

s2 as ee = B 32 g 2 2 = B if 

fg) eo) Ss | Bo /@a | Ss | s 

: es | <4 Hs 

2 0. E2 0.815 | 0.254 | 0.092 2 Oy B2 | 2,400 | 0.003 |} 0.252 

22 | 0, | £2 | 1.460 | 0.008 |0.053 || 25 | 0, | £2 | 2.650 | 0.002 | 0.327 

22 21 MAT On650N 2542505070 3y 21 E2 | 0,560 | 0.010 } 0.001 

Os 2, | E2 | 0,360 | 0,033 |0.0002|| 3. 21 E2 | 1,430 | 0,001 | 0.004 

Os 24 E2 4.250 | 0.004 | 0,002 Ay 21 ES 4-200 02015) | OROST, 

23 on 1 4,800 | 0.0041 |0.010 


*The transition probability Tz 2(2, > 0,) = 0.103 x 10’? sec™* was found experi- 


mentally. For the transitions from the level 2, the following relation holds: 
Tu1(2, > 2,): Te2(2, > 0,) = 4:1. The relative intensities for the other levels are 
given in the paper of Alburger and Pryce.°® In the table B = T(A)/(AE)?4+1 where 


AE is in Mev. 


decrease of the probability of E2 transitions, 
especially for the high-lying levels. 

It is of interest to determine the mean radius 
of a pair. With the functions obtained above we 
find (|r, — r,|?)!/ cm, which is approximately 
equal to the nuclear radius. 


CONCLUSIONS 


The account of the surface and pair forces 
leads not only to a change in the energies of the 
single-particle states. A more important effect 
is the change of the character of the states as ex- 
pressed in the structure of the wave functions. In 
the first place, all states, for all values of the spin 


*For fiw = 10 Mev and C = 1000 Mev the results are close 
to those obtained by perturbation methods. 


I, contain a considerable admixture of collective 
states which complicate the properties of the 
levels. In the second place, the pair correlations 
lead to a mixing of single-particle states, which 
becomes more pronounced as the level density 
increases. 

The probability for transitions from the 
second, third, etc. levels with a given I are very 
sensitive to the interaction parameters. Thus the 
E2 transition 2,—> 2, neglecting the surface 
interaction is smaller by three orders of magni- 
tude than the value found with our choice of 
parameters (if the surface interaction is included 
in a perturbation treatment, we find a value which 
is smaller by one order of magnitude than the 
value corresponding to our choice of parameters ). 
The mixing of states sometimes decreases the 
transition probability by several orders of magni- 
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tude. For example, the E2 transitions 2,;— 0, 
and 03 — 2, have, despite the admixture of col- 


lective states, a vanishingly small transition proba- 


bility. In particular, the mixing of states has as a 
consequence that not all high E2 transitions will be 
enhanced. 

All this shows that a correct account of the 
forces acting on the nucleons in the nucleus leads 
to a considerably more detailed picture of the 
properties of the nucleus than is provided by the 
existing models. On the other hand, the picture is 


not too complicated to permit a theoretical descrip- 


tion. 

In future papers we shall give the results for 
other nuclei with two and more particles outside 
closed shells. 
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Representations of the inhomogeneous Lorentz group are considered which correspond to 
physical systems possessing mass, momentum, and intrinsic angular momentum, for which 
the polarization is described by values of the projection of the intrinsic angular momentum 
along a prescribed direction or of the total angular momentum along the direction of the 
momentum (the helicity). Representations are also considered which correspond to physical 
systems with zero mass, for which the polarization is described only by the projection of the 
total angular momentum along the direction of the momentum. For, these representations all 
of the transformations of the inhomogeneous Lorentz group which determine the relativistic 
kinematics of the polarization are found in explicit form. The representations for systems 
with zero mass are obtained from those for systems with mass k ~ 0 by passage to the limit 


Ke (0). 
1. GENERAL REMARKS 


ler transformations of the inhomogeneous 
Lorentz group consist of space-time displacements, 
space rotations, and transformations in which a 
velocity is imparted to the system (pure Lorentz 
transformations ). In a displacement of a system 

in space and time its coordinates x, go over into 


x= Xp + ay, (1) 


where the four-vector* a, characterizes the mag- 
nitude and direction of the displacement. Under 
the displacement a state ® of the system goes 
over into a state 6D = Dé by the action of a 
unitary operator D(a), which is of the form 


x 
D (a) = exp (— id, py), (2) 


where the four-vector Py, is the momentum four- 
vector of the system. 
In a space rotation of the system around an axis 
n through the angle yg the coordinates x, are 
transformed into 
x’ = n(nx) + [x —n(nx)] cos @ + [nx]sin gq, Ae is 
t (3)T 
and a state ® of the system goes over into a state 
6R = R(n, ~) & by the action of a unitary operator 
R(n, ~), which is of the form 


R (n, p) = exp (— ignM), (4) 


*The notation used is a, = (a, a), apnby =a-b— aby. 
t[nx] =n x x; (mx) = nex. 


where the axial vector M is the angular-momentum 
operator of the system. Whena velocity v is im- 
parted to the system* (pure Lorentz transforma- 
tion) the coordinates undergo the transformation 


x’ =x+v|5 Gia 1) + 140], %o= 1 (%) + vx), (5) 
and a state © of the system goes over into 6b 
= L(v)® by the action of a unitary operator L(v), 
which is of the form 


L(v) =exp(—iycN), thee, | re == vi, 


(6)7 


where the vector N is the generator of the pure 
Lorentz transformation. 
The operators M, N form the antisymmetric 


angular-momentum tensor My p: 
M = (Mp3, Magi, Mj2), iN= (Mar, Mg, M,s). (7) 


The operators Py and My» satisfy the following 
commutation relations! ”: 


[Dy Pv] = 0, (8) 
{M1:, pj] = teijr Pr» (Mi, Po] = 9, 
(Nz, Pj] = — i827 Py. IN, Pol = — ipi, (9) 
(M;, Mj) = ier Mr, (Mi, Nj) = itsn Np, 


(Vi, Nj] = — iti, Mr. (10) 


*Hereafter we shall use, besides the ordinary velocity v, 
the corresponding four-velocity uy =(u,y), where u = yv and 
y=a(l—Vv)o", 

Tth y = tanh y. 


240 


TRANSFORMATIONS OF THE INHOMOGENEOUS LORENTZ GROUP 


Although the operators Pu» Muy that define the 
inhomogeneous Lorentz group are Hermitian and 
correspond to physical quantities they do not form 
a complete set of commuting operators, and there- 
fore cannot be used for a consistent description of 
physical systems. We can, however, construct 
from the operators Py and My,» a complete set of 
Hermitian operators A, whose eigenstates ¢g 
form a representation of the inhomogeneous 
Lorentz group. Those of the operators A that 
commute not only with each other but also with the 
operators py and My» are called invariants of the 
group. To each set of eigenvalues of the invariants 
of the group there corresponds its own representa- 
tion, i.e., its own system of states ga, which trans- 
form only among themselves under all the trans- 
formations of the group. A detailed classification 
of the representations of the inhomogeneous 
Lorentz group has been derived in papers by 
Wigner,® Bargmann and Wigner,‘ and Shirokov.° 

We shall here consider representations that are 
characterized by a complete system of conserved 
operators A, i.e., operators that commute with the 
S matrix and with the operator Dies 


2. CONSERVED OPERATORS AND THE INTRINSIC 
ANGULAR MOMENTUM OF A SYSTEM 


Let us consider a physical system which pos- 
sesses the four-momentum p, and the four- 
dimensional angular momentum My). When a 
velocity v is imparted to such a system the com- 
ponents of the vector py and the tensor My, are 
transformed in the following way:° 


p’=p+vi(vp)o2(y—1)+ Pol, Po = (Po + VP), (11) 


M’ = M-+ [v[vM]]v2(1 —7) +7 IvNI, 


Ni Ne [viIVNI F071 a) 7 [VM]: (12) 


If we choose for the velocity v the value v 

= — p/pp, then the center of mass of the trans- 
formed system will be at rest, so that p’ = 0, pg 
=x,and M’=M—x«!(p,+«) ‘px (px M] 
—x'[pxN]. 

The angular momentum M’, which is the angular 
momentum of the stationary system (or the angular 
momentum of the system in the center-of-mass 
coordinate system) is naturally called the intrinsic 
angular momentum of the system. Let us denote it 
by J 
Ip [pM]} [pN] 


“(Pore % ted 


J =i 


If, following Pryce,’ we introduce the coordinate r 
of the center of mass of the system, defined by the 
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relation* 


r=%* [— N— (p+ %) * [pM] + po" (9+) p(pN)I, 
(14) 
then the operator Muy can be written in terms of 
the momentum p, the intrinsic angular momentum 
J, and the coordinate r of the center of mass, in 
the following way’? 


M=([rp]+J, N=—p r —(p,+%)* [pd]. 


Thus the angular momentum M of the system is 
the sum of the intrinsic angular momentum J and 
the angular momentum r p, which can be inter- 
preted as the angular momentum of the center of 
mass. 

From the definitions (13) — (14) and the rela- 
tions (8) — (10) it follows that the operators r, J, 
p satisfy the following commutation relations: 


(15) 


[ri Tj] = 0), lie pi) = 10;;, 
[Jas stein tay 
ee Pj) = 0, 


Furthermore 


[ri Po) = ipi Oona 
bse rj] = 0, 


[Ji, Po] = 0. (16) 


[ri My) == US thiae 


(ri, Ni] =i(— po’ piri + po (Py +%)? pe lp); 
=i (Po —- %) Ej dla) 


Jn MN = lez dn, [J2, Nj] =i (py) +) * (OxpJ — pr Jj), 
fae, Jal = 0, Ez; Mil = 0, eles N;] ad 0. (17) 


Thus the operators Pu, Myp are expressed in 
terms of the operators py, J, r (and conversely). 
It follows from the commutation relations (16) 

— (17) that the operators py, J’, and one of the 
components of J, for example Jz, form a com- 
plete system of conserved operators: 


pul, Jz or pu, P, J, Jz. (18) 


The operators (18) exhaust the possibilities for 
forming sets of independent conserved operators 
from py and Myp. 

The operators Pi and J’ are invariants of the 
group. The eigenvalues of the operator Pa are Kk’, 
where « is the energy of the stationary system, or 
the energy in the center-of-mass system (c.m.s.). 
For nonelementary systems; (for example, a sys- 
tem of two colliding particles) «k is a continuous 
variable. The momentum p, py = (p? + x?)!/? 


*A stroke over the product of two noncommuting Hermitian 
operators means the product made Hermitian operators means 
the product made Hermitian by symmetrization, that is, 
ab = %4(ab + ba). 

tFor the definition of an elementary system see reference 10. 
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always has a continuous spectrum of eigenvalues. 
The eigenvalues of the operators J° and J, are 
obviously J(J + 1), where J =0, aes eel 
m=-J,J—1,..., —Jd. In the representation of 
Bap p, J’, Jz the operators (15) take the forms 


N = 


(Po + *) * [pI], 
(19) 


and J is represented by the well known (2J + 1) 
-rowed square matrices. 

For each k and J the eigenstates ®pJm of the 
operators (18) form an irreducible representation 
of the inhomogeneous Lorentz group and correspond 
to a system with mass k, intrinsic angular momen- 
tum J, momentum p, and projection of intrinsic 
angular momentum m. The mass Kk and the in- 
trinsic angular momentum J are invariants of this 
representation, and therefore as a rule we shall 
write the eigenstates of the operators (18) in the 
simple form ®pm. 


3. THE REPRESENTATION OF MOMENTUM AND 
INTRINSIC ANGULAR MOMENTUM FORA 
SYSTEM WITH MASS NOT EQUAL TO ZERO 


Let U(a, A) be the operator that corresponds 
to the inhomogeneous Lorentz transformation xj 
= AypyXp + ay, and let Up’m’, pm be the matrix 
element of the operator U(a, A) in the representa- 
tion (18). It follows from general considerations® he 


that this matrix element must have the form 
U ym’, pm (a, A) = €—P9Qmm (A, p) Op, ap, 


where Q(A, p) is a unitary operator in the space 
of the projection of the intrinsic angular momentum, 
which depends on the transformation A and the mo- 
mentum p,. Thus the action of the operator 

U(a, A) on the eigenstate pm leads to the state 


(20) 


Dyn =U (a, A) Dom = > Dyin U pm pm 


p’m’ 


nA ! 
= bars >i DA pm’ Qm'm (A, p), 


m’ 


(21) 


and the action of the operator U(a, A) on an arbi- 
trary state ® leads toa new state #’ = U® whose 
wave function &’(p’m’) is connected with the wave 
function ®(pm) by the relation (p’ = Ap): 


D’ (p'm') = U (a, A) D(p’m’) = >) Up im’, pm (a, A) ® (pm) 


pm 


= 6 3 Qn (A, p)® (pm). (22) 
The operator Q(A, p) satisfies the group 
relation 
QO (ASAT; p) = Q (A,, Ayp) Q (Ay, De (23) 
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It is obvious that the explicit form of any trans- 
formation of the inhomogeneous Lorentz group, 
U(a, A), will be known if the operators Q(R, p) 
and Q(L, p) for rotations and pure Lorentz trans- 
formations are known. In order to find these op- 
erators, let us represent the operators R(n, 9) 
and L(v) [cf. Eqs. (4) and (6)] in the form 


exp [—a4-4+ Wie, y|, (24) 
where x is a variable which determines the posi- 
tion and magnitude of the four-momentum py, and 
a change of which by the amount A characterizes 
the transformation. For example, if the value x 

= xX) corresponds to a momentum py, then the 
value x = X) + A corresponds to the momentum Pu 
= Aup (A) pp. Let us now represent 


exp | — r a + Af (x, 5)| in the form 

0 
exp|— eee aes | = exp F (Xo, d, J) exp (—2,) 
(Xy=x — A); 


(25) 


then it is not hard to show!!* that if f(x, J) com- 
mutes with its derivatives with respect to x, then 


x 
FAge x Sys \ Pix J) dx (26) 
from which we have - 
ON (X), (2 Xo) exp F ey, 2 od): (27) 


This same formula also follows from the group 
relation (23). In fact, let us set in Eq. (23) Ay 
=A(A) and A, = A(dA) =1+ A’(0)dA. Then, 
since Q(I+ A’(0)dA, A (A) p(x) =Q(I + A’(0) dA, 
p(x+A))=I+ f(x+ A, J)da, then in virtue of the 
group relation A (dA)A(A) =A(A+ dA) we have 
from Eq. (23) the equation for Q(A(A), p): 


dQ (A (A), p(x) = F(x +4, JQ(A(A), p(x)) dr, (28) 


which in the case in which f(x, J) commutes with 
f(x’, J) (or with all of its own derivatives with 
respect to x) has the solution 


XA 
Q(A(A), p(x))=exp | F(x’, Idx’. 


x 


(29) 


Let us examine the special cases of the formula 
(2s 

Rotations. In the case of rotations — ign-M 
= — yd/dx — ign-J, where x is the angle in the 
plane perpendicular to n that determines the di- 
rection of the momentum p, so that A = y and 
f(x, J) —in-J. Therefore 


*The writer is extremely grateful to D. A. Kirzhnits for re- 
marks connected with the formulas (25) and (26). 
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Q (Rn, e P) = exp(— ip nd). (30) 


This is an obvious result, since in a rotation of a 
physical system around the axis n through the 
angle ¢y its intrinsic angular momentum as well 
as its momentum is rotated through the angle ¢ 
around n. 

Pure Lorentz transformations. In this case 
— iyeN = — x0/Ox + ix (c [pJ]) (p) + x), where x is 
the angle in the plane of v and py that character- 
izes the magnitude and direction of the four- 
momentum py, so that* 


Pp, =VvV p? + shx, Po= Vp? +x chx, N=yY. 
Therefore 
ee (Ip 0) T)i(py ti 20h + et» 
and 
Q(iyv, p)=exp(—ionJ), n=l[pv)/{[pv]|; (31) 
@==2arcig I tpul * 
pu + (Po +) (y+ 1) (32) 


Thus when a velocity v is imparted to a physi- 
cal system its momentum py = (p, Po) is trans- 
formed into a momentum py = (p’, pj) [cf. Eq. 
(11) ], and the intrinsic angular momentum is 
turned through the angle w around the axis p x v. 
The angle of rotation w of the intrinsic angular 
momentum plays an important role in the relativ- 
istic theory of reactions with polarized particles, 
and therefore we shall discuss it in more detail. 


4, RELATIVISTIC KINEMATICS OF THE 
INTRINSIC ANGULAR MOMENTUM OF A 
SYSTEM 


We shall present a different derivation of the 
angle w by which the intrinsic angular momentum 
J of a system is rotated when a velocity v is im- 
parted to the system. By definition, the intrinsic 
angular momentum J of a physical system A, 
which has four-momentum py and four-dimen- 
sional angular momentum Myy is the space part 
of the four-dimensional angular momentum Miv 
of the stationary system A which is obtained 
from the system A by imparting to it the velocity 
Vi p/po- Under a pure Lorentz transformation 
the system A goes over into a system A’ having 
the four-momentum Py and the four-dimensional 
angular momentum M,.1 By definition, the in- 


*Sh = sinh, ch = cosh, arctg = tan. 
tIt is obvious that p;, and Mj, are connected with p, and 


Muy by relations (11) and (12), where 


v= (Pp —P) (Py + Po)/(Py 7 vor ¥9P0 — P P— *”’) 


is the velocity of the Lorentz transformation, i.e., the velocity 
of the system A’ relative to the system A. 
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trinsic angular momentum J’ of the transformed 
System A’ is the space part of the four-dimensional 
angular momentum Mj,5 of the stationary system 
A'C that is obtained from A’ by imparting to it the 
velocity v’ = — p’/p/. 

In the general case the intrinsic angular mo- 
menta J and J’ defined in this way for the system 
A and the Lorentz-transformed system A’ do not 
coincide, but differ by a space rotation. To see 
this we note that if for the system A we introduce 
the four-vector 

P,, = (1/2 ix) EuvacMvrp,, 

then the intrinsic angular momentum of the system 
A coincides with the space part of the four-vector 
Tf of the system A°. The four-vectors Tf and 
Tj of the systems A®© and A’C, and consequently 
also the intrinsic angular momenta J and J’ of 
the systems A and A’, are connected with each 
other by the product of three Lorentz transforma- 


tions: 
I = Lyy (Vs) Lyn (V2) Lao (V1) Ts = Rucl's, (33) 


where vj, V2, V3 are the velocities of the systems 

A, A’, A relative to A®, A, and A’, respectively. 

It is obvious that 

Vi = P/Po, V2 = (P’ —P) (P, + Po)/(P2 + 1? + P,P — PP — %”) 
(34) 


Vs = — p'/p,- 

The resultant transformation Ryg does not 
change the velocity of the system A®, and there- 
fore is a pure space rotation,* so that Roy = 1, 
Rik = Rix (n, w). The direction n of the axis of 
rotation and the angle of rotation w can be found 
from the relations 


2 Nj SiO = — finan (n, @) = &zjnLjy(V3) Iain (Vo) Ly» (V1), 
from which it follows that 


ee ase 1a ole 1 


@tmwd+wm Gb (35) 


nsin@ = [u,u,] 


This formula, which was first obtained by Stapp!” 
(see also reference 9) corresponds exactly to the 
formula (32) found above. 

This derivation brings out a definite symmetry 
in the dependence of the angle w on the velocities 
Uy, Uy, Us. The velocities uy, U2, us form a closed 
triangle, which must be understood in the sense 
that u; is the relativistic sum of the velocities 
—u, and — wy, and so on (see Fig. 1). If we in- 
troduce a function w(x, y, 9) that depends on the 
dimensionless variables x, y and the angle 6 and 
is symmetrical in x and y, 


*It must be kept in mind that pure Lorentz transformations 
with nonparallel velocities do not form a group (cf. reference 13). 
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Se uy 
55, 
FIG. 1 


xy sin 8 
xy cos § + (xo+ 1) (yo + 1)’ 


w(x, y, 9) = 2 arctg 


Y+1, y=V¥+l, (36) 


Xo = 


then the symmetry of the dependence of w on uj, 
Uy, Uz can be expressed by the relation 


@ = @ (Uy, Uz, 942) = © (Ug, Ug, 93) = © (U3, Uy, 1 — 451) 
(37) 


or, if in accordance with Eq. (34) we go over to the 
momenta p, p’ and the velocity u of the Lorentz 
transformation, by the relation 


o = 0 (p/x, U, 1) = o(u, p'/%, 0’) = @ (p'/x, p/%, a), (38) 


where 6, 6’, a are the respective angles between 
the vectors p and u, p’ and — u, p’ and p. 

When one of the velocities u,, U2, us goes to 
infinity, another also automatically goes to infinity. 
It is not hard to see that 


@ (x, Y; i) \paeer y>0o == 0. 


Therefore it follows from Eq. (38) that w— @ for 
p/kK, u> ©; w—a for p/k, p’/k > ©, and w— @’ 
for p’/k, u-- ©. In particular it follows that if we 
let the mass « of the system go to zero, then the 
angle of rotation of the intrinsic angular momentum 
approaches the angle of rotation a of the momen- 
tum (which in the case x = 0 is the angle of aber- 
ration of light). 

It is useful to present the formula for the angle 
a through which the momentum p of the system is 
turned in a pure Lorentz transformation. Starting 
from Eq. (11), one can show without difficulty that 


fee Pipa UB ato (ee 2) 
(y +1) 2 V (ypo + pu)? — 


_ P(x +1) + (pu)? + pupo (x + 4) 
(y +1) pV (yp + pur — #2 


eo ev ee par | 
1) spat por + 


COS & 


a= 2arctg {| [pu] | [pu 
(39) 


We call attention to the fact that the angles a and 
w are angles of rotation around the same axis p 
xv, the angle w being always less than a, except 
in the case k = 0, when w =a. Thus ina pure 
Lorentz transformation the intrinsic angular mo- 
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mentum always rotates through a smaller angle 
than the momentum does. 

In conclusion we present plots of the functions 
w(x, y, @) and w(x, ~, @) (see Figs. 2 and 3). 
It is interesting to note that in Lorentz transfor- 
mations in which the momentum is rotated through 


w (zy, 9) deg 


"Y= 125 


/ 
7 §g= 110 


0 JO 60 90 120 150 180 
9 deg 


FIG. 2. Graphs of the function w(x, y, #) plotted against 0 
for parameter values 1 < y, <~, x, = 20. 


180 w(r 20 4) deg 


/ 
15, = 
0 / Eg 20 


w(, co, 6) if 


120 


9) 


60 


JO 


ia Line of maxima 


0 30 60 90 120 150 180 
G deg 
FIG. 3. Graphs of the function w(x, y, @) plotted against 0 
for parameter values 1 < x, <0, y = 00 
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exactly 180° the intrinsic angular momentum is not 
rotated at all, whereas in Lorentz transformations 
in which the momentum is rotated through almost 
180° the intrinsic angular momentum can be ro- 
tated through large angles close to 180°. 


5. THE REPRESENTATION OF MOMENTUM AND 
HELICITY FOR SYSTEMS WITH NONZERO 
MASS 


The definition of the intrinsic angular momentum 
of a system as the angular momentum of the system 


with its center of mass at rest is possible only for 
systems with nonzero rest mass. The representa- 
tion of momentum and intrinsic angular momentum 
considered above holds only for systems of this 

kind. There is, however, another representation of 


the inhomogeneous Lorentz group — the representa- 


tion of momentum and helicity* — which holds for 
systems with k = 0 and also for those with k = 0. 
We shall consider this representation first for k 
~ 0, and then, by going to the limit k — 0, also 
iorcKk = 0: 

Accordingly, assume that the rest mass of the 
system is not zero. Let us consider an eigenstate 
@pkm with momentum pk along the axis k and 
component m of the intrinsic angular momentum 
along the axis k (k is the unit vector along the z 
axis of quantization). We shall define the eigen- 
state ypm of the system with momentum p and 
helicity m as the state obtained by rotating the 
state ®nkm around the axis [kp] by an angle @ 
equal to the angle between the momentum p and 
the direction k: 


Xpm = R ({kp], sD) Dox, m — &Xp [—i6 ([kp] M)/p sin 0] Dok, m> 


(40) 
The action of the operator U(a, A) on the 
eigenstate Xpm leads to a state xpm: 
an = U (a, A) Xpm = > Xp'm’ OT yim’, pm (a, A) 
D’m 
= e-iapa)) XAp,m’ Sin Ou P); (41) 


and the action of the operator U(a, A) onan 
arbitrary state leads to a new state #’ = U®, 
whose wave function in the representation of mo- 
mentum and helicity, ®’(p’m’) = (Xp’m’, ®’), is 
connected with the wave function & (pm) 

= (Xpm: @) in this same representation by the 
relation 


*By this term we mean the component of the total angular 
momentum M along the direction of the momentum, and not 
merely its sign. 
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@’ (p'm’) =U (a, A) (p'm’) 
= oa ey Sm'm(A, p)® (pm), p’ = Ap. 


m 


(42) 


In the relations (41) and (42), unlike (21) and (22), 
S(A, p) is a unitary operator in the helicity space, 
which depends on the transformation A and the 
momentum Py- 

By using Eqs. (40) and (41) we can see without 
difficulty that in the helicity representation the 
operator S(A, p) is equal to the product of three 
operators @ in the intrinsic-angular-momentum 
representation (p’ = Ap): 


eae (ae p) a Qin'n’ (Rixp’,) 8" 


pk) Qnin (A, P) On (Rixp},) ar) pk). (43) 


This formula essentially solves the problem of 
going from the intrinsic-angular-momentum 
representation to the helicity representation for 
systems with nonzero mass. It is useful, however, 
to get the generators of rotations and pure Lorentz 
transformations for the representation of momen- 
tum and helicity. 

For a rotation through the angle ~ around the 
axis n Eq. (43) takes the form 


S (Ro, ¢, P) = exp [i8' ([kp’] J)/p sin 9’] exp [— ign] 
x exp [— 8 ([kp] J)/p sin 6]. 

If the angle of rotation g is small, then 

p =p+ {np}, 6 =6— 9 (k [np])/p sin 8. 
Therefore the first exponential in Eq. (44) can be 
put in the form exp (a+ b), where the operator 
a is a =i0([kxp]J)/psin@ and the operator b 
is proportional to g and consequently is small. 


Then using the formula'* 
1 


ea, = er( 1 (ean bemidn 2-2); 


0 


(45) 


and also the fact that exp(— a7) is the operator 
of rotation through the angle 97 around the axis 
k x p, we get 


exp] il! | KD [0 


([kp] | 
p sin §’ ! 


psin§ 


(46) 


. k + np 
x (I+ ignd — ie (PJ) Fe = 


Returning to Eq. (44) and expanding exp (— ign-J) 
~I— ign-J, we get for small 9 


pnk + np 


S (Ra, ©, P) =I—i@ (kJ) pi-pk ” (47) 


from which it follows that in the representation of 
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momentum and helicity the generator of rotations 
is the operator 


M = i[p =| (kJ) ee 


p + pk oe) 


For a pure Lorentz transformation with the 
velocity v = cv the formula (43) takes the form 


S (Ly, p) = exp [16 ([kp’] J)/p’ sin 8") exp [—ionJ] 


xexp [— 18 ([kp] J)/p sin 6], (49) 


where n=[pxv]/|[pxv]]. If the speed v of 

the Lorentz transformation is small, the angle a 
through which the momentum vector p is turned 
is also small [cf. Eq. (30) ], and 


p/p =p/p'+a[np]/p, 6 =8—o(k[np})/psin§. 


Then by repeating the same arguments as for the 
case of a rotation, we get for small speeds v (and 
consequently small angles a and w) 


Sra ey (cr es) AL ok KTR) ([kp] n) 


p> — (pk)? 
7 nkp 
— iakJ roe 
a eee ([{kp] k] J) (k [pv]) p — ({kp] J) ({kp] [pv]) 
if p? (p® — (pk)”) 
(k [pv]) Po 
a eae (50) 


It follows from this that in the representation of 
momentum and helicity the generator of pure 
Lorentz transformations is the operator 


-, 9 . , pii{kp] k] J) [kp] — ({kp] J) [[kp]'p] 
init ape \e p” (p* — (pk)?) 
k 
Bray Boe OS 6) 


Let us examine the appearance of the mass in 
the components of J that are orthogonal to k. The 
operators M, N and the momentum operator Pu 
satisfy the commutation relations (8) — (10). The 
operators 


pi» P, J°, Mp/p = kJ (52) 


form a complete system of conserved operators, 
and the operators Pi and J* are invariants of the 
group. For each « and J the eigenstates yypJm 
of the operators (52) form an irreducible repre- 
sentation of the inhomogeneous Lorentz group and 
correspond to a system with mass k, intrinsic 
angular momentum J, momentum p, and helicity 
m. 

We shall now obtain explicit expressions for the 


operators S(R, p) and S(L, p) that correspond 
to finite transformations. 
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Rotations. As in Sec. 3, for the construction of 
the operator S(Rn, g, Pp) we shall use Eq. (29), in 
which in the present case 


pnk + np 
p+ pk 


f(x, J) = — i (kJ) 


pnk ++ np 
p[i + sina sin B cos (x — 7) + cosa cos B] © 


= — i (kJ) 


Here a, B are the angles made by the vectors p, 
k with the axis of rotation n, and x, y are the 
azimuthal angles of the vectors p, k in the plane 
perpendicular to n. By integrating Eq. (29) we get 


S (Rn, ¢ P) = exp [— inkJ], (53) 
where the angle 7 is given by 
y = 2are tg (pnk -+ np) tg (p/2) (54) 


p + pk + (k [np]) tg (@/2) ° 


Thus when a state with momentum p and 
helicity m is rotated it goes over into a state with 
the momentum p’ = Rp and the same helicity m, 
and is merely multiplied by a phase factor 
exp(— inm). This is naturally a result of the 
fact that when the system is rotated its intrinsic 
angular momentum is turned through the same 
angle as its momentum. We call attention to the 
fact that in special cases, when the axis of rotation 
n is parallel to the momentum p or to the quanti- 
zation axis k, the angle 7 is equal to the angle of 
rotation 9. 

Pure Lorentz transformations. Unfortunately, 
we cannot use the formula (29) for the construction 
of the operator S(Ly, p), since in this case f(x, J) 
does not commute with f(x’, J). Since, however, 
the operator S(Ly, p) is the product of three ro- 
tations in the space of the intrinsic angular 
momentum of the system [cf. Eq. (49) ], S (Ly, p) 
is also a rotation operator in this space and must 
have the form 


S(Ly, p) = exp [— iAmJ]. (55) 


The direction m of the rotation axis and the angle 
of rotation A can be found if we use Eq. (49) for 
the simplest representation, which corresponds to 
the intrinsic angular momentum ais so that J 
= 0/2. We then get 

nosey” 


=| (pnk tg)" 4 (p + pk + k [np] tg = +) sin 
a +. Ue?) 


- p(nk) .. a—o 
x {{tkp] kK) Sap Sins — + [kp] (ig Dok 


x sin > : + kp (nk) tg $-cos* 5°}, (56) 
be pnk tg (a/2) 2 a — ow a — @ |t/2 
= Parcel meee ETE) ME ee he | 
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We turn our attention to the fact that the 
operator S(Ly, p) can be written in the form 


OEP) — Ohne Qn, aOiep), 8 Ori Oa xOno Qikp), 0+ 


The first three operators Q obviously give the 
operator S(Rn, q, p), and the last four give the 
operator S(Ry, q~-w, p), where r is the unit 
vector obtained by turning the vector n through 
the angle @ around the axis kx p. It is not hard 
to see that 


r — 2-(nk) [[kp] k] — (n [kp}) [kp] 
p* — (pk)? ; 


(58) 


Consequently, the operator S(Ly, p) can be rep- 
resented as the product 


S (Ly, p) = exp [— idkJ] exp [— i (a — o) rJ] (59) 


of two rotations in the space of the intrinsic 
angular momentum: a rotation through the angle 
a@— w around the axis rlk, anda rotation around 
the axis k through the angle A, with 
pnk tg (a/2) 

p+ pk — (k [mp]) tg (a/2) © 

Thus when a state with momentum p and 
helicity m is given an additional velocity v it is 
transformed into a superposition of states with the 
momentum p’ = Lyp and various helicities m’. 
The fact that a state with definite helicity m is 
transformed into a set of states with different 
helicities m’ is due to the fact that for a system 
with nonzero mass the angle of rotation w of the 
intrinsic angular momentum is not equal to the 
angle of rotation a of the momentum. 


XK = 2arctg 


(60) 


6. THE REPRESENTATION OF MOMENTUM AND 
HELICITY FOR SYSTEMS WITH ZERO MASS 


We shall treat this representation as the limit 
for kK — 0 of the representation for systems with 
mass k ~ 0. First of all we must define the 
limiting expression for the intrinsic-angular- 
momentum operator of a system with momentum 
pk along the quantization axis k, since the state 
®pk, m is the starting point for the construction 
of states with arbitrary momentum p and helicity 
mi (cir Sec. 4). 

It is not hard to see from Eq. (13) that for k 
— 0 (and finite M and N) the component of J 
along the momentum does not change, and the 
components orthogonal to the momentum go to 
infinity. Since we are dealing with a state whose 
momentum is directed along k, this means that for 
kK — 0 the component J; =k-J remains unchanged, 
and J;, J.— ©. From this it also follows that J 
— « for k— 0. Depending on the nature of the 
approach of J to infinity for k — 0 one can get 
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two quite different representations corresponding 
to kK = 0. 

1) If kJ > == 0, then it follows from the 
explicit expression for the matrix elements of J4; 
Jo, J3 that for k — 0 the operators KJ1, KJ, J3 go 
to I, l, 13, where 


‘ iL tel 
la) met = “ay a (Ort al Or men) 


Ue) nae = 


(13) mm Oman 


rola 


a 
1S (On mat = Om'ina)) 


CO Hii), if. << ©®, 


(61) 


We now find that instead of Eq. (16) we have as the 
commutation relations for these operators those of 
the two-dimensional Euclidean group, i.e., the 
group of displacements and rotations in a plane, 


ists] = 0, Ue, I3) = il,, [/s, /4] = tly. (62) 


Then J, I, are the generators of displacements 
along the axes 1, 2, and I; is the generator of 
rotations in the plane 1, 2. 

It is not hard to verify that the conserved 
operators 


—2 2 2 —2 2 2 
WY toe =i, --13,/3 or Pi p, S =i, + 1p, Is 


form a complete set, and the operators Pu and 
are invariants of the group. For x = 0 and any 
~ 0 the eigenstates x,x=0, =pm of the operators 
(62) form an irreducible representation of the in- 
homogeneous Lorentz group and correspond to a 
system with zero mass, infinitely large intrinsic 
angular momentum (J =x! ©), momentum p, and 
helicity m. We shall not consider this representa- 
tion, since physical systems with zero mass and 
infinite intrinsic angular momentum are not ob- 
served. One can, however, get the generators of 
rotations and pure Lorentz transformations for 
this representation from Eqs. (48) and (51) by the 
replacement of KJ;,. by ,,. and of J; by lk. The 
operators that correspond to finite transformations 
can be obtained from Eqs. (53), (55), and (59) by 
replacing (a — w)Jy,. by |p x ul ,,2/p (yp + pu) 
and J; by Iz, since @ — w goes to zero for k — 0 
like k|pxu|/p(yp + pu). 

2) If kJ — 0, then it follows from the explicit 
expression for the matrix elements of Jj, J2, J3 
that for k — 0 the operators kJj, KJ2, J3 go over 
into I,, Ih, Iz, where 


I, aa I, == Oe (3) m'm = Onan == 89 ae m, m’ ee OOo. (64) 


The operators 
pyr ts OV pe, Py Ts (65) 


form a complete set of conserved operators, and 
the operators ph and I, are invariants of the 
group. For x = 0 and each value of m the eigen- 
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states Xx=0pm of the operators (65) form an irre- 
ducible representation of the inhomogeneous 
Lorentz group and correspond to a system with 
zero mass, helicity m, and momentum p. 

Using the expressions (48) and (51) and going 
to the limit k — 0, we find that in the representa- 
tion (65) the generators of rotations and of pure 
Lorentz transformations are the operators 


pk +p 


eee 80 [kp] 
a ilps] tls spoke 


ip g +13 : 
Op p+ pk 
(66) 


N = 


In a similar way one can obtain the operators 

S (Rp, y p) and S(Ly, p) corresponding to finite 
rotations and pure Lorentz transformations |[cf. 
Eqs. (53), (55), 69). 

Rotations: 


S (Ra, o P) = exp (— ins), 


(pnk +- np) tg (@/2) 


p+ pk (kInph) tg (2) eu 


1-2 ale 1g 
Pure Lorentz transformations: 


oe p) — exp (= idl), 


pnk tg (a/2) ere ipyl 
p+ pk + (k [np]}) tg (@/2) ” {pv} | ° 


h = 2Zarctg (68) 
The angle a through which the momentum is 
turned in a Lorentz transformation is given by 
Eq. (39) with x = 0 (the angle of aberration of 
light). Then 

(k [pu]) 
pu ++ pku + (p + pk) (y + 1) © 


A= 2 arc tg (69) 


Thus under a rotation or a pure Lorentz trans- 
formation a state with momentum p and helicity 


RITUS 


m goes over into a state with momentum p’ 

= Rn, gP OF p’ = Lyp and the same helicity m, 
being changed by a mere phase factor exp (— inm) 
or exp(— idm), where 7 or A is given by Eq. (67) 
or Eq. (69). 
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Quantum field theory methods are used to evaluate the transverse components of the magnetic 
susceptibility tensor of a ferrodielectric, taking both the exchange and the relativistic inter- 
action between spin waves into account. We find the ferromagnetic resonance line width. We 
Show that a knowledge of the magnetic susceptibility enables us to study the relaxation of the 
magnetic moment of a ferrodielectric, and we evaluate the transverse relaxation time. 


IL. In ferromagnetic resonance theory the line 
width is usually introduced phenomenologically by 
adding to the equation of motion of the magnetic 
moment a relaxation term either in the Landau- 
Lifshitz or in the Bloch form. The aim of the 
present paper is to find the ferromagnetic reso- 
nance line shape starting from a microscopic 
theory of the interaction between spin waves. 

It is well known that one can find the average 
lifetime of a spin wave and the relaxation time of 
the magnetic moment of a ferrodielectric by using 
a transport equation which determines the change 
with time of the spin wave distribution function. 
The transport equation method does, however, not 
enable us to determine completely the magnetic 
susceptibility tensor as a function of frequency 
and wave vector, since the transverse components 
of the magnetic moment can not be expressed in 
terms of the spin-wave occupation number.* To 
find the magnetic susceptibility we use therefore 
here field theoretical methods and we connect the 
magnetic susceptibility with the double-time spin- 
wave Green’s function. 

To evaluate the spin-wave Green’s function we 
start from a Hamiltonian which takes both the ex- 
change and the relativistic interaction between 
spin waves into account; the interactions between 
the spin-waves and the lattice vibrations will, 
however, not be taken into account. The method 
applied is particularly convenient to evaluate the 


*Akhiezer! and Kaganov and Tsukernik’ used the transport 
equation to evaluate the longitudinal component of the mag- 
netic susceptibility tensor. Kaganov and Tsukernik® evaluated 
the imaginary part of the transverse magnetic susceptibility 
far from resonance, but their result is incorrect (private com- 
munication from the authors), owing to an incorrect applica- 
tion of perturbation theory. 


transverse components of the magnetic suscep- 
tibility tensor, which are alone of importance for 
studying the ferromagnetic resonance line shape. 
Knowledge of the magnetic susceptibility as a func- 
tion of the frequency and wave vector enables us to 
determine the behavior of the relaxation of the 
magnetic moment and, in particular, to track the 
rotation of the magnetic moment when it approaches 
its equilibrium value. 

2. We first connect the magnetic susceptibility 
of a ferrodielectric with the spin-wave Green’s 
function.* The average value of the magnetic 
moment density is well known to be defined by the 
formula 

M (r,t) = SpM(r)p (2), (1) 
where M(r) is the magnetic moment density 
operator in the Schroedinger representation and 
p(t) the system density matrix, which satisfies 
the equation 


igo = (H+ Hol, (2) 


where # is the total Hamiltonian of the ferrodi- 
electric when there is no external field and H© (t) 
the Hamiltonian of the interaction between the 
ferrodielectric and the variable external magnetic 
tield hi(nso): 


oe (t) = —\M(r)h(r, £) dr. (3) 


To find the magnetic moment in weak magnetic 
fields we change in Eqs. (1) — (3) to the Heisenberg 
representation. In the first approximation in the 
external field, the density matrix in the Heisenberg 
representation is of the form 


*Kubo* developed a general theory of irreversible processes 


using the density matrix. 
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t 
—i\ (H(t), pole’, (4) 


—0oo 


as 


where py = exp(Q2 — #)/T is the equilibrium den- 
sity matrix when there is no external field, 2 the 
thermodynamic potential of the system, and T the 
temperature. Using (4) one obtains easily the 
following expression for the magnetic moment 
density 


m(r, t) =M(r, t) — mM? 


z \ ddr R i Gr or tart), (5) 
where %&,) is the equilibrium value of the magnetic 
moment at the given temperature and KR (r, t) is 
the retarded double-time Green’s function 


Kit it ae IMA, f), AD, 
0, %< 0 
HH={) poo <P = Spo (6) 
Expanding the quantities mj(r, t), hj(r, t) and 
KB (r, t) in terms of the Fourier integral, 


fee) 


Keg ie Ca = \ e ottikt KR kw) dk do, 


we can rewrite Eq. (5) as 
Kil (k, @) hy (k, ©). (7) 


The magnetic susceptibility tensor yjj(k, ) 
is thus the same as the retarded double-time 
Green function: 


m;(k, @) = 


Xi (k, @) = Ki (k, o) (8) 


3. We shall show that a knowledge of the mag- 
netic susceptibility tensor enables us to study the 
relaxation of the magnetic moment. Let there be 
initially at time t = 0 some distribution of the 
magnetic moment m? (r) in the system which 
would be an equilibrium distribution if there 
were present a constant magnetic field h® (r) 
which is connected with the initial magnetic 
moment distribution through the relation 


m (k) = Xi (k, @) hy (k) nese 


The magnitude of the magnetic moment at 
t> 0 is determined by Eq. (5), where we must 
take for the variable magnetic field 


hi(r, )=60(—fethe(r), . = 40, (9) 


Such a choice for h(r, t) corresponds to an 
adiabatic switching on of the field at t = — © and 
an instantaneous switching off at t= 0. Using 
Kqs. (5), (6), and (9), we get 

0 
i \ dt’ dr’ ee’ (Mi (r, t), M, Ce, 


—co 


m;(r, t) = t')]> AR (r’). (10) 
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Noting that according to (6) 
i <M, (r, t), Mi(t’, t’)> 
t —t')— Ket 


and using Eq. (8) for the Fourier component of 
the function Kjz we get the following equation for 
the relaxation of the magnetic moment 


=Kit—1; t’— t), 


dke'*® f° (k) \ d 


—0o 


MWe 12) = 


) 


tl 


— Gaye i 
— Xn (k, ©). (11) 
We see that the relaxation of the magnetic moment 
is determined by the anti-Hermitian part of the 
magnetic susceptibility tensor xjz. It is well 
known’ that the anti-Hermitian part of the xj 
tensor determines also the absorption of energy 
from a variable magnetic field. One can check 
this by differentiating the energy of the system 
Q(t) with respect to the time 


QW) = 
= —Spie()\ M 


Sp {p(t 1H + HD} 
ALE, t) Shi (r, t) dr}. 
ae Eq. (4) for p(t) we find 


Q(t) = — Sp{po\ M (ri) Shi (r, t) dr| 


t 
Ate ue poe) 


_ \ divdridher ney (12) 


If in the case of a magnetic field which is 
periodic in time 


(GPs 14) 


we average Kq. (12) over the period to, we get 
the final expression for the average absorption of 
energy from a variable magnetic field per unit 
time 


Oe 25 (2) »\ dk D) ahi (Kk, ©) (hu (k, On)] 


@,>0 


— Kir (k, @n)] A: (Kk, on). (13) 


4. We shall now connect the retarded double- 
time Green’s function Kj7(r, t) with the 
Matsubara Green’s function #j](r, T), for the 
evaluation of which we shall apply a diagram tech- 


nique. The function #jj(r, T) is defined by the 
equation 


Hay (r—1', t—V') =<T {Mi (r, 0) M(t’, vp, 
Mi(r, t) = e**M,(r)e—**, (14) 


where T, is the chronological operator for the 
variable T. 
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We expand the function Hil(r, T) ina Fourier 
series in T 


i Pane 
Har (t, 1) = Taw Dy dketer—ihe Hy (k, ky) 
Rg 


(Kya 2an; m= 0, 1, 2.4): 
Using furthermore a method similar to the one 


shy itee by Abrikosov, Gor’kov, and Dzyaloshin- 
ski¥® and Fradkin’ we get, using (8), 


Xu (k, @) = Ki (k, @) = #, (k, — io + 0). (15) 
Writing (14) in the k-representation we find 
{ aT 2 
Hin (Ke, ha) =p \ drole DT. (Ma (k, 2) Ma (Kk, O)}>, 
—1/T (16) 


where Mj(k, T) are the Fourier components of 
the magnetic moment density operator 


Mi(r, t) =—= >) Mj (k, 1) ef 


2 
(V is the volume of the system). 

5. We turn to an evaluation of the magnetic 
susceptibility of a ferrodielectric. Following 
Holstein and Primakoff® and introducing spin-wave 
creation and annihilation operators cj, and cq we 
write the Hamiltonian of the ferrodielectric in the 
form* 


dH = Hy +- Hs t+ Hs, (17) 


where #, is the basic Hamiltonian 
Ho => > e4Cu Cy 
k 


(€k is the spin wave energy) and #3 and #, are 
the Hamiltonians of the spin wave — spin wave 
ap prasal 


Hs =—— >} {D(1, 2; 3) ches cyA (ky + ke — ks) 
= 1, 2,3 


+ compl. conj. 


(18) 


+ ®, (1, 2, 3) of Ogg 3 A (ky + k, 
ab a + compl. conj.}, 


He= > >) CE, 2; 3, 4) cep ceca (ky + kp — keg — ka) 


1,2,3,4 


ati ees; 4) cf cg cf CgA (ky + ke + ks = '$)) 
4+ W, (1, 2,3, dotepeg cg A (ky + ke 
(19) 


Ae [2, 
Ay By 


+ compl. conj. 
+k, + k,) + compl. conj.}. 
The spin wave energy iS €, 


where 

*The Holstein-Primakoff model presupposes that the Hamil- 
tonian and the moment operators are expanded in the parameter 
1s, We note that Dyson’ has shown that in fact the expansion 
in the exchange interaction is in a parameter ~(1/10)s (s is 


the spin of the atom). 
tSee, for instance, reference 10. 


Ax = ®, (ak)? + p (Hy + BM,) + 20uM, sin? ,, 


By = 20M, sin? O,e2k. 
Here yw is twice the Bohr magneton, a the lattice 
constant, ®¢ a quantity of the order of the Curie 
temperature, M, the saturation magnetic moment, 
6 the anisotropy constant, Hy) the constant external 
magnetic field, and 6k and gk the polar angles of 
the vector k. 

The quantities @ and W, describe the splitting 
of one spin wave into two or three, respectively, 
@; and W, describe the creation of three or four 
Spin waves, respectively, and © describes the 
Spin wave — spin wave scattering process. The 
quantities @ and 4%, are relativistic in origin 
while the quantities ¥, Y,, and VY, are caused by 
exchange and relativistic interactions. 

For actual calculations we restrict ourselves 
to the range of large wave vectors (1> ak 
> VuM)/@c), when the exchange interaction is 
the main agency, and to the region of small wave 
vectors (ak « VuM)/@c), where the relativistic 
interaction plays the main part. In these regions 
the quantities ®, ®,, ¥, Y,, and YW, are determined 
by the following asymptotic formulae 


BANE 218) Oe (hike a aka) + /uMo 
| P| <|Vil<| P| when 1 S> ak S> Y/ Mee 
(20) — 


@(1, 2; 3) = — mp V 2uM, {sin 26, (e-! u, + e*:0;) (ust 


ASy,05) 4 sin. 20, (e “Pu, e0,) (gids + 0,05) 


4 gin 90, (eu, e “'0,) (0,4, 4058, (21) 
;D,|~| 9]; | Pa || Be) — | 
Ns ey 2) ys {UU Ustla 1. Ausv,Uslta +vu a: sU30a} 
M 
when ak gy ee ., (22) 
Cc 
where* 


= Va (Ax ala &)/2Ex, 
eek V (Ax aaae &x)/2Ex. 


In the present paper we shall be interested in 
the transverse components of the magnetic sus- 
ceptibility tensor; to evaluate these it is sufficient 
to know the transverse components of the magnetic 
moment. Restricting ourselves to the first terms 
in the expansion of the moment operators in the 
spin wave creation and annihilation operators, we 


og, = 


have 


*To eliminate the indeterminacy in the quantities u, and 


v, as k> 0, it is necessary to take the shape of the sample 
into account.** 
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* (ko) = My, ket) iM, (kt) 
= VIM (Wie (8) + KCK (t)}, 
M (k, t) = M, (k, t) — iM, (k, 7) 
= V 2UMy (xc () + OKCM% (t)}; (23) 
where 
Cy (t) = e* oye", cy (thee Oe. 


We introduce the single-particle spin-wave 
Green’s function: 


G (k, t) A(k —k’) = (Ts {Cx (t) Cy (0)}. (24) 


Its Fourier component G (k, k,) satisfies the 
Dyson equation 


G (kK, R4) = Go (kK, Ra) + Gy (k, Rg) D (kK, Rg) G(k, Ry). (25) 


Here 


Go (k, Rg) = (@x — ik)” : 


is the zeroth-approximation spin-wave Green’s 
function and 2 (k, k,) is the mass operator. Sub- 
stituting (23) into (16) and taking into account that 
<Tz {Ch (7) CE, (0)$> and <T7 {Ek (7) CK’ (0)}> 
are equal to zero in the zeroth approximation in 
the interaction, we express the function #j] (k, k,) 
in terms of the single-particle Green’s function 

G (k, Ky) 


KH (k, Ra) = Muyo, {G (k, ky) + G(—k, —k,)}, 
MH _(k, Ry) = 26Mo {| ox |? G(k, Rs) -+ | ue PE (—k, —R,)}, 
KH (kK, Rs) = 2uMo { | ux |? G (k, Ry) + | OK ? G(—k, —k,)}, 


ch) 2a Mao KO (kb) G(—k,—F,)}, (27) 


It follows from (15), (27), and (26) that the trans 
verse components of the magnetic susceptibility 
tensor tend to infinity in the zeroth approximation 
of the spin wave — spin wave interaction, if the 
frequency of the magnetic field and its wave vector 
are the same as the spin-wave frequency and wave 
vector: 


(26) 


Or = + ey. (28) 


6. We use Eq. (25) to evaluate the complete 
Green function G (k, ky): 


G (k, Ra) = [ex — iky — X(k, Ry) (29) 


The magnetic susceptibility near resonance is de- 
termined by the quantity G(k, — ie, + 0); we shall 
not be interested in the small correction to the 
position of the resonance line, which is caused by 
the real part of the function 2. Introducing there- 
fore a quantity y (k): 

7 (k) = Im X(k, — ie, + 0), (30) 


we get from (15), (27), and (29) for the magnetic 
susceptibility near resonance 
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ex (K, ©) = +p MoU, (k) (Lex — © — ix (Kk)? 
+ [ex + @ + iy (k)y*}, 
Xyy (k, @) = ou M U2 (k) {[ex — © — ty (k) J? 
[ex + @ + iy (k)]™}, 
ey (Ky ©) = — Lip Mg {U (k) [ex — 0 — iy (KY? 


— U"(k) [ex+ © +i7(k)I7}, 
Wg A Ky 00) = > ip M, {U* (k) [ex — @ — iy (k)J? 


— U (k) [ex + @ + iy (kK)T}; (31) 
Jy (k) = | ux? + | on + upon + unr, 
U2 (k) = : i |? + | OK |? — WOK — UEe;,, 
U (k) = 1 + uo, —ugv,. (32) 


We consider now the relaxation of the trans- 
verse part of the magnetic moment. Substituting 
(31) into (11) and integrating over w, we get 


Mo 
(2m)8 


iby At 6 (ee efkr—v(K)t {9 (kk) Uy (k) cos ext 
EK 


+ Ao (k) Im [U (k) e~*x¢}}, 


M 
my (tt) = Gap 


++ h? (k) U2 (k) cos &x}. 


\- * e’kr—y(k)t {ho (k ) Im [U (k) efekt | 


(33) 


We see that the quantity y(k) determines the 
relaxation time of the transverse components of 
the magnetic moment. That the quantity y(k) is 
positive follows from the Lehmann representation 
of the Green’s function 


G(k, —io + 0) = \ do’ p(k, wo’) /(w’ + @ + i0), 


—0oo 


(34) 


where 
p(k, o) = 2) exp ((Q— E,)/T} 


— exp {(2 — En) /T}]<n| cx | n><n'| cy | n> 6(@ + En — En) 


(En are the energy levels of the system). One 
sees easily that the quantity p(k, w) is real, an 
odd function of w, and positive for w >0. From 
(34) it follows that the imaginary part of the 
Green’s function is of the form 

Im G (k, — iw + 0) = — np (k, — o). 

From Eq. (29) it follows that the sign of the 
imaginary part of 2 (k, — iw + 0) is the same as 
the sign of the imaginary part of G(k, — iw + 0); 
the quantity y(k), which is the same as 
Im 2 (k, — iw + 0), is thus positive for w = €k > 0. 

7. We turn now to finding the resonance line 
width y(k), which is connected with the mass 
operator 2 (k, k,) through Eq. (30). We use 
perturbation theory and diagram methods to 
evaluate the quantity = (k, k,). We show in Figs. 
1 — 5 the diagrams of the first and second approxi- 
mation for the quantity 2. The solid lines in the 
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p a aa 


FIG, 2 


v 
FIG, 1 


diagrams correspond to the function Go, and the 
vertices to the functions 6, &,, W, W,, Yo, anda 
6 -function expressing the conservation of k and 
ky. One integrates over the momentum k of 
internal lines and sums over k,. The general co- 
efficient in front of the analytical expression cor- 
responding to an arbitrary diagram is equal to 
(— 1)™*!qgTP (27)%P, where q is the number of 
equivalent diagrams, n the number of vertices, 
and p the number of independent momenta of 
virtual spin waves. 

In the first perturbation-theory approximation 
(see Fig. 1) the mass operator is equal to 


21 (k) = — 4 (2n)-3[ dk’ W(k, k's k, km, (35) 


where Dy = [exp (€,/T) — 1 }"! is the Bose distri- 
bution function of the spin waves. The quantity 

— 2,(k) is real, independent of k,, and is a small 
correction to the spin wave energy. 

In Figs. 2 and 3 we give the second-order 
diagrams for the mass operator which are caused 
by the term #3 in the interaction Hamiltonian. 
The analytical expression for the diagrams of 
Fig. 2 is of the form 


Eq (k, Ra) = 2T (2m) -9 D) | dk’ | O(k’, k 
k's 
— k’; k) ?Go(k’, R:)Go(k—k’, ka—F’) 
+ AT (2x) 5) \ dk’ | @ (k, k's k- 
k's 


+ k’) |? Go (k’, 2) Go(k +k’, ky + R,). (36) 


Summing over kj and performing the substitution 

k, = — iw + 0 we get 

Lo (k, — iw + 0) = 2 (2m)? J dk’ |D (k’, k —k’; k) |? (m1 
+ nee + 1) (ex + een — © — 10) 
4 4 (2m)? § dk’ | @ (k, k’; k +k’)? (14 — requ’) 
(Gag = Be = © wD): 

The imaginary part of this expression which we 


need to evaluate the ferromagnetic resonance line 
width is equal to 


—— 7 ee 


FIG, 4 


Im Zo (k, — io + 0) = (2m)? § dk’ | @(k’, k —k’; k) ? ((re- 
+ 1)(r we + 1) = neny_4-] 6 (© — &4/— 8x4’) 
+ 2 (20)? | dk’ |D(k, k's KAK’)}? [Mee 1) 
— (yr + 1) nq pn] 6 (@ + ek — Ex?) (37) 
The terms of the mass operator which corre- 

spond to the diagrams of Fig. 3 are determined by 


. the expressions 


Xa (k) 


(exp 2 — 1) '@(k, 0; k) Sdk’ O*(k’, 0; k’) ny: 


~ (208 
+ compl. conj., 


18T ' ' 13 
(Kk, ka) = Gage Ds \dk'|, (k, k’, —k —k’) 
Ra 


Gl ING I (38) 


By integrating the first of Eqs. (38) over the 
angles of the vector k’ we verify easily that the 
quantity 2_(k) vanishes. Summing the second 
of Eqs. (38) over kj and separating off the 
imaginary part of the quantity Zp(k, — iw + 0) 
we get 


inn Dake rae) 


cage \ EK 11 (ke, k’, — k — ke 


+ 1) (epee + 1) = ryt pee] 8 (@ + ee + Ex +4’) 


One sees easily that near resonance (w = €,) 
this quantity tends to zero and thus does not con- 
tribute to the line width y(k). 

We show in Figs. 4 and 5 the second-order 
diagrams for the mass operator which are caused 
by the term Hy, in the interaction Hamiltonian. 

We are led to analytical expressions only for those 
diagrams the imaginary part of which differs from 
zero for ky, = — iw + 0 near the resonance point 


wW=€, (Fig. 4) 
% %" 
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By (Kk, he) = 8T2(2n)-® Dy 4S dk’ dk"|W(k, k's kk 


ky, k 


4 


4k’ —k") |? Go(k’, 8.) Go (K”, 2") Go (k + k’ — k”, By 


4 


+ k,—k)+ 187? (2n)-* >) \ dk’ dk"| Vs (k, k’, kk 
has hg 
Ek! + KP Go(k’, B,) Go(k”, R,) Go(k +k’ +k", ha + 2, 
4 Bi) + 67? (2)* >) \ dk’ dk" |W, (k’, k’, kK’ 
hy ha 
—k"; k) |? Go (k’, R,) Go (k", 4) Go (k —k’ —k", Ry 
=i) eh 
For the imaginary part of the quantity 
Pak, — io + 0) weget 


in a= 70.4 Oy = oar \ ak dk” | 8 (k, k’s.k”, k 


mt) 
+k’ K") P [rts (mer + 1) (icp e— ter + 1) 
— (My 1) Mie per 47] 6 (@ Exe — Ee — Exp n’—K") 


9 rope rte , . 
+ ge dk dhe” |W (ks WG EE | [ree 


X (micpirpir 1) (rte + 1) (ter 1) pep] 6 (@ + exe 


(39) 


3 { / u" / n" , 
+ ur — ete yk) + gage \ dk’ dk” | Wa (k's kk — k 


—k"; k) |? [(tt-+ 1) (ter + 1) (tee + 1) 


— Ny Nye Ny —4— Kr] 8 (O — Eye — Eqn — Ek—K'—k") 


(40) 


One verifies easily that the imaginary part of the 
terms of the mass operator which are given by 
Fig. 5 tend to zero near resonance. 

It is clear from Eqs. (30), (37), and (40) that 
the quantity y(k) is proportional to the probability 
that a spin wave makes a transition from an initial 
state with momentum k to any of all the possible 
final states. 

8. To determine the shape of the homogeneous 
resonance line we must know the quantity y (0) 
=Im 2 (0, — ie€) + 0) where €) is the homoge- 
neous resonance frequency which is determined 
by the shape of the body.” If the ferrodielectric 
has the shape of a disc and if the axis of easiest 
magnetization lies in the plane of the disc, we have* 


&9 =p (Ho + BM)" (Ho + BMy-+ 4m)". (41) 


The exchange interaction does not contribute to 
the homogeneous resonance width. The quaternary 
relativistic interaction is small compared with the 
ternary relativistic interaction so that the main 
contribution to the line width y(0) comes from 
the quantity Im 24 (0, — ie) + 0) which is propor- 
tional to the probability that a spin wave with k = 0 
splits up into two spin waves 


*The x axis is along the normal to the disc. 
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v (0) = Im Ze (0; — 1204 0) 


eth ir \ dk|® (k, —k; 0) 28 (2ex—e).  (42)* 


This quantity differs from zero in the region 


where the anisotropy of the ferrodielectric and 
the external magnetic field are sufficiently small: 


Hy/ My + 8 < 4/3. 


We give the expression for the quantity y(0) in 
two limiting cases 

2 /(3\'/2 Eo uMo “le 4x Ho 5/o 

sa (3) eth ar ( 8, (3 — 7-8) iat 


x (0) = 4n Ho 
an els a ee 


Yo \"/2 H 
\"Ge+8) uM, M,t8<1 (43) 


é (wMo 
A cth aT ( 6, 
n/6 
A= = \ costo Vi —4sin? #00. 
0 
If the anisotropy of the ferrodielectric and the 
external magnetic field are such that 


Ay /Mo +8 > 4n/3, 


then one spin wave with k = 0 cannot split into 
two and y(0) is determined by the quantity 
Im Yy(0, — i€9 + 0) and only the first of the 
three terms in (40) is different from zero and is 
proportional to the probability that a spin wave is 
scattered by a background spin wave: 
vy (0) = Im Ly (0, — ie) + 0) = 4 (20) (eT — 1) 
x Jdk’ dk" | W (0, k’, k”, k’ —k") P (tee + 1) rer tener 8 
X (0 + Etr— Exr— Bren). (44) 
In the temperature range €) « T « @, the 
homogeneous resonance line width is of the form 


Mo { T \2 H 4 
1O)=at |e | aM rae 

z M LONE 4 
TO=Tra*e(a,) HM BSG. (AB) 


We turn now to the evaluation of the quantity 
y(k) in the region of large values of the wave 
vector k(ak >vVyuM,)/@c). The main part is then 
played by the quantity X4(k, — iex + 0) which is 
caused by the exchange interaction between the 
spin waves. Using (40) and (20) we get 


4 Ben)" e 


xa \ ak’ dk" (kk’ + kk"+ k’k” — k”?)? (ny + 1) 


F Mie Mpa — kr 6 (Ete Ber — Ber — Serr). (46) 
When ¢€, ~ T the quantity y(k) determines the 
time it takes to establish thermal equilibrium in 
the spin system; in that case 


*Cth = coth. 
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¥ (k) = (T / ®-)* ©. (47) 


Comparing Eqs. (47) and (45) we see easily 
that y(k) for «x ~ T is much larger than y (0) 
if the temperature is such that T/@g > VuM)/@o. 
This means, according to (33) that first, after a 
time on the order of y(k)~!, a uniform distribution 
of the magnetic moment is established in the ferro- 
dielectric. Then, after a time on the order of 
y(0)71, the transverse part of the magnetic moment 
m, slowly approaches its equilibrium value rota- 
ting with the homogeneous resonance frequency €y. 
The end point of m, describes then the ellipse 


m® (t) / U; (0) + m2 (t) / Us (0) = const. (48) 


9. In the solutions of the Maxwell equations 
there occurs usually a tensor X¥jj which connects 
the magnetic moment density M with the total 
magnetic field in the system h + h!: 


Mz = Yat (hi + Ai). (49) 


We shall connect the tensor yj7 occurring in Sec. 2 
with the tensor Yj7. Solving the Maxwell equations 
one finds easily the connection between the field 

hi and the magnetic moment density M; in the 
magnetostatics approximation we have 


hi = — 4nk / k? (kM). (50) 


Eliminating the quantity hi from Eq. (49) and 
using (50) we get 


(8:2 + 450 Lim Rmbx | R®) Mi = Yash. 
Comparing this formula with Eqs. (7) and (8) 


we get the following equation which connects the 
quantities yjz and Xj; 


(Sim sie AY in Rler [R*) Xm — a . (51) 


In conclusion the authors express their grati- 
tude to A. I. Akhiezer for valuable advice. 
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y TRANSITIONS IN THE Sm1**® NUCLEUS 


E. E. BERLOVICH, V. N. KLEMENT’EV, 
L. V. KRASNOV, and M. K. NIKITIN 


Leningrad Physico-Technical Institute, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor August 28, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 375-377 
(January, 1961) 


We investigated y radiation of Sm™® resulting 
from electron capture in Eu!*®, The source con- 
sisted of a gadolinium fraction separated by a 
chromatographical method from a tantalum target 
bombarded by 660-Mev protons from the synchro- 
cyclotron of the Joint Institute for Nuclear Re- 
search. After the decay of the short-lived Gd" 
(29 hr) and Gd" (9.3 days), the basic activity 
was due to Gd!*é (60 days) and its daughter 
nucleus Eu'® (5 days). According to our esti- 
mate, the contribution from the relatively soft 
radiation of Eu'® in the region of the Sm*® lines 
was insignificant. The sources used by us had 
been stored for 40 and 180 days. 

The measurements were made on a double 
scintillation coincidence spectrometer. The inves- 
tigated lines were separated by means of a single- 
channel amplitude analyzer and the entire pulse 
spectrum picked up by the other branch was fed to 
a coincidence circuit with a resolving time of 27 
= 10" sec. The coincidence pulses were used to 
trigger a 100-channel analyzer of type AI-100. 
The spectrum was fed to this analyzer with a 
suitable delay. 

The Eu'® decay has been studied previously, !” 
and y transitions of energies 0.64 and 0.74 Mev 
have been discovered. Moreover, transitions 
have been found? with energies of 0.66 and 0.89 
Mev. 

We discovered a number of y transitions 
arising during the decay of Eu'®, The energies 
and relative intensities of these transitions are 
shown in the table. As there are a number of lines 
in the y spectrum with close-lying energies, we 
have indicated the total intensity for such groups 
of lines, and we list the mean energy of sucha 
group; the energies of the lines forming the group 
are shown in the parentheses. The intensities 
were determined by resolution into the standard 
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NUMBER 1 a Wb We, IO Al 

Ey, Mev Ln, 

0.64 ~1 

6,74 1.00 

0.91 0.10 

1.4 (14.0741 .17) 0.14 
1,3 (4.26-+-1 -31) 0.10 
1,5 (1.45-++-1 .56) 0.13 
ages 0.02 

2,1 (1.94+2,06-+2,19) 0.04 
2,4 0,01 


line shape. The intensity of the 0.74-Mev transi- 
tion was taken as unity. The 0.64-Mev transition 
was not single transition; according to our estimate, 
its intensity is approximately equal to the intensity 
of the 0.74-Mev transition. The errors in the in- 
tensity determination were ~ 30%. 

The region of the spectrum above 0.9 Mev was 
investigated with a lead filter 28 g/cm? thick to 
eliminate the effect of the summation of the most 
intensive quanta of 0.64 and 0.74 Mev which were 
emitted in coincidence. 

Our experiments. confirmed the presence of 
coincidences (see reference 1) between the 0.74- 
and 0.64-Mev quanta. Figure 1 shows the spectrum 
of coincidences with each of these two quanta (in 
both cases lead filters 6 g/cm’ thick were used). 
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We found coincidences of 0.74-Mev quanta (Fig. 
ta)ewith quantasof. 0:64,.0.91,01:07, 1.3; 1.5).1.8; 
2.1, and 2.4 Mev. We also observed coincidences 
of 0.64-Mevy quanta (Fig. 1b) with all the quanta 
enumerated above, except for 1.5 and 2.4 Mev; we 
also found self coincidences of the 6.4-Mev quanta, 
which compells us to assume that there is still one 
more quantum with energy close to 0.64 Mev. 
Moreover, we investigated coincidences with var- 
ious parts of the hard region of the spectrum in 
ihnesranve of/2:4,°2:1;. 1.8; 1.5, 1.3, 1.1; and.0.9 
Mev. 

In the spectrum of coincidences with 0.24-Mev 
quanta the peak at 0.74 Mev is plainly visible, 
while the 0.64-Mev peak is absent, which is in 
agreement with the data of the spectrum of 0.64- 
Mev coincidences. In the case of the coincidences 
with 2.1-Mev quanta, both peaks are absent. Coin- 
cidences with parts of the spectrum in the regions 
of 0.9, 1.1, and 1.3 Mev give peaks at 0.64 and 
0.74 Mev of approximately the same intensity. 
However, while investigating the coincidences 
with the part in the region of 1.5 Mev, we ob- 
served a sharp increase in the intensity of the 
0.74-Mev peak, which is in agreement with the 
results of experiments on coincidences with 0.64- 
Mev quanta and gives a basis to assume that the 
1.5- and 0.64-Mev transitions are not in cascade. 
It thus follows that the 0.74-Mev transition is the 
lower one in the 0.64-0.74 Mev cascade, since the 
1.5- and 2.4-Mev transitions proceed directly 
to the 0.74 level. As regards the remaining tran- 
sitions, it can be said that they go to the 1.38-Mev 
level. 

In neither the singles spectrum nor in the coin- 
cidence spectrum was there observed a direct 
transition from the 1.38-Mev level of intensity 
greater than 5% of the 0.74-Mev lines. 

In conclusion, we propose a variant of the 
decay scheme of the Eu™® nucleus which is in 
agreement with the results of the present work 
(Fig. 2). The energy of the Eu decay into 
Sm‘46 is 3350 kev according to Cameron’s 
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formula and 3700 kev according to Levi’s formula,‘ 
which allows the existence of the levels introduced 
by us up to 3.5 Mev. 

Some of the transitions occurring in coincidence 
are probably individual components of the groups 
shown in the table (for example, the 1.07-Mev 
line from the group of 1.1-Mev lines. 

We noted a y line of energy 280 kev which was 
in coincidence with quanta of 115 — 120 kev; they 


are apparently associated with the decay of Gd'“® 


or Eu!?, 


‘ Gorodinskii, Murin, Pokrovskil, and Preo- 
brazhenskil, Izv. Akad. Nauk SSSR, Ser. Fiz. 21, 
1624 (1957), Columbia Tech. Transl. p. 1611. 

2 Anton’eva, Bashilov, Dzhelepov, and Preo- 
brazhenskii, JETP 36, 28 (1959), Soviet Phys. 
JETP 9, 20 (1959). 

3 Gorodinskil, Murin, Pokrovskii, Preo- 
brazhenskil, and Titov, Dokl. Akad. Nauk SSSR 
112, 405 (1957), Soviet Phys.-Doklady 

‘B.S. Dzhelepov and G. F. Dranitsina, 
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ON THE THEORY OF PARAMAGNETIC 
RESONANCE OF Ti AND Co IONS IN 
CORUNDUM 


S. A. AL’TSHULER and M. M. ZARIPOV 
Kazan’ State University 
Submitted to JETP editor November 2, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 377-379 
(January, 1961) 


Ag a result of recent experimental investigations 
of paramagnetic resonance in Al,O3 crystals con- 
taining different paramagnetic impurities it has 
been found that the magnetic properties of Ti ions! 
and of Co ions?” differ appreciably from the prop- 
erties of these ions in other crystals studied pre- 
viously. If we make certain natural assumptions 
then, as our calculations have shown, the whole 

set of experimental facts relating to the paramag- 
netic resonance spectra and the spin-lattice relax- 
ation times can be simply explained. 
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In the case of Ti in corumdum an anisotropy of 
the g-factor has been experimentally obtained 
which is unusually large for ions of the iron group 
with an odd number of electrons: gy = 1.067, g) 
< 0.1. As the temperature was lowered from 9 to 
1.55°K the spin-lattice relaxation time increased 
from T; =5 xX 10° to T;=0.1 sec. We assume 
that the trigonal component of the crystalline 
field is much stronger than the spin-orbit inter- 
action and, therefore, the effects of the cubic and 
the trigonal components must be taken into account 
simultaneously. Moreover, we shall assume that 
the constant of the trigonal field is negative, as 
the result of which the lowest energy level turns 
out to be an orbital doublet. The assumptions 
made by us find confirmation in the structure of 
the corundum crystalline unit cell. The spin-orbit 
interaction splits the ground orbital level into two 
Kramers spin doublets separated by a gap of 6 
=70cm7!. The character of the symmetry of the 
wavefunctions of the lowest doublet is such that 
even when higher order approximations are taken 
into account we have g, = 0. For a definite ratio 
of the constants of the cubic and the trigonal fields 
we can easily obtain gy = 1.07. It is well known 
that in corundum the covalent bonds between the 
metal ion and the oxygen atoms surrounding it 
play an appreciable role. Taking this bonding 
into account for the titanium ion will lead to g) 
somewhat different from zero. The relatively 
small value of the gap 6 leads to a very strong 
spin-lattice interaction. Even at helium tempera- 
tures two-phonon processes play the predominant 
role, as a result of which T, ~ T~’. 

If we assume that the Co?* ions in corundum 
are situated in a crystalline field of the same 
character and magnitude as the Ti** ions, then 
the lowest orbital level will be a singlet separated 
from the nearest orbital level by a gap of 1300 
em”, Taking into account the spin-orbit coupling 
in second-order perturbation theory, and also the 
effect of the external magnetic field and of the 
hyperfine interactions leads to the following spin- 
Hamiltonian: 


H = D[S; —% S(S +1)] + gyBA2S2 + 818 (HxSx + HySy) 
eels rte B las eles), 


where S =*4. Agreement with experimental values 
of gi, g1, A and B is obtained if we alter some- 
what the constant of the trigonal field, in such a 
way that the initial splitting of the spin quadruplet 
is equal to 2D = 24 cm7!. In this case the coeffi- 
cient describing the contribution to the hyperfine 
structure of higher electronic configurations con- 
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taining S states has been taken equal to K = 0.25; 
in order of magnitude the coefficient K agrees 
with values obtained in the study of paramagnetic 
resonance spectra in other crystals.‘ 

Measurements of the spin-lattice relaxation of 
Co2* ions have shown that while at 25° K the spin- 
lattice coupling of the Co** ions is much stronger 
than of Cr®** ions, on the other hand at helium 
temperatures the relaxation time T, for the Cr 
ions is much shorter than for the Co** ions. This 
fact may be explained as follows. 

As a result of the fact that the gap between the 
lowest orbital energy levels of the Co** ions is 
relatively small, the spin-lattice coupling is 
strong, and at temperatures above helium tempera- 
tures is determined by two-phonon processes. In 
this case the principal role is played by the relaxa- 
tion transitions between spin levels belonging to 
different Kramers doublets. The probabilities of 
these transitions are higher by several orders of 
magnitude than the probabilities of transitions 
within Kramers doublets. The exceptionally strong 
increase of the relaxation time T,; as the tempera- 
ture is lowered from 30° to 6°K is related to the 
fact that this is accompanied by a very rapid 
diminution in the population of the upper Kramers 
doublet. Calculations show that for © < T <6°K 
(® is the Debye temperature ) 


1/Ty ~ eT (12077 + 60eT* + 128275 + e®T 4), 


where € = 2Dk/fi = 35°. At temperatures below 
helium temperatures T, ~ 1/T, since the relaxa- 
tion is determined by the single phonon processes 
associated with the transitions between the spin 
levels of the lowest Kramers doublet. Calculations 
show that in this case T/(Co*y714 (Cr) 560 

if the magnetic field is equal to 3000 oe. 


'L. S. Kornienko and A. M. Prokhorov, JETP 
38, 1651 (1960), Soviet Phys. JETP 11, 1189 (1960). 
2A. M. Prokhorov and G. M. Zverev, JETP 36, 
647 (1959), Soviet Phys. JETP 9, 451 (1959). 

Op ge Geusic, Bull. Am. Phys. Soc., Ser. I, 4, 
261 (1959). 

oN, Abragam and M. H. L. Pryce, Proc. Roy. 
Soc. (London) A206, 173 (1951). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 379-381 
(January, 1961) 


More than 20 years ago Daunt and Mendelssohn, ! 
in films, and Allen and Misener,” in fine capilla- 
ries, noted that the flow velocity of helium II is 
independent of the pressure head. The clearest 
picture of the critical velocity was derived by 
Kapitza,°® in his papers on the investigation of the 
thermo-mechanical effect. Critical velocities are 
manifested in the fact that beyond a certain value 
the flow velocity of the superfluid component of 
helium, in films and in fine capillaries and slits, 
does not increase with further increase in head. 
In large capillaries (larger than 10° cm), begin- 
ning at a certain critical velocity, there appear 
forces of interaction between the normal and 
superfluid components. Landau, in his first paper 
on superfluid helium,‘ formulated the conditions 
for destruction of superfluid motion as a conse- 
quence of the appearance of excitations in the 
superfluid helium. The ratio of the energy of an 
excitation to its momentum must be smaller than 
the flow velocity of the superfluid component rela- 
tive to the walls: €/p < vg. Proceeding from these 
premises, one may conclude that a velocity greater 
than the velocity of sound is required for formation 
of phonons, and one greater than 70 m/sec for 
formation of rotons. 

Using dimensional and certain other concepts, 
a number of authors have proposed for the critical 
velocity the relations vg =f/md and vg 
=h/mvVad, where m is the mass of the helium 
atom, d the diameter of the capillary or width of 
the slit, and a a quantity of the same order as the 
interatomic distance. Feynman,” assuming that 
superfluidity is destroyed as a result of the 
formation of vortices at the exit of the superfluid 
current from the capillary, derived the formula vg 
= (f/md)-In(d/a). These formulas give the cor- 
rect order of magnitude for the critical velocity 
and its dependence upon the dimensions, fora 
certain range of capillary diameters, but for 
capillary dimensions of less than 10° cm they are 
not borne out, either qualitatively or quantitatively. 
Suggestions indicating that the reason for the de- 
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struction of superfluidity lies in the generation of 
vortices, however, appear to be correct. As is 
well-known, °’® the energy of a vortex ring of 
radius R is, approximately 


& = (ps Rh?/2m?) In (R/a), (1) 


while its momentum p * pgmR*h/m, where pg is 

the superfluid component density, and h = 27h. 

Thus, in addition to phonons and rotons, there 

exists still another form of excitations — vortex 
rings. Assuming that a vortex ring of minimal 

size is a roton of energy A = k- 8.9° = 1.23 

x 10° erg, and momentum by = 2.1% 107 ¢ em/sec, 
we obtain a ~ 10° em, and R = 2.6 x 107% cm, while 
the vortex ring spectrum will have the form 


i AV =i L - In a (2) 


Inasmuch as the condition for generation of the 
excitations is vg > €/p, it is evident from the form 
of the spectrum that the development of vortices 
with the largest p — i.e., the largest radius — is 
the most profitable. Moreover, there should exist 
an analogy between the development of turbulence 
in an ordinary liquid and the generation of vor- 
tices in superfluid helium; i.e., the energy for 
formation of the vortices may not be acquired 
instantaneously, but only after a relaxation time 
T. One may therefore presume that superfluidity 
is destroyed through formation of a vortex of 
maximal radius R with the energy (1). This 
energy is acquired at the expense of a fraction 
(a) of the kinetic energy of the superfluid current 
in the capillary over a segment of its length on the 
order of R + vg7; 1.e.,; 

2 
a= tk! (R + Ust) = Ps ae ee 
or 


wR(R + vt) = — a | —- (3) 
For a = 0.122, r=4 x 10% sec, and a = 10° cm, 
(3) yields for vg(R) a dependence that agrees to 
within the limits of experimental error with the 
experimental data available (cf. reference 6), at 
T = 1.3°K, from R=3x10%cm to R= 0.2 cm. 
For films, R is taken to be the total thickness d, 
and for slits, the quantity d/2. If one takes a 
=3x 107’ cm (the value obtained by Hall’ from 
experiments on the oscillation of vortices), then 
for a = 0.116 and t=2 x 10%‘ sec satisfactory 
agreement is also obtained. In the figure, the 
circles represent the experimental data, the 
solid curve is computed from equation (3) with a 
= 10% cm, T=4x 107 sec, and a = 0.122, and the 
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0 logR 


dashed curve, with a =3 x Op em)> a> oh 105 
sec, and a = 0.116. 

The appearance of a trans-critical regime in 
the capillary under conditions of slight super- 
criticality is represented in the following form: 

At certain points in the capillary, due to non- 
uniformity of its walls, there will exist more 
suitable conditions for the formation of a ring 
vortex. When the vortex has moved along the 
capillary, another vortex arises at the same point, 
but with two vortices present near one another one 
vortex begins to move into the other. After a third 
vortex has formed, it too begins to take part in the 
collective vortex motion. Thus, the vortices 
forming at individual points due to slight super- 
criticalities begin gradually to fill the capillary, 
through an extremely complex collective motion. 
In the presence of a thermal current along the 
capillary the vortices existing therein increase 
the thermal resistance; the gradual filling of the 
capillary with vortices is therefore accompanied 
by a real, experimentally observable, slow (e.g., 
0.2 cm/sec) advance of a front of increased 
thermal gradient. This pattern has been observed 
by Mendelssohn and Steele.’ The vortices formed 
are more stable when their momenta are in the 
direction of motion of the normal component than 
when they are oppositely directed; when trans- 
critical regimes are present in capillaries, there- 
fore, a velocity distribution is established which 
is similar to that proposed by Gorter and Mellink,’ 
wherein the difference vg — vy remains constant 
over the entire cross-section of the capillary. 


13. G. Daunt and K. Mendelssohn, Proc. Roy. 
Soc. A170, 423, 439 (1939). 

23. F. Allen and A. D. Misener, Proc. Roy. 
Soc. A172, 467 (1939). 

> P. L. Kapitza, JETP 11, 581 (1941). 

*L. D. Landau, JETP 11, 592 (1941). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 381-382 
(January, 1961) 


‘Tas article treats a relativistic effect connected 
with the movement of current carriers that possess 
a nonvanishing mean magnetization. An estimate 
of the transverse electric field intensity connected 
with this effect shows that it needs to be taken into 
account in the theory of the Nernst effect in ferro- 
magnetic metals. It is shown that from the sign of 
the Nernst field one can determine how the mag- 
netization of the current carriers is directed with 
respect to the resultant spontaneous magnetization 
of the metal. 

In the existing theories, the fractional values 
of the magnetic moments of ferromagnetic metals 
are explained! on the basis of the assumption that 
the current carriers possess a magnetization di- 
rected parallel or antiparallel to the magnetization 
of the metal. 

Let us consider the simplest possible model, in 
which the current carriers are free electrons with 
mean magnetization Ie = aglz, where ag is a posi- 
tive or negative coefficient and Iz is the magneti- 
zation. Under the influence of an electric field Ex, 
there is excited an electric current of density jx 
= envy = — enuEx, where u is the mobility. It is 
known that if a system possessing magnetic mo- 
ment I moves with velocity v, a stationary ob- 
server records in it an electric polarization P 
and an electric field E = — 417P = — (4r/c)v x I. 
In the case being considered, this field is directed 
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along the y axis and is equal to E = (aevx/c) 4rI,. 
Therefore the Lorentz force is Fy = 

e(E — vxBz/c), and the Hall current density is ly 
= — (ovx/c) (Bz — ae: 4rIz). This current 
vanishes after appearance of surface charges that 
produce an electric field Ey ; = jy/o. The Hall 
field intensity is EWy = Eq; + E = vxBz/c, whence 
Ry = 1/cne. Thus in the case of free electrons 
possessing magnetization, the Hall constant re- 
mains the same as if the whole magnetization were 
produced exclusively by bound electrons. In this 
case the derivation given differs from the usual 
one only in the treatment of the physical inter- 
pretation of the terms that enter EHy- 

The effect considered plays an essential role in 
the Nernst effect, where because of the electrical 
polarization connected with current carriers that 
possess a magnetization, there can arise a field, 
two orders of magnitude larger than the usual 
Nernst field, which is produced by the difference 
of speeds of electrons moving toward the hot and 
the cold ends of the conductor. 

Current carriers of any type moving toward 
the hot end of the metal have a larger mean mag- 
netization than carriers that are moving in the 
opposite direction. Therefore when a heat current 
flows along the conductor, there is a transfer not 
only of energy but also of magnetic moment. As a 
result, in this case also there is produced an 
electric polarization, which leads to the appear- 
ance of a transverse electric field. Calculation 
of the part Qse of the ferromagnetic Nernst 
constant Qg that is due to the effect under con- 
sideration leads to the expression 
a a -300 [ v/deg-gauss ]. 

: (1) 
Here 7(7) is the relaxation time, 7 is the Fermi 
energy, K is the thermal conductivity, Cy is the 
electronic heat capacity, and Ig is the spontaneous 
magnetization. It is easily demonstrated that at 
temperatures near the Curie point and for | a¢| 
> 0.1, we have Qse > QS, where Qg is the usual 
Nernst constant. 

In the Nernst field there is also included a 
field connected with spin-orbit interaction of the 
current carriers with the ions. If in first approxi- 
mation, as was done by Karplus and Luttinger,?> 
we describe the spin-orbit interaction by means of 
an effective field Heff = Hspole/Is, then we can 
derive a formula for the part of the Nernst con- 
stant connected with this interaction; it will differ 
from (1) only by a positive multiplier. Comparison 
with experimental data‘~° on nickel and on iron- 
nickel alloys shows that (1) describes well the 
temperature dependence of Qs from room tem- 
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perature to the Curie point and gives the right 
order of magnitude for the value of Qs. 

It follows from (1) that, independently of the 
type of current carrier, the coefficient Qs is 
positive if the magnetization of the carriers is 
directed opposite to the spontaneous magnetization 
of the metal, and is negative if both magnetizations 
are parallel. Thus from the sign of Qg it is possi- 
ble to determine the signs of the magnetizations of 
the current carriers. As Smith’s* experimental 
data show, Qs is negative in iron and positive in 
nickel and cobalt. Consequently, the magnetization 
of the current carriers is directed along the spon- 
taneous magnetization in iron and opposite to it in 
cobalt and in nickel. 


Save Vonsovskil, CoppemMenHoe yuenne o 
MarHeTu3Me (Modern Theories of Magnetism), 
Gostekhizdat, 1953, pp. 224-227. 

*R. Karplus and J. M. Luttinger, Phys. Rev. 95, 
1154 (1954). 

3J, M. Luttinger, Phys. Rev. 112, 739 (1958). 

4A. Smith, Phys. Rev. 33, 295 (1911); 17, 23 
(1921). 

oR. P, Ivanova, ®u3snka MeTalOB K MeTaIAOBemeHKe 
(Phys. of Metals and Metallography) 8, 851 (1959). 
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CORRECTION TOPTERE ARTICLEVBY 

D,. P, GRECHUKHIN ‘SOME EXPERIMENTAL 
POSSIBILITIES FOR VERIFICATION OF THE 
MODEL OF NONAXIAL NUCLEI WITH A 
ROTATIONAL SPECTRUM’ 


JETP 38, 1891 (1960), Soviet Phys. JETP 12, 
1359 (1960). 


‘Taroucu an oversight on the part of the author, 
the coefficient of the third term of Eq. (4) is in 
error. The rigorously correct formula is 

Co pF= = ZRi {I 


5) 


Va (Crp) B2c0s i= e si Tl 
Recognizing that (C3l))? = 2/7 and (50)/21)V5/m 
= 3.004, we obtain, with sufficient accuracy 


; 2 ? 3 9 | 9 
(r?> pF = : vase 2 gb’ cosy [1 —4sin rl}. 
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The author is deeply grateful to E, E. Fradkin 
for calling his attention to the error and for under- 
taking the recalculation of <r’>pp. 
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